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o [m]JB: EE!EE%;/EJE %357 S nl ia {Xt}a

P(Xi1s =1 Xy =0, Xy, =1, , Xy, = in) = pij(s).

n

o BHA» HEM: R (M)A (G EHEE.
o ENX3.01. HVn=>1,0<t;1<---<th_1 <t Hs>0,

PXpial Xy X, o) (Y] (@15 s 2n1, 1)

n—17

RAK# T s, « '?y, MIFR{X ) S (I 55 H0) 5 RO 7R
o BB »x £ py(z,y).
o VE: I 5Fvs AEIN Fopy sz, 1)
o VE: R Xo=2z. WAHP,.
LW A FEEp(x), WP, = P(A)p(z)dz.
o B, P, MAMRYEER S HL: pyy ot (@1, 5 0)

= Py (l’, ml)th*h (1:17 1"2) C Ptn—tn—1 (mnfla ‘/En)
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§3.1 w5 Bt £2
o n BIESSAIN(m, ), b, 100, BA L
1 L e
Wexp{—Q(:c—m)E (& —m) }
o n Y AN (m, X)), Hrfh, 3 Y IEE. R R E:
exp{ﬁrﬁ~f—§?2#}.

o Wi ig:
LM, THE. KMo, ML A
o MR/ MWIIHX = {X,:ael}:

(Xay,  +» Xa,) RINEH G, Ynjaq,- ,an € 1.
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o /3. 1.2(MALiff AMHK). WXy : e I} R R,
Lo I, I, BAMR. idX, = {X,:ae L} #

Cov(Xa,Xp) =0, Vr+#s,ael,pel,

WX, Xy AHEBHIL.
o fiml3.1.3(LMkARH). WXy ve I} Rl R H

Y =c1Xo, +- -+ cnXa,, VBEJ,

MY, : B e T} Rl %.
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§3.2 M BHIZEN I E L5 Levi i
— EX
Xy = Bt Z G iR, mrs.
(A1) X & [ A 1. (A3) X; KTt L
(A2) Xyps — Xy 5X, HESNSL, 5 X, BAMIE R A0

24
21
18
15
11
038
05
B 02
-0.1
04l
-0.7
-1
-14
17
-2




8% By =0. &Yt >0,5s>0,n=>2,V0<t; < - <tp.
(B1) Biis — By ~ N(0, s),

(B2) By,, Bi, — Bi,,...,B,, — B, , AE Ik,

(B3) %l a.s. &%

10 s.t P() = 1HBVw € O, By(w) &k Tt 4.

W AR{B; : t = 0} A (—447E)7 B i2 50 (Brownian motion).

o V¥: KX, = 2 + 0B, NBM.
o F: Mz HK: {x + B} ~ Py;
WA Ap: {X + B} ~ Py, X ~ p, 5{B,} B3I
o (Bl) & (B2): {EE A RYEinZ s An; Mor, “FRaslsEid 2.
o (B3): 4hw, At MR BiEEeE.
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o Mll3.2.2. 0 <ty <ty <--<ty, (By,Bu, - ,Bu,) Bhn
YIRS A, HBG A5 N

n
Dtito, -t (.’El,ﬂf?, T 7:’871) = H Dty —tr_1 (.’L'k_l, xk)7
k=1

—z)2 -
Hortpu(e,y) = ok exp{ =05} = Lo (12,

o iF: HI(B1) & (B2) w4,
o HEIL3.2.3. {By} &L KiTFE.
o VE: HREMERE L Np(z,y).
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(C1) {X;} ReHrdiz,

(C2) EX; =0, EX; Xs; =t A s.
(B3) {X:} $hiti k4.

W{X,} ZABEF.

o if: EB; =0. Vt <s,

EB;B, = EB? + EBy(B, — B;) = t.

e 7F: (B1) & (B2) & (B3) <« (C1) & (C2) & (B3).




13.2.5. RPEEAHRIER. W E= 22 (t = EBE)
o Ve >0, {X;} EbrifEAi Bz 3]

|
L (C]~> (Xt17"'7th) = %(Batla- th)’ jjlj/ﬁﬁmi
o (C2) EX, =0,

1 1
EXiXs= 5EB2Be, = —Q(CQt Acts) =t A s.
c ¢

o (B3) BliEi&Lk:

CREACI DN &)



%13.2.6. {W;} ~ArifEAn Bz ).

tBiy, t>0;
W, = 1/t
0, t=0.

o (C1) mirid#E, v.
o (C2) EWy =0. EWyWs; =0; Y0 <t <s,
1
EWth = EtBl/t X SBI/S =15 X EBl/tBl/s =15 X g =t.

o (C3) BEIES:, (KAEHER3.4.95EHK).
T IRl im0+ Wy = limg_,o Bs/s = 0.

e (0,1,0) < (o0, 1,0).
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d JEbRHEmES): B, = (BY, ..., BMY)T.
o WAF{B s fiid.—4eAi BHiE E:
o (D1) {BYW i t} EEli%;

o (D2) EB{" =0, EB{"BY) = 1,_;, - (t r 9),
o (D3) Btk

o fimi3.2.8 (K FME). RO JEd EIEATHERE,
N{OB,} 4R Rd FEbrEAi iz ).
o if: (D1) 4/. (D3) /. (D2): EX" =0, y/.

EXOX0 = EY 0w B Y035
k 4

=Z 0ik0jelgp—py-(t A 5) = Zoikojk (A s)=1g—sy - (EAs).
k¢ k
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§3.2 25, 6.
% BREE. = =\ 1

° 1‘%?‘“%[?& G(f,gj = SSO pt f, flj)dt Gij = BV = 2%_o Pi(Xp = j)
o G(Z,7) C’S t=d2e=c/tdt = CSSO st 2e=csds, s =1/t
°od=12=512—Ins, G(T,§) = ©

d=3= 5271, G(Z7) < .
o C-K £3—‘£ pt-&-s('r y Sdet 7, _') (_’7g)d_’
e Kolmogorov Fiit. J&iEJ7FE:

= =2
l7—2|

t

op(Z,9) 1 _1
TR iAyPt(xay) = §Axpt(m’y)’

HfEE: JRE TR



—. Levi #91&

o 5|H3.2.9. #X ~ N(0,0%). #X 5X iid., 1

Y- %(XJrX), Zi=i(x—x)
iid., #~ N(0,02/2).
o if:
11 ) 11 )
Vim 5 XX, 2= o (- X),
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o fEHLE = &1 ~ N(0,1). P
2B1 =&, ) |
Lt 135 B, |> S0

o WE =G & o Y .
€11 = 3(€+9), 2
Go=13(¢-§). FRE=61D &G0 Bi =&

°7Bi—€11—§ -+ §).

AR B *A\l

e Dy: /,fl:':// $1,2
= max ]B( ) Bt(o)] _,.t‘jlit%\;.// J

- o<is LT 811
=l —acr Ol e T
= §|§|- /2 1




o Hl&1 1,612 ~ N(0,1),
13
§u1 = &1 D &2z,
§12 = &3D 24

-

e K15 B

Yy By
i E B
o D22
= max |B§2) — ]3/“)|
0<t<1

= %max{|5171|, €12]}-




o BRTHBM™.

i Elgn,i ~ N(Oa Qin

on+1

),

AR B,

e D,:
1
= max |B, (n+1)
0<t<1

— 5  max, |€nil-

e fFIED, = O(2™

Bgn) |

GND)




{ max 6, > n/%}, 0> 1 HEA.

e > P(A
P(A,) <2"P(V2—"|Z| = 27"*/n)
EZY 1,
=2"P(|Z| = 2"/*\/n) < s = B2

o Borel-Cantelli5| #: P(A, KEHRK) = 1.
Vw, IN (w) s.t. Yn = N(w), w ¢ A, Bl

x 274 /n.

1
o<t<l t 2

o [0,1] ERIELRHBM (W) : t — B™ (w) — U sBIHE
SRHB(W): t— Bi(w). {B;} AB.M.
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o gk

NIN=A

o B.M.IRE X /%AE: (B1). (B2). (B3).
o B.M.MJS&IE: (C1). (C2). (B3).
o ML, PR ENE

o TIRIIAE., HAMMAE.
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§3.3% A4 J7 2 (Invariant Principle)
o BENLAL & 2 AR 7y AW ST
ViR — R, FHESA, Ef(X,) — Ef(X).
o WMET. {B;:0<t<T} RHHIIE BUETCr = C[0,T].
o Cp = C[0,T] &—A T84 7] 7 [ PE B 23 )

dr(p, ) := max [p(t) —¢(t)], Ve,¢ e C[0,T].

o<t<T

o NAZJFIH
EH (AR, EHE3.3.1)

VT >0, Vf:Cl0,T] > R, HR&ELLH,

T}%Ef({\/lﬁsm 0<t<T}) =Ef({B,:0<t<T}).




ANAR 5 B PR ELLARRE -

o CLT: &,&, -+ 1id, P(& =1) = P(& = —1) = 1/2,
=&+ A+ & W

1§, 4 7~ N@©,1).
NG

o INfIA] = 7¥[A]2.

oAt=L Ar=L. Ls§ —Llgi  +LeSB

o t =mAt, Blm = nt,

L&t b =V S S VIZ L B,
o { =St t > 0} HOLTRMRL, BRI " N(0, 5).

o HfH: Vte [m,m + 1], &Sy = S + (t — m)(Sms1 — Sm)-
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HHHTTTTHHHHHT ...

v % Z ~ N(0,1), (B as-lim S, AAFAE.

0 §3.2 28 {Byr_1—Br:0<t<T},{-B::t>0} ABM,,
R I IR (R HE3.4.1), AR (HE183.4.2).

RS RRY BURZIIT H



n =4, f%=n n =16, f%=Vn

x=1 A
1 v
N L 3
Vn
@

Sl-
e

n HHHTTTTHHHHHT ...

o BUBEMAEATIT. [0,6) HETLITTZAF M.




d
13.3.4. L max S, > max B;.
) Vi ogmen ™ ot L

o HF:C([0,1]) > R, ¢ Juax o(t). MF EESLREL.
Flg) — F()) <=

<

o Fdr(p,v) = max [p(t) — ()| < e, W

0<t<T

F(p) = o(ty) <¥(ty) +e <y, +e=F(¥) +e.
o I NEH R
o HHE: F({J=Su:0<t<1}) L FP(B:0<t<1})
o Vf:R— R AFELE, foF:C([0,1]) - R HFEL
1
Ew({%sm 0<t<1}) > Efo F({B;: 0 <t <1}).
e, v
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§3.4 A1 BABLIE )i

o 7 :=inf{t > 0: B, = a}. 7" i=1inf{t > r: By = a}.
o FEF3AL (MY 7 =7, B, fE{r < o0} MEHET,
(Bt — By} NFRMEATEIEE), Hi5r Jhar.

o HEi3.4.2 (J AT
Py(1, <t,By > a) = Py(1q < t,B; < a).

o ilFE: HIsR 5 K& RFRIEF 1T
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Py(1a <t) = 2Py(By > a), VYt =0;
()= e, >0
t) = e 2, t>
P 27t3

(]

Py(mq =t) < Py(By =a) =0.
B RS EIE, Py(r, < t) = 2Py (B, > a).
W Po(1a < t) = 2Py(B1 > ) [i44
_ oo L q MV gy 8L o T
pTa(t) - 2¢(\/1?)d dt - 2¢(\[)2 \/7 27Tt36 .
1E: Py(ry < ) =1, Egr, = 00, Va # 0. (vs §3.4 >]/@14)

HFEE: ®H



#13.4.5 & 3.4.6. EHIERIFE: {7, a0 = 0}
o AL PR &, (HANH 2 (B3).

D ~ d RN
By = By, 1. Ta+b — Ta = Top = Tb, HETaZﬂl-
C |
a+b

o REZARH. {B; := Bey/c} NB.M..
Fo =inf{t : B, = a} = inf{t : B>, = ca}
=inf{s/c® : By, = ca} = Teq/c?. W, {7ea/} 4 {7a}.

(L Bt I e



—\

(]

(]

(*]

=RAE
M; = max Bs.

0<s<t
ARE3.4.7. M, REELR, HM, £ |B,|.
ks My > a iff 7, < t, MER AP (|By| > a).
T BCORABAE DX ] A ik 5.
§3.4. 214 & 5. (My, By) /S, K. BEA %
fi: Ya >bv 0,

&

PO(Mt > aaBt < b)

Py(1y < t, By > 2a—b) = Py(B; > 2a—0).




HEW: (HER3.4.8, BOA(H )

vVt > 0,
Py(Fu < v<t, st. By =B, =M;)=0.

o A, ={Ju< r <v<t, st. B, =B, =M}

o {B, =B, ,— B,} 5{Bs = Bsy, — B,} NMILIIB.M..
o Py(A,) = P(M, = M;_,) =0
° P(xx) < 2 cq, Po(4:) =0.
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§3.4 SJRR6. Vi B R(My, By, Vi) [IBRE L.
o My>a,V,<r iff M,>a, M; , < (MT —)M, — B,.
B B

B
Z MMWMWWWM
e Vi b

eVa>bv0, M, >aV,<r.B <biff A B_,+ B, <b.

° iE‘lp’l‘(ma y) = p(MT,BT) (%y)a )r‘“J
Po(xx) = Po(AB)

= ffpr(xa y)]-{x>a}P0(Mt—r <zr—y,Bir<b-— y)d$dy
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#HEi (#E123.4.9)

Py (im0 Bt = 0) = 1.

o SLLN: £z — 0.
o /Q"\Dn = MaXp<s<n+1 |BS - Bn|

] Do,Dl,DQ, NN lld7 Do i M1 Vv Ml.

ED, <2EM; = 2E|Bl‘ < 0.

o 1D, %30 (#i£0.3.2).
Yn<t<n+ 1B, |B <|Bp|+ Dy V.




4] )I%‘[(I, b] %ﬁ;\ﬂ\jn Eﬁ, ﬁ)ﬁj“jto =a<ti<---<t,=0b
* {B|[avb] $‘Uﬁ} é Aa,b- )n\]J

Aop € {By,, = By,,_,,Ym < n} U{Btm < B, ,,Ym<n}.

o P(Agp) =0: P(Agp) <2x27" —0.
°o A= ZT,SGQ,0<’I‘<5 Ar,s- —Lll‘&\/
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B35 B 6 Bl VAREF ] A AL R T Ak

o BUENHT: W H[0,1] L(4E)HIBREL
o (to) 3: IM >0, 36 > 0, fEi43

lo(t) — @(to)] < Mt —to|, VY tel[to—0,to+ 0]
o Vn > %,30<k<n—3{§f§

SM

n

k+1 k+i1—1
) -t <

° {Btf [0,1] FAH AT <

U UA U

o(




o {ByfE [0,1] FAE AR} < UT UL Nry UrZy A

)= B(———)| <

n n n

k+1 k+i—1 SM
An.k - {‘B( o o , 1= ]23}

o fEiFlimy, o Y38 Po(Ang) = 0, THV.

°© Z~N(0,1), BENo(x) = \/%6 T <l
8 3 8M .3
Po(Ank) = (|T | < T) :P(|Z| < \/ﬁ) .

8™ v _8M

o 378 Po(Ans) < n(8M/yn)* = O(1/y/n) — 0.

(L Bt DA EE: (LR



Rl vt
o W N[0,1] LM% V6 > 0, 5-fe KIRIE (oscillation):
osc(9) := max lo(t) — p(s)].

t,s€[0,1],|t—s|<6
o ik Fip HHLAIRL, Wip(t) — o(s)| = ¢ (W)t — s,

osc(d) < maxye[o,1] | ()| x & = O(9).
o fri3.4.12. osc(d) = o( 5ln(%)), a.5..

Py limsupm <6|=1.
A0 dln(

74

=
S~—

0 1:34.13. 1= ($)" «In} « (3)*
Vo= 1—c€(0,1/2), FEAERIHLL ) (f45

<n-lt—s|* Vt,se[0,1]) = 1.

Py(|B: —
TEJH:énugfta = % =1-0 HTTEJZ4
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o Py(L; <s) = P(By # —Bs,Vue[0,t — s]).

(]

PO(7A';1: >t — S)
= Po(|B—s| < 2]).

o Py(L; < s) X !
= P(VE—s|W| < /52)) o ’
= %arcsin % s t

o JE: Po(Ly =0)=0vs Py(Ly >0) =1.

(RFIBERLEFE) BEERZIIT F HEE: TR AT RFECE )



e (HE183.4.15)

%09 :=inf{t > 0: By = 0}. M Py(op=0) =1.

o iE: Py(0< Ly, <1/n)=1, HA:="_, A, S {09 = 0}.
° FiF: Po(O'[) < t) — Po(L[, > 0) =1, Vt. E&P{)(UO = 0) =1.

o JE: 31, A Frym Hroym LI, BFB, = 0.
Hin — o I, 7y — 0. (§3.4 21E12)

o VE: AT “EHUGRIIJR A A %

CRLFRBENUTAD) SRKT T | R B (b A BeE



ZZ{tZOiBtZO}, Z(w):{tZ():Bt(w):O}.

o LBRMEE N0 FIHIELEQ. BEw ¢ Q.
o By(w) KTt L. #, Z(w) RHLE:

t1,t9, -+ € Z(w) H limt, =t = By(w) =lim B, (w) = 0=t € Z(w).
n n

o D C R, WM. #Vte D, Iy, to,--- € D\{t},
f#43 limy, ¢, = ¢, MFRD N5E44E. (& N3.4.17)
o #l: 0e Z(w), HL,/, (w) >0 Hlim, L,,, = 0.
o VE: D' ={t>0:31,eD #ifflim,t, =t}.
D R, D' < D. %ef: DcD.
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HEWE (HEV

£3.4.18)
P(Z RZA%E)=1.

o EIRMEANO HIEEQ. Vo ¢ o, Bi(w) FFt L
B F B w € Q0.

o HUBES:, HZ(w) W&, v.

0 Z'(w)={t=>0:31, € Z(w) #151lim, t, = t}.

o fHiE: Z(w) € Z'(w), BVt € Z(w), 3, € Z(w) E1E- -
o KA WHIRY € Z(w)?

HEE: R AT RFECE )



o HlFw. Z(w) = {0} uC_(w) u Oy (w),

C_(w):={t>0:3ty,ty,-- € Z(w) n[0,t) 15 lirrbnt” =t};
Cy(w):={t>0:B;=0 H36 >0 flif3B, # 0,Vs e (t — 6,t)}.
o {0} BEBBEEN0 AN — {00 > 0).
Vw ¢ Qo U Qo, op(w) =0, #0 € Z'(w).
o C_(w): EX, C_(w) € Z'(w), Yw ¢ Q.
o LI, FC, (w).
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o Vte Cy(w): t>0,B, =0,
36 > 0 f#if4B, #0,Vs e (t — 5,1)}.

e Ire Q) n(t—6,t), fHifg
t =inf{s > r: Bs(w )—0}—7‘0 (w)

o C4(w) {TO(T)(OJ) :reQy}

o [lsEreQy. ier =", W{B, = Bryu(—B,)} FAHIZH.
o EMEFEMEESQ,. Vweg Qu,, 0e Z/(0), Bite Z/(w).
o Vweé¢ QoulY

TEQ+

Té)(w)ez’( ),VreQy = Ci(w) € Z2'(w).

ORI B AL 2



h. B%
o KHTEH: Py(r, <t,By >a) = Py(1, <t,B; < a).
o AN, HAKMH: 7, < tiff My > a, 7340 %E, M; = \Bt|
o FWIR, IR,
o I ANMHMV, Mi—.
o B/t — 0, {tBy;} RATHIZZ).
o PR AU, Anf.
o g —MERL, 09 =0.
o T RiE




3.5 (L AFIL

o 2o(x) = Pu(mp < 70). b M
W
o W, XHIE: g™t
ol@) = 5oz +0) + oz —8).  °
o KM p(a) =0, o(b) = 1. #, V[a,b] =45, v

o HiE: x <y = o(z) <p(y). #, v.
o #E3.5.4(Wald 5|B). E,Br rr, = .
e ilk: LHS = bp(x) + a(l — p(z)) = a.




o 913.5.2. {S, = B,,} /2SRW, HH1 o9 =0,
Op i=1nf{t = oy : |Bt — Bgn71| = 1}.
o NJFHL: N » 1, ¢t =2, ({S,} LetEHifH),
(SN = Sne/VN} & {By).
o 13.5.3* [EEN. W{S, = VNB;,} &SRW, Hr, &, =0,
Gy i=inf{t > 0,1 : |By — Bs,_,| = 1/V/N.
o “USN LB} t=n/N, G, ~nEG =nx L.

gt(N) ~ ~n/\/ﬁ = B5’n R Bn/]\ = By.

o 51 Loy /N (BRHI3.4.5). T fh: Eoy = 1.

(L Bt P e e )



LT = Ta A Tp.

i di3.5.6 (Wald 25 5| H).
E.(B; — x)* = E,7.

T UE B VR AR A R Y

#i83.5.7. F.7 = (x —a)(b— x).

i« =% = 229(h — 2)2 4+ 222 (q — 2)2 = (z — a) (b — ).
51 ¥E3.5.5. supgcpcp B2T® < 00, Vo > 0.

E: g, (VE: IEMITERAEAE A VE . )
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KR 5 85 o) J, I F o)

o XD = [a,b] € R. 5} a,b. 7= T15p.
exelD,
Px(Tb < Ta) = PI(BT = b) = Eﬂcl{BT:b}-
° p(x) = Exf(Br). (Bl: f(z) =1gpy.)
o Mop(z) = Jp(x+6)+ 50z —9). b N
. N\f‘”.\wrﬂ‘f wﬁ/ﬂfﬂf“‘w
o #rfli3.5.8 (K] 77 il ). gl
x
99”('77) =0, Vo e ((I, b)> a
lim  @(y) - f(@), v=aHb
ye(a,b),y—w
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o E,T=E, SS 1dt.
e Y(z):=E, S(T)g (By)dt. (fl: g(x) =1.)
o Wyp(x) = By §3° g(Br)dt + 5 (¢p(x + 6) + ¢(x — 0)),

HA o5 = inf{t : |B; — x| = §}.

o Y(z+0)+YP(x—9)—2¢(x) A, ,MAW

—2g(x) x E,05 = —2g(z)5”, Yl e —

1%

o fimdl3.5.8 (YAMA M), #g A FESE, N

' (x) = —2g( ) Vz € (a,b),
hm (y) =0, Vze{a,b}.

€(a,b) y—»x

(L Bt DA EE: (LR



— SHEEREMA
o DC R KN “UFXIK” , 7 =1p.
o f:0D >R &EH: g: D — R FFIELL

T

o) = Bxf(B,), (@)= Ez f g(By)dt.

0

o firi3.5.11. itLaplace HTA = Y1, Z5. W

Ap(Z) =0, VZe D,
lim ¢(y) = f(&), VZedD.
geD,j—7

Ap() = —2g<f>, vie D,

lim (y) = VZ e dD.
yeD,j—T

° BTG T PO,

ORI BRI 72 )



13.5.14. d ABM HJ R 1.
o 7 =inf{t =0:|B =r}.
o D={7feR%: e < |Z| <R} K: Pz(r. <7R).
e JE: Py(tp < ) = 1;
1 }%i_r)réOTR = 00, a.s..

W Pz(1- < o0) = lim Pg(r. < 7R).
R—o

o 7 =1p, p(T) = Ezf(B-).

, 1, HFl =«
f) = { e
0, # |yl = R.

o MIFTFEME: 4o(&) = F(z), Hh 2 =2 = |72 = 3%, 22,

1=




A — N
Py(r. < 7R) £ 9(@) = F(2), 2 =12 = |#|> = 3¢, 22

i=1%"1"

Ap(Z)=0,FeD; ¢lop=[f. 2G=1F,

(]

42F"(r%) + 2dF'(r*) = 0, ie. 22G'(2) +dG(z) = 0.

(]

(InG(s)) = -4 1 = G2)=C-27¥2
TR 30 A AT R (2). o
ed=1r<2z<R, )= (R-r1)/(R-e). '
VE: Py(ro < o0) =1, fUHIR.

d=2. ¢(@) =(WmR—-Inr)/(InR —lne¢).

¥ Py(r. <) =1, HP, (19 < ®0) = 0, EAHIR.

(]

(]

Pz(1. < 0) = I%gl(l)o Py(r. <7R) =1,

P.(19 < 7r) < Pz(1- < 7R) =9 0; = Rz P, (19 < ).

(L Bt P e e )



° d>3. ¢(7) = (i — g2)/ (= — gi=2)
o i AFHIR.

. g g
Py(1: < 0) = ]%Eréopx(% < 7R) = (;)d 2

< 1.

e §3.5 7. d = 3, IEW| B;| — oo, a.s..
o iE: [Ek. FEr,,

A, = {Elt € [TnaTnJrl] {E?%”B’t” = k}

o lflr=n,R=n+1,e=%k Hn>» ki,

1 1 1 1
G ~ (n+ 1)d—2)/(kd—2 C(n+ 1)d—2)
1 1
Snd—2/2kd—2'

FIEE: TR AT RFECE ¥ b



%13.5.16. D = [0,1], 7 = 7op. BHEO<y<=z<1, K

Y(x) = ExL 1(B,e(y,z)ydt.

° 1 ( ) = =2, Vre (y,2); ¢"(x) =0, HAh.




§3.6 MMM 50-U it i%
Iy R .

o EMN35.1. { Xt =0} W VO<t < -<t, <t s>0,
xeR, Dy,---, Dy, D e B(R),

P(Xt+s € D’Xt = J,‘,th (S Dl, P . ,th € Dn> = pS(ZE,D)

o H3.5.4. RHHMIEEN. X; = | By,
ps(x,y) = ps(,y) + ps(z,—y), Va,y=0

o 1%13.5.5. %?i&*ﬁﬁ& HFE. Xt = oBy + ut.

ORI BRI 72 ) I h HEE: TR AT RFECE )



O%%Z XtZBt—tB1,0<t<1

o ZliH:

(BB1) i EZ:;
(BB2) il #e;
(
(

BB3.1) EX; = 0;
BB3.2) Vs < t, EX X, = s(1 —t).
(LHS = E(Bs — sB1)(B; — tB;) = RHS.)
e JE X3.6.1. i ,£(BB1), (BB2), (BB3.1) & (BB3.2)
MI{ X, : 0 <t < 1} AR BN
o JI: 2s(1 —t) WA13.5.16. Frilth, EX? = t(1 —t).
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o {X;:0<t<1} 5By ML
EX,B), = E(B; —tB,)B, = EB,B| — tEB? = 0.
o EMZIE: 1B, =0 I, X; = B;. 4,

LUX:0<t<1}) =L{X,:0<t<1}|By =0)
—L{B,:0<t<1}|B; =0),

PXey Xy (X153 Tn) = DB, . By, 1B (21, 2p[0).

ORI BRI 72 ) I h FIEE: TR AT RFECE ¥ b



il ZII A Fa(2) = & Spot Lixnsa), Flo) = P(X < ).
o WX I s IE.
o SLLN: P(F,(z) — F(z)) = 1, Vx.
o CLT: Dy(x) = \/a(Fy(z) — F(z)) > D(x),
D(z) ~ N(0,02), o2=F(z2)(1—- F(x)).
o “IP”: {Dy(z) :z e R} % {D(z) 2 D, : z e R}.
ED,D, = lim, ED,(z)D,(y) = F(z)(1 - F(y)), z <y.
o F:R— (0,1), ict = F(z).
4D, B5AX,, BIX, = Dpory.
o Mt =F(x)<s=F(y), WEX; X =t(1 —s), t < s.
o {X,} AN HAME.

o DonskersE#: max g | Dy (7)| LY maxo<i<1 | X¢|.

(RN FE) #ZURZIAT



0 Y, =X,—UX;, 0<r<t. w %%
Zi=X,— =X, t<s<1. 0 u t s 1
o Xy, {(YVu:0<u<t) {Zs:t <s<1} MHEMT:
EY, X, = EX, X, — %EXtXS —u(l—s)— %t(l —5) =0,
W EY, Zs =0. KM EX,Z, = 0.
o {Y,}: KAt WA BAME (FE X3.6.2).

(BB1), (BB2), (BB3.1) & (BB3.3)
(BB3.3) V0 < <t, BY,Y, = u(t —v)/t.

e §3.6 25, Wy &ﬁ
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—. Ornstein-Uhlenbeck(O-U)id %2
o Wa#0. X; =e B, VteR.
o Xyt = e_a(t+8)Be2a(t+s)-
® Bera(i+s) = Beras @ (Bgatstt) — Bezas).
0 Xyt =e . "B an. @e 0+ (B,2a(stty — Bezas)
—e %X, +0Z.

0 g2 = e—2a(s+t) (62oc(s+t) _ 620(8) =1 — e 20t
R E L.
1 — e~oty)2
a(z,y) = )GXP{_@_)}-

27r(1 — e—20t

(]

o NS Xy ~ N(0,1), Vt.




o X; = e B ~ N(0,1),

~ 1 (y _ e_o‘ta?)Q
Pi(®,y) = (L _ e 2at) T {_M} '
o FASMGT. . MHECE# %I
1 z2
f 0@) - a9 = (1), 9(w) = —=e T

t—00

a(z,y) — 6(y);
o(2) - gz, y) = d(y) - @t (y, ).

o #13.6.5. AL 4Y; = Xy, M{Y} £ {X,}.
o BW, = sBl/S, i

Y, = eat - Bij2ar = eat - W _2at ("ZM = e_atW 2at .
t 1/e e e

ORI B AL 2



§3.7 BENLA2r 5 RENL G J7 R T

o Flhs: MBENLILAL(f} & XS! fud By
o WM ANRESEH Ew, By dBy(w) = B (w)du ANFFE.
o HM: §) fudBy = Jim S i+ (B = Bu)

A:0=ty<ty <--<t,=t,|A :mzax(ti_l,_]_—ti).
o fiRW: AR as. ULSK, ML ISk E(X, — X)? — 0.
o {fi} WA TEK:

fre = 0(Bljoy), S{Brrs — B} ML -

o Zhif: 3 HUMELLIN{X,), Mt B X, VL.
o BEWLELS: /DR AR fud B,

CRLRBENUTRD BRKIT T | R B (b A BeE



o FRAFIZEME: Sé(c “fu+ gu)dBy = cgé fudB, + Sé GgudB,,.
o Wi E fudB, = 0.
o Wi E fudB, - §, gudBy = §; E fugudu.

o itA; := Bi,,, — By,.

o #i < g, Wbt; < tip1 <t; <tji1,
)r‘”thivAivgtj € c%j, 5 A P11V

Efi,Aigy;Aj =0, [FHE Efy Aigr, Aj =0, Vi>j.
° %Z = j7 }rwftivgti L:jAz Zﬂj ﬁﬁ
Efi,DNige, i = (Efi,90)EA] = (Efy,9,) At

o NI, E ) fudBy - §, 9udBy = 0, Vs < t.

HEE: TR AT RFECE )



%13.7.3. A BABIIE (1) I [A] AL 4.
o f:[0,00) — (0,00), LREL/IEBENL. fi(w) == f(¢)
o (X, = [\ fudB,} REIITHE, PUEEL, EX, - 0.
o Vit < s,
EX, X, = JO t F2du 2 o(t).
o iy !t =9 BY; = Xy, t 0.
o {Vi} RATHIEEN: Vt < s, (1) < 1(s),

EY;Ys = EXy) Xy = p((t)) = t.
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#13.7.4: 3RS BudB,.
e A=0=t)<...<tp,=t, |Al= Ogrzngagc_l(tiﬂ —t;) — 0.

@ Ji, = Bti- Tl'ﬁ hmn Zl BtzAz (Az = Bti+1 - Btl)
o Bti+1 = Bti + A, [i4'

2B, A; = B?

tit1

— B — AL

2
o Y, A2 ¢
o EA12=ti+1—ti=>EZiA12=t.

o B (X, A% —1)® = Var(}, A2) = 3, Var(A?2)
= Zz Var ((ti+1 — ti)Zz) = Zi(ti+1 - ti)Q VaI‘(ZQ) — 0.
° ﬁq:jj (B —1).




BEHLI S (FR53) I FE.
o ML Xy = Xo + § 0ud By + § budu.
o Bi: §i BydB, = (B} —t). &, B} = {;2B,dB, + {; 1du.
WA HRE: dXy = 0ydBy + bydt.
#: dB? = 2B,dB; + 1dt.
dp(By) = ¢/ (Bi)dB; + 5¢"(By)dt. (B, o(z) = 22.)

(B + dBy) — ¢(By) = ¢/ (By)dB; + 5¢"(B;)dB? + o(dB?),
dBt = Bt+dt — Bt, (dBt) = dt. (dXt) = 0y dt

(]

o Ito A 2Y; = o(t, Xy), M
oy 1 0% 9 0P
dY; = P (t X )dXy + = 5 3 5 (t, X¢)(dXy)* + E(t,Xt)dt.
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#113.7.6. KMEFENLIR T 72X, = 0d B, — bX,dt.
o VE: X; = Xo + 0By — § bX,du. XA M.
o dX; + bX,dt = odB;.
o Lot x) = ex, Y, = o(t, X;). M

dY; = e (dX; + bX,dt) = e’'odB,.
oY, =Y+ O'S(t) ebSst. ;H\:EF', Yo = QO(O,X()) = Xp.
o X, =e Y, = e_tho + ge bt Sé evdB,.

o fla>0,0=12a,b=q.
o it Xo ~ N(0,1), 5{B;} M>r. M{X;} £O-U iTFE.
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1513.7.7. Black-Scholes /8. dX; = X;(odB; + pdt).
o o WAhFE, p: TR
4] dXt — Xt(O'dBt + udt) = (.
o Mo(z) =Inz, &Y = o(Xy). N

1

1
dY; =—dX; — - dX.
t Xt t 2 X2( t)
11 ,
=(odB; + pdt) — 5 X2 (0 Xy)%dt

1
:UdBt + (,U - 50’2)dt.

o Vi =Yy + 0B+ (u—30?)t. Hrh, Yy =InX,.
o i, X; = Xoexp{oB; + (u— 20?)t}.
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