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§1.1 ½Â�~f

�!½Â

tXn : n P Z`u “ tXnu �$ÄÅ�:

z� �þ���Úf, ¨ ¨ ¨ ¨ ¨ ¨

 

p12 

p13 
p14 

1 2 

3 
4 

5 
p54 

p52 

p55 

=£VÇpij , pi,j :

 �i þ�Úf: tpij : j P Su.

(1) pij ě 0, @i, j;

(2)
ř

j pij “ 1, @i.

�½i. ò©Ù� tpij : j P Su À�1�þ.

=£(VÇ)Ý
:

P “ ppijqi,jPS “ ppijqSˆS “ ppijq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½Â (ê¼ó(½Â1.1.1))

eé?¿n ě 0; i, j, i0, ¨ ¨ ¨ , in´1 P S Ñk

P pXn`1 “ j|Xn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q
:::::::::::::::::::::::::::::::::::::::::::::

“ pij ,

K¡tXnu ´(�à�)ê¼ó(Markov chain).

5: !ØP pB|ACq �, =�ÄP pACq ą 0 ��/.

5: �à�=£VÇØ�n UC.

5: ��à�ê¼ó, ‹‹
::
“ pijpnq.

5: �±´k��ÝtXn : 0 ď n ď Nu.

ê¼5: ‹‹
::
“ P p˚|˚q;

­:: ‹‹
::
Ø�6ui0, ¨ ¨ ¨ , in´1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!~f

~1.1.1. �ÅiÄ!Ú�.

��{ü�ÅiÄ(SRW). S “ Z. pi,i`1 “ pi,i´1 “
1
2 .

=£VÇã/{ã:
 

;�ã:
 

S 

n 

¢y: ξ1, ξ2, ¨ ¨ ¨ i.i.d., ��U�˘1. -S0 “ 0;

Sn :“ S0`ξ1 ` ¨ ¨ ¨ ` ξn “ Sn´1 ` ξn.

5: S0 ��±��ÅCþ, �7L�pξ1, ξ2, ¨ ¨ ¨ q Õá.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�'�.:

(�: ξ1, ξ2, ¨ ¨ ¨ i.i.d., Sn :“ S0`ξ1 ` ¨ ¨ ¨ ` ξn.

¡Xþ½Â�tSnu ��ÅiÄ, ¡ξ1, ξ2, ¨ ¨ ¨ �Ú�,

¡ξ1
4
“ ξ �©Ù�Ú�©Ù.

(��);��ÅiÄ: pi,i`1 “ 1´ pi,i´1 “ p.

P pξ “ 1q “ p, P pξ “ ´1q “ 1´ p.

d ��ÅiÄ: ξ ��uZd. ~, d “ 1.

 

𝜉 
𝑝𝑖,𝑖+𝑘 = 𝑃(𝜉 = 𝑘) 

d �{ü�ÅiÄ: ò1i ��I�1, Ù¦�I�0 �d ��

þP�ei. �

P pξ “ eiq “ P pξ “ ´eiq “
1

2d
, i “ 1, ¨ ¨ ¨ , d.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�'�.(Y): ~1.1.10. ãþ��ÅiÄ.

({ü)ãG “ pV,Eq.

 

 

𝑢 

𝑣 

𝑤2 𝑤1 

º:/(:!>!�Ø(��, u „ v)!Ý(du “ 3).

´»!ëÏ, ~. ë�v, w1 �´»��Ý�2.

d ��:(Zd, ål�1 Kë>)!8>/²Á!n�/²Á.

(��:�)ä!5Kä/àgäTd!If'X!�f.

~. v 311 �, |v| “ 1; u 312 �, |u| “ 2.

�ÅiÄ: S “ V . pij “

#

1{di, ej „ i,

0, ÄK.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�'�.(Y): §1.2 SK3.

áÂ9.
 

0 

��9.
 

0 

«mþ.
 

0 N 

lÑ��/�¡þ.

 

0 ≡ 𝑁 

 

𝑁 − 1 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.1.7. ü
:::::
G�ê¼ó.

S “ t0, 1u. p01, p10.

 

0 1 
𝑝01 

𝑝10 𝑝00 𝑝11 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.1.8. Ehrenfest�..

N �¥, ü���A, B.

zgÕá/�ÅÀ��¥, r§��,����¥.

Xn: n gö����A �
:::::
G�, =, Ù¥¥��ê.

KtXnu ´ê¼ó.

S “ t0, 1, ¨ ¨ ¨ , Nu. pi,i´1 “
i
N , pi,i`1 “ 1´ i

N .

=£VÇã:

 1 −
𝑖

𝑁
 

1 

1 

i 0 N 

𝑖

𝑁
 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.1.9. �#L§. L1, L2, ¨ ¨ ¨ i.i.d., ���ê.

 

𝐿1 = 2 𝐿2 = 4 𝐿5 = 3 𝐿4 = 2 𝐿3 = 1 

𝑌4 = 2 𝑌11 = 2 𝑌7 = 0 

𝑋10 = 2 𝑋3 = 3 𝑋6 = 𝑋7 = 0 

�#L§tXnu: Xn ���n (Î)���{Æ.

::::
G��m: S “ Z`.

=£VÇã:
 𝑝0,𝑖 = 𝑃ሺ𝐿 = 𝑖 + 1ሻ 

0 i 

𝑝𝑖,𝑖−1 = 1 

𝑝0,0 = 𝑃ሺ𝐿 = 1ሻ 

PzL§tYnu: Yn ���n (#)��®²¦^��m.

G��m: S “ Z`. ¦: =£VÇ.(§1.1 SK4)

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.1 SK5. Ý¥¤õ�VÇ�ûu
::::::::::::::::::
cüg�Ý¥¤1.

XJügÑ¤õ(�}), KegÝ¥¤õ�VÇ�3/4 (1/2);

XJk�g¤õ�g�}, KegÝ¥¤õ�VÇ�2/3.

(1) Á^ê¼ó5�xT¥
ëYÝ¥�L§.

1n g: ξn “ 1 (¤õ), 0 (�}).

tξnu Ø´ê¼ó!

-Xn “ ξnξn`1.

KtXnu ´ê¼ó.

S “ t00, 01, 10, 11u.

=£VÇã:

 

1/2 
1/2 

00 01 

1/4 
3/4 

10 11 

1/3 
2/3 

1/3 
2/3 

-Yn “ ξ2nξ2n`1 ½�.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!k��éÜ©Ù

£�½Â:

P pXn`1 “ j|Xn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q
p‹q
“ pij .

�Ð©Ù�µ, =X0 „ µ. Kd¦{úª,

P pX0 “ i0, X1 “ i1
:::::::

, ¨ ¨ ¨ , Xn “ inq

“P pA0qP pA1
::
|A0qP pA2|A0A1q ¨ ¨ ¨P pAn|A0 ¨ ¨ ¨An´1q

“µi0pi0i1 ¨ ¨ ¨ pin´1in , @n; i0, ¨ ¨ ¨ , in.

eµi “ 1, K¡tXnu li Ñu.

Ð©Ùµ “ tµi, i P Su & uÐÅ�P “ ppijq

��(½�Ük��éÜ©Ù. P�Pµ, Pi.

�L5, eP pX0 “ i0, ¨ ¨ ¨ , Xn “ inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in ,

@n, i0, ¨ ¨ ¨ , in, Kp‹q ¤á.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
·K (ê¼5, ·K1.1.11)

�½n ě 1, i P S. -Ym “ Xn`m, @m ě 0. @o, 3tXn “ iu �

^�e, tYmu ´li Ñu�±P �=£Ý
�ê¼ó, ¿�, §

�~Z “ pX0, ¨ ¨ ¨ , Xn´1q �pÕá.

5:

��n = y3, �mãt0, ¨ ¨ ¨ , n´ 1u “ L�,

�mãtn` 1, n` 2, ¨ ¨ ¨ u “ ò5.

Xn: y3(�G�), ~Z: L�(�²{), tYmu: ò5(�cå).

ê¼5: 3��y3�^�e, L��ò5�pÕá.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�*:

 

S 

n 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�~.

�tSnu ´��{ü�ÅiÄ, S0 “ 0.
 

0

01

012
0123

0121

010
0101

0101

01

010
0101

0101

012
0121

0123

n “ 2,

Ŝ “ t0, 2u,

C` “ tX0 “ 0, X1 “ 1u,

C´ “ tX0 “ 0, X1 “ ´1u,

j “ 3,

P pX3 “ 3|X2 P Ŝq “
1
6 .

P pX3 “ 3|X2 P Ŝ, C`q “
1
4 .

P pX3 “ 3|X2 P Ŝ, C´q “ 0.

P pXn`1 “ j|Xn P Ŝ, C˘q ‰ P pXn`1 “ j|Xn P Ŝq.

é'§1.1 SK10.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (ê¼5, ·K1.1.11)

�½n ě 1, i P S. -Ym “ Xn`m, @m ě 0. @o, 3tXn “ iu �

^�e,
:::::
tYmu::::::

´li
:::::::::::
Ñu�±P

:::::::::::::::::::::
�=£Ý
�ê¼ó, ¿�,

§�~Z “ pX0, ¨ ¨ ¨ , Xn´1q �pÕá.

y²:

A “ tXn “ iu, B “ t~Y “ ~ju, C “ t~Z “~iu.

Ù¥~Y “ pY0, ¨ ¨ ¨ , Ymq, ~j “ pj0, ¨ ¨ ¨ , jmq. ¤kk��>�.

I�y:

(1) PApBq “ 1tj0“iu ˆ pj0j1 ¨ ¨ ¨ pjm´1jm ;

(2) PApBCq “ PApBqPApCq.

�d/, I�y:

PApBCq “ 1tj0“iu ˆ pj0j1 ¨ ¨ ¨ pjm´1jmPApCq,

½ PApB|Cq “ 1tj0“iu ˆ pj0j1 ¨ ¨ ¨ pjm´1jm .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

A “ tXn “ iu, B “ t~Y “ ~ju, C “ t~Z “~iu.

Ù¥~Y “ pY0, ¨ ¨ ¨ , Ymq, ~j “ pj0, ¨ ¨ ¨ , jmq. ¤kk��>�.

 y

PApB|Cq “ 1tj0“iu ˆ pj0j1 ¨ ¨ ¨ pjm´1jm .

�j0 ‰ i �, LHS “ 0 “ RHS. �j0 “ i �,

LHS “ PApB|Cq “P pB|A,Cq “
P pCABq

P pACq

“
µi0pi0i1 ¨ ¨ ¨ pin´1i ˆ pij1 ¨ ¨ ¨ pjm´1jm

µi0pi0i1 ¨ ¨ ¨ pin´1i

“pij1 ¨ ¨ ¨ pjm´1jm “ RHS.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n Ú=£VÇ:

A “ tXn “ iu; B “ tXn`m “ j1u, m ě 1;

C “ tpXn1 , ¨ ¨ ¨ , Xnrq “ pi1, ¨ ¨ ¨ , irqu,

0 ď n1 ă ¨ ¨ ¨ ă nr ă n.

^P p¨|Aq O�, tYmu �~Z Õá, ÏdB �C �pÕá. �

P pXn`m “ j|Xn “ i,Xn1 “ i1, ¨ ¨ ¨ , Xnr “ irq

“P pXn`m “ j|Xn “ iq
∆
“ p

pmq
ij .

Ø�6un:

p
pmq
ij “

ÿ

j1,¨¨¨ ,jm´1

P pC,Xn`m “ j|Xm “ iq

pÙ¥, C “ tXn`1 “ j1, ¨ ¨ ¨ , Xn`m´1 “ jm´1uq

“
ÿ

j1,¨¨¨ ,jm´1

pij1 ¨ ¨ ¨ pjm´1j “ pP
mqij .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n Ú=£VÇ: p
pnq
ij .

n Ú=£Ý
: pp
pnq
ij qSˆS “ Pn.

é?¿0 ă n1 ă ¨ ¨ ¨ ă nr, i1, ¨ ¨ ¨ , ir P S,

P pX0 “ i0, Xn1 “ i1, Xn2 “ i2, ¨ ¨ ¨ , Xnr “ irq

“µi0p
pn1q

i0i1
p
pn2´n1q

i1i2
¨ ¨ ¨ p

pnr´nr´1q

ir´1ir
.

·K1.1.13 (C-K�ª) p
pn`mq
ij “

ř

k p
pnq
ik p

pmq
kj .

�ê��Ý: Pn`m “ Pn ˆPm.

VÇ��Ý: �VÇúª.

P pXn`m “ j|X0 “ iq “
ÿ

k

P pXn`m “ j,Xn “ k|X0 “ iq

“
ÿ

k

P pXn “ k|X0 “ iqP pXn`m “ j|Xn “ k,X0 “ iq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 o!ê¼ó��E

g�: ^U „ Up0, 1q �±�EÑl?¿A½©Ù��ÅC

þ. äN/, -X “ F´1pUq.

�½i. �fpi, ¨q ¢yfpi, Uq „ tpij : j P Su.

é?¿Ð©Ùµ, �gp¨q ¢ygpUq „ µ.

�U0, U1, U2, ¨ ¨ ¨ i.i.d., „ Up0, 1q.

Ð©: -X0 “ gpU0q.

S�: Xn`1 “ fpXn, Un`1q, n “ 0, 1, 2, ¨ ¨ ¨ .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Ê!o(�Ö¿

ê¼ó�½Â!~f!ï�. pij , p
pnq
ij .

k��éÜ©Ù.

tXnu ´±µ �Ð©Ù!±P �=£Ý
�ê¼ó:

P pX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in .

�ÅÁ�!��;�!�IL§!;�©Ù.

ω “ i0i1i1 ¨ ¨ ¨ , Xnpωq “ in, ω “ pX0pωq, X1pωq, X2pωq, ¨ ¨ ¨ q.

ïÄ;��ÚOÆ5�.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.2 ØC©Ù��_©Ù

�!ØC©Ù

Ð©Ùµ & =£Å�P “ ppijqSˆS .

PµpX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in .

µi “ 1 �PPi. d�, µi0 “ 1ti0“iu.

�A�Ï"©OP�Eµ, Ei.

'Xª:

PipAq “ PµpA|X0 “ iq, PµpAq “
ÿ

i

µiPipAq.

��: UX0 ��y©!�VÇúª.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Xn �©Ù�4íª:

PµpX1 “ jq “
ÿ

i

PµpX0 “ i,X1 “ jq “
ÿ

i

µipij “ pµPqj .

½Â1.2.1. �π “ tπi : i P Su �S þ�ÿÝ/©Ù.

eπ ÷vXeØC�§:

ÿ

i

πipij “ πj , @j; = πP “ π,

K¡π �ØCÿÝ/ØC©Ù (invariant distribution).

²��ØCÿÝ: π “ 0.

�²��k�ØCÿÝØ ØC©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

eX0 „ µ, KXn „ µPn;

eXm „ µ, KXm`n „ µPm.

eπ �ØCÿÝ, �X0 „ π. K@m,n,

Xm „ π ñ pX0, X1, ¨ ¨ ¨ , Xnq
d
“ pXm, Xm`1, ¨ ¨ ¨ , Xm`nq.

5: ÷v˚˚�L§¡�²­L§.

�S k�. Kπ �P �A���1 ��A��þ(ØC�

§π “ πP �)). d�, ØC©Ù�3.

�ê�{: Perron-Frobenius ½n;

©Û�{: §1.2 SK8;

VÇ�{: §1.8.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.5. üG�ê¼ó. S “ t0, 1u.

P :

0 1

0

1

˜

1´ p p

q 1´ q

¸

.
 𝑝01 = 𝑝 

0 1 

𝑝10 = 𝑞 1 − 𝑝 1 − 𝑞 

πP “ π ��þ�k1 ��§.

π0p` π0p1´ pq “ π0 “ π1q ` π0p1´ pq
:::::::::::::::::::

π0p` π1p1´ qq “ π1 “ π1q ` π1p1´ qq
:::::::::::::::::::

,

/

.

/

-

ñ π0p “ π1q.

2Ö���§:

π0p “ π1q

π0 ` π1 “ 1

+

ñ π0 “
q

p` q
, π1 “

p

p` q
.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

6þ.

@i,
ř

j πjpji “ πi,

ř

j‰i πjpji

“ πi
ř

j‰i pij

“ πip1´ piiq.

 

π1p13 

1 2 

3 

4 

π3p31 
π3p32 

π2p23 

π4p43 

π3p34 
π3p33=π3p33 

ØC©Ù:

é?¿i, o6\ “o6Ñ .

?�Ú,
ř

iPA

ř

j πjpji “
ř

iPA πi “
ř

iPA

ř

j πipij . �

ÿ

jRA,iPA

πjpji

:::::::::::

`
ÿ

i,jPA

πjpji “
ÿ

iPA,jRA

πipij `
ÿ

i,jPA

πipij .

5: éØC©Ù, ‹ ‹ ‹
::::

“ ‹ ‹ ‹. éØCÿÝ, K�7.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.6. �#L§. L1, L2, ¨ ¨ ¨ i.i.d., ���ê.

 

𝐿1 = 2 𝐿2 = 4 𝐿5 = 3 𝐿4 = 2 𝐿3 = 1 

𝑋10 = 2 𝑋2 = 0 

Xn: ���{Æ.

 𝑝0,𝑖 = 𝑃 𝐿 = 𝑖 + 1  

0 i 
𝑝𝑖,𝑖−1 = 1 

𝑝0,0 = 𝑃 𝐿 = 1  

�A “ ti, i` 1, ¨ ¨ ¨ u. íÑπ0P pL ě i` 1q “ πi.
ř

i πi “ π0p1` P pL ě 2q ` P pL ě 3q ` ¨ ¨ ¨ q “ π0EL.

eEL “ 8, KØC©ÙØ�3.

eEL ă 8, K��yt 1
ELP pL ě i` 1q : i ě 0u ´ØC©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.7. S “ Z`. 1 “
ř8
k“1 pk ă

ř8
k“1 kpk ă λ. ¦ØC©Ù.

 
1

𝜆 + 1
𝑝𝑘 

𝜆

𝜆 + 1
 

1 

i 0 i+k 

�Ai “ ti, i` 1, i` 2, ¨ ¨ ¨ u.

 

i 0 

�i “ 1 �: π1
λ
λ`1 “ π0.

�i ě 2 �: πi
λ
λ`1 “

ři´1
j“1 πj

fi´j

λ`1 , Ù¥fr “ pr ` pr`1 ` ¨ ¨ ¨ .

p1´ π0q
λ
λ`1 ˆ 1 “ π0 ˆ 1` p1´ π0q

1
λ`1 ˆ

ř

k kpk.

S���Ù¦πi, ,��yπ ´ØC©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!�_©Ù

ØC©Ù: é?¿i,

o6\ “o6Ñ .

 

π1p13 

1 2 

3 

4 

π3p31 
π3p32 

π2p23 

π4p43 

π3p34 
π3p33=π3p33 

¿©^�: 6þé¡.

ü�6\ “ü�6Ñ .

[�²ï^�:

πipij “ πjpji, @i, j.

½Â1.2.9. ÷v[�²ï^���²��ÿÝ/©Ù¡��

¡ÿÝ/�_©Ù. d�, ¡P ���¡�/�_�.

5: �_©Ù= �¡�ØC©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

_L§.

b�π ´ØC©Ù, X0 „ π.

�½N ě 2. -Yn “ XN´n, n “ 0, 1, ¨ ¨ ¨ , N .

¡tYn : 0 ď n ď Nu �tXn : 0 ď n ď Nu �(�m�)_L§.

 

𝑖0 

𝑖𝑁−1 

𝑖𝑁 

𝑖𝑁−2 

𝑖𝑁 

𝑖𝑁−1 

𝑖0 

𝑖𝑁−2 𝑖1 

𝑖2 

𝑖1 

𝑖2 

𝑛 𝑁 − 𝑛 

𝑁 𝑁 0 0 

𝑋 𝑌 

5: Pm “ N ´ n. ÀYn “ Xm �y3�G�, K

_L§�L�= �L§�ò5,

_L§�ò5= �L§�L�.

Ïd, tYn : 0 ď n ď Nu ´ê¼ó.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

l�*íÿ_L§�=£VÇ:

Ø�b�πi ą 0, @i.

 

π1p13 

1 2 

3 

4 

π3p31 
π3p32 

π2p23 

π4p43 

π3p34 
π3p33=π3p33 

_L§�=£VÇp̃ij A÷v:

πjpji “ πip̃ij , @i, j.

-

p̃ij “
πjpji
πi

, @i, j.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

tYn : 0 ď n ď Nu ´ê¼ó, Ð©Ù�π, =£VÇ�p̃ij .

Ù¥, p̃ij “
πjpji
πi

÷v πjpji “ πip̃ij , @i, j.

y: @i0, i1, ¨ ¨ ¨ , iN ,

P pY0 “ i0, Y1 “ i1, ¨ ¨ ¨ , YN´1 “ iN´1, YN “ iN q

“P pX0 “ iN , X1 “ iN´1, ¨ ¨ ¨ , XN´1 “ i1, XN “ i0q

“πiNpiN iN´1piN´1iN´2 ¨ ¨ ¨ pi1i0

“p̃iN´1iNπiN´1piN´1iN´2 ¨ ¨ ¨ pi1i0

“ ¨ ¨ ¨ “ p̃iN´1iN p̃iN´2iN´1 ¨ ¨ ¨ p̃i0i1πi0

etXn : 0 ď n ď Nu �Ù_L§Ó©Ù, K¡§��_�.

5: tXn : 0 ď n ď Nu �_iff P̃ “ P iff [�²ï^�¤á.

5: eÐ©Ù��_©Ù, �¡tXn : n ě 0u ´�_.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.2 SK13. �π �ØC©Ù. p̃ij “ πjpji{πi.

Step 1. X0 “ X̃0 „ π,

Step 2.1 3®�tX0 “ X̃0 “ iu �^�e, tXn : n ě 1u

�tX̃n : n ě 1u �pÕá.

Step 2.2 tXnu, tX̃nu �=£Ý
©O�P, P̃.

 

0 

{𝑋𝑛} {�̃�𝑛} 
�̃�0 = 𝑋0 = 𝑖 

𝑁 

-

Zn “

#

Xn, e n ě 0;

Y´n, e n ă 0.

(Ø: @N P Z, -

Wn “ ZN`n : n ě 0.

KtWnu ´±π �Ð©Ù, P �=£Ý
�ê¼ó.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

5: tZn : n P Zu ´²­L§.

5: Z̃n “ Z´n, @n. KtZ̃nu ´tZnu �_L§.

5: tZnu �_�tZ̃nu
d
“ tZnu,

iff π ��_©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

O��_©Ù.

~1.2.12()«ó). 3�~¥b�bi, di ą 0, i ě 1.
 

𝑏𝑖 𝑑𝑖 𝑏0 = 1 

0 𝑖 

π0b0 “ π1d1 ñ π1 “ π0
b0
d1

.

π1b1 “ π2d2 ñ π2 “ π1
b1
d2
“ π0

b0b1
d1d2

.

πi´1bi´1 “ πidi ñ πi “ πi´1
bi´1

di
“ ¨ ¨ ¨ “ π0

b0¨¨¨bi´1

d1¨¨¨di
.

8�z:

eC :“ 1` b0
d1
` b0b1

d1d2
` ¨ ¨ ¨ “ 8, Kvk�_©Ù/ØC©Ù.

eC ă 8, Kπ ´(���)�_©Ù/ØC©Ù.

π0 “
1

C
, πi “

1

C
ˆ
b0 ¨ ¨ ¨ bi´1

d1 ¨ ¨ ¨ di
, i ě 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�¡ÿÝ/�_©Ùπ �`�5:

N´O�:

(1) �½o.

@i ‰ o, én ě 1 ±9i0 :“ o, i1, ¨ ¨ ¨ , in :“ i, ¦

�pi0i1 ¨ ¨ ¨ pin´1in ą 0, ¿-

πi “ πo
pi0i1 ¨ ¨ ¨ pin´1in

pi1i0 ¨ ¨ ¨ pinin´1

.

(2) �y[�²ï^�: πipij “ πjpji, @i, j.

(3) òπ 8�z.

äkU«5: @D Ď S, π E´P̃ “ pp̃ijqDˆD ��¡ÿÝ.

#

p̃ij “ pij , @ i, j P D, j ‰ i,

p̃ii “ pii `
ř

jRD pij , @i P D.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 ~1.2.13. k�ëÏãþ��ÅiÄ.

§1.9 SK2.

 1 

2 

3 4 

6 

5 

wij “ πipij “ πi{di, @j „ i.

[�²ï^�:

wij “ wji ñ
πi
di
“
πj
dj
,@j „ i.

ãëÏ, �πi “ Cdi, @i.

8�z: C “ 1{
ř

i di.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.14. ��;��ÅiÄ. Ø��0 ă p ď 1{2.

 

π𝑖−1𝑝 π𝑖+1𝑞 

π𝑖𝑞 − π𝑖−1𝑝 = π𝑖+1𝑞 − π𝑖𝑝 = Δ 

𝑝 ≤ 1 2⁄  𝑞: = 1 − 𝑝 

�_©ÙØ�3:

ÄK∆ :“ πip´ πi`1q “ 0, u´πi ě πi`1, gñ!

ØC©ÙØ�3.

�A “ ti` 1, i` 2, ¨ ¨ ¨ u, K∆ “ 0, =z��_©Ù.

�¡ÿÝ�3�(3#N�~ê��¿Âe)��:

πi “ π0
pi

qi
, @i;

´

π´i “ π0
p´i

q´i
, i ě 1

¯

.

ep ‰ 1{2, KØCÿÝØ��. ,kπi ” c. (5: ∆ ‰ 0).

ep “ 1{2, KØCÿÝ��. (§1.8 Ö¿�£).

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�Ê¢>.��ÅiÄ.

 

0 

𝑝 1 − 𝑝 𝑝 1 − 𝑝 

�¡ÿÝ�3���:

πi “ π0
pi

qi
, @i ě 0.

ep ă 1{2, K�8�z��_©Ù.

ep ě 1{2, KØC©ÙØ�3.

d�, π ����ØCÿÝ/�¡ÿÝ.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!�¯ªÇ

�L1, L2, ¨ ¨ ¨ i.i.d., ��K�ê, �P pL1 “ 0q ă 1. -

S0 “ 0, Sr :“ L1 ` ¨ ¨ ¨ ` Lr, r ě 1,

Rn :“ maxtr ě 0 : Sr ď nu.

 

𝐿1 𝐿2 𝐿5 𝐿4 𝐿3 

𝑆4 𝑅2 = 𝑅3 = 1 𝑆5 𝑛 𝑅6 = 2 

�#½n:

P

ˆ

lim
nÑ8

Rn
n
“

1

EL1

˙

“ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½n (�#½n, ½n1.2.15)

P

ˆ

lim
nÑ8

Rn
n
“

1

EL1

˙

“ 1.

 

𝐿1 𝐿2 𝐿5 𝐿4 𝐿3 

𝑆4 𝑅2 = 𝑅3 = 1 𝑆5 𝑛 𝑅6 = 2 

Rn “ r iff Sr ď n ă Sr`1.

Rn Õ R “ 8, a.s.: R ă 8 iff Dr ¦�Lr “ 8.

SLLN: Sr{r Ñ a :“ EL1, a.s..

P pΩ1q “ P pΩ2q “ 1.

@ω P Ω1Ω2, rn :“ Rnpωq Ñ 8, ar :“ Srpωq « ar,

�arn ď n ă arn`1. �n{rn Ñ a.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.16. �#L§. L1, L2, ¨ ¨ ¨ i.i.d., ���ê.

 

𝐿1 𝐿2 𝐿5 𝐿4 𝐿3 

𝑆4 𝑅2 = 𝑅3 = 1 
𝑆5 𝑛 𝑅6 = 2 

𝑋10 = 2 𝑋2 = 0 

eEL1 “ 8, KØC©ÙØ�3.

eEL1 ă 8, KØC©Ù�t 1
EL1

P pL ě i` 1q : i ě 0u.

�¯G�0 �ªÇ: d�#½n,

1

n` 1
|tm ď n : Xm “ 0u| “

Rn`1

n` 1
Ñ

1

EL1
“ π0.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.17. üG�ê¼ó. π0 “
q
p`q .

 𝑝01 = 𝑝 
0 1 

𝑝10 = 𝑞 1 − 𝑝 1 − 𝑞 

�X0 “ 0. ;�:

0 ¨ ¨ ¨ 0
loomoon

1 ¨ ¨ ¨ 1
loomoon

0 ¨ ¨ ¨ 0
loomoon

1 ¨ ¨ ¨ 1
loomoon

¨ ¨ ¨

ξ1 η1 ξ2 η2 ¨ ¨ ¨

�pÕá. ξ “ ξ1 �η “ η1 �©Ù:

P pξ “ mq “ p1´pqm´1p, P pη “ mq “ p1´qqm´1q, m ě 1.

�L “ ξ ` η; Lr, r ě 1. K

V0pnq :“ |tm ď n : Xn “ 0u| “ ξ1 ` ¨ ¨ ¨ ` ξr ` ζn.

Ù¥, r “ Rn, 0 ď ζn ď ξr`1.

�¯G�0 �ªÇ: d�#½n,

1

n` 1
V0pnq Ñ pEξ ` 0q ˆ

1

EL
“

1{p

1{p` 1{q
“

q

p` q
“ π0.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

o!�¯VÇ�Âñ5

~1.2.18. üG�ê¼ó. 0 ă p, q ă 1.

ïÄP pXn “ 0q �4�.

0 1

0

1

˜

1´ p p

q 1´ q

¸

eX0 „ µ, KXn „ µPn.

8(uïÄP̂ “ limnÑ8Pn.

�qC�: λ :“ 1´ p´ q P p´1, 1q,

P “ A´1

˜

1 0

0 λ

¸

A, Ù¥A “

˜

q
p`q

p
p`q

1
p`q ´ 1

p`q

¸

.

P̂ “

˜

1 p

1 ´q

¸

¨

˜

1 0

0 0

¸˜

π0 π1

˚ ˚

¸

“

˜

π0 π1

π0 π1

¸

.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 (Ø1:

p
pnq
ij Ñ πj , @i, j;

PµpXn “ jq “ µ0p
pnq
0j ` µ1p

pnq
1j Ñ πj , @µ, j.

(Ø2:

Pn ´ P̂ “ A´1

˜

0 0

0 λn

¸

A “ λn

˜

p
p`q ´

p
p`q

´
q
p`q

q
p`q

¸

,

Ïd p
pnq
ij ´ πj “ Opλnq, Ù¥, |λ| ă 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.1 SK5. Ý¥¤õ�VÇ�ûu
::::::::::::::::::
cüg�Ý¥¤1.

(2) ¦1n gÝ¥¤õ�VÇpn �4�.

1n g: ξn “ 1 (¤õ) ½0.

Xn “ ξnξn`1.

 

1/2 
1/2 

00 01 

1/4 
3/4 

10 11 

1/3 
2/3 

1/3 
2/3 

π “ p1
8 ,

3
16 ,

3
16 ,

1
2q:

$

’

’

&

’

’

%

1
2π00 “

1
3π10,

2
3π01 “

1
4π11,

π10 “ π01.

�y: p
pnq
ij Ñ πj , @i, j. u´,

pn “ P pξn “ 1q “ P pXn “ 10q`P pXn “ 11q Ñ π00`π11 Ñ
11

16
.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Ê!o(�Ö¿

ØC©Ù!�_©Ù�½Â�O�; _L§.

�#½n!i ��¯ªÇÑ πi.

P pXn “ iq Ñ πi.

ØC©Ùπ ��3(��)5.

�~�(Ø��). §1.8 (§1.3).

�¯i �ªÇÑ πi.

H{½n. §1.8

µPn Ñ π.

rH{½n. §1.9

Á=ó�: §1.3 pÏ5, §1.4 rê¼5, §1.5 „ 1.7 ~�5.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.3 G��©a

½Â1.3.1. ��, iÑ j: PipDn ě 0 ¦�Xn “ jq ą 0.

 

1 

2 

3 

4 

5 

6 

½öj “ i,

½öDn ě 1, i0, ¨ ¨ ¨ , in,

(i0 “ i, in “ j),

¦�pi0i1 ¨ ¨ ¨ pin´1in ą 0.

�3n ě 0 ¦�p
pnq
ij ą 0.

y²: PipXn “ jq

ď PipDm ě 0 ¦�Xm “ jq

ď
ř8
m“0 PipXm “ jq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½Â1.3.3. pÏiØ j: iÑ j �j Ñ i.

e¤ki, j ÑpÏ, K¡P (S, ê¼ó)Ø��, ÄK¡��.

 

1 

2 

3 

4 

5 

6 

pÏa: ris “ tj : j Ø iu.

½Â1.3.4. e

pij “ 0, @i P A, @j R A,

K¡A �48/4�.

4�pÏa¡�4a.

·K1.3.5. eA �48, K

PipXn P A,@n ě 0q “ 1, @i P A.

·K1.3.6. b�A �pÏa, �Ø´48, K

PipDn ě 0 ¦�Xn R Aq ą 0, @i P A.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.4 Ä���rê¼5

�!Ä���Ä\�

��;�: ω “
´

X0pωq, X1pωq, X2pωq, ¨ ¨ ¨
¯

“ ~Xpωq.

Ä�(¥)�(hitting time) τi: ~, τ3pωq “ 11, τ3pω̂q “ 17. 

11 
17 4 0 

τi ´�ÅCþ. �½infH “ 8.

τipωq :“ inftn ě 0 : Xnpωq “ iu.

τi ´tXnu �¼ê, �P�τ
pXq
i .

τip~xq :“ inftn ě 0 : xn “ iu, τi “ τip ~Xq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Ä\�σi ´�ÅCþ, ´tXnu �¼ê, �P�σ
pXq
i .

σipωq :“ inftn ě 1 : Xnpωq “ iu.

5: σi ~^uX0 “ i ��/. ÄK, ~^τi.

~, τ0pωq “ 0, σ0pωq “ 4.

 

11 
17 4 0 

σi �τi �éX: ~1.4.2. σ
pXq
i “ 1` τ

pY q
i .

 

0 

3 

1 
2 

−1 

−2 

−3 

−4 

aq/, τD, τ
pXq
D , σD, τ

pY q
D .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!��{ü�ÅiÄ�Ä��

ξ1, ξ2, ¨ ¨ ¨ i.i.d., P pξ1 “ 1q “ P pξ1 “ ´1q “ 1
2 .

S0 “ 0, Sn “ ξ1 ` ¨ ¨ ¨ ` ξn.

·K (���n, ·K1.4.3)

P0pτi ă n, Sn “ i` jq “ P0pτi ă n, Sn “ i´ jq.

i “ 0, X. Ø��1 ď i ă n.

cn Ú;�: tτi ă n, Sn “ i` ju Ø tτi ă n, Sn “ i´ ju.

 

𝜏𝑖 

𝑗 − 𝑖 

𝑗 − 𝑖 

𝜏𝑖 

2 
1 

0 
−1 
−2 

3 
2 
1 

0 
−1 
−2 

3 

n Ú;��ê8�Ó, �VÇ�Ó.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.4.4)

P0pτi “ nq “
i

n
P0pSn “ iq, @i, n ě 1.

Ø��n` i �óê. τi “ n iff Sn “ i,
::::::::::::::::
S1, ¨ ¨ ¨ , Sn´1 ‰ i.

tSn “ iu ´ tτi “ nu “ tτi ă n
:::::

, Sn “ iu.

tτi ă n
:::::

, Sn´1 “ i` 1;Sn “ iu Ø tτi ă n
:::::

, Sn´1 “ i´ 1;Sn “ iu.

 

𝑛 

2 
1 

0 
−1 
−2 

3 

𝑛 

2 
1 

0 
−1 
−2 

3 

P pAq “ 2P pSn´1 “ i` 1, Sn “ iq “ P pSn´1 “ i` 1q.

P pτi “ nq “ P pSn “ iq ´ ‹‹,

‹‹ “ C
pn`iq{2
n´1

1

2n´1
“
n´ i

n
P pSn “ iq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

íØ1.4.5. P0pτ1 ą 2n´ 1q “ P0pS2n “ 0q.

y: τ1 ´Ûê, tτ1 ą 2n´ 1uc “ tτ1 ď 2n´ 1u “ tτ1 ă 2nu.

tτ1 ă 2n, S2n “ 1` ju Ø tτ1 ă 2n, S2n “ 1´ ju.

S2n ´óê, �

P pτ1 ă 2nq “ 2P0pS2n ě 2q “ P0pS2n ‰ 0q.

íØ1.4.6. P0pτ1 ă 8q “ P0pσ0 ă 8q “ 1, E0τ1 “ E0σ1 “ 8.

y: P0pτ1 ą 2n´ 1q “ P0pS2n “ 0q “ Cn2n2´n « 1?
πn

.

Ï�S0 “ 0, ¤±σ0
d
“ 1` τ1.

5: "~�, §1.5, §1.8.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.4.8. ��uÆ)

lim
nÑ8

P0

`

εn ď δn
˘

“
2

π
arcsin

?
δ, @δ P p0, 1q.

Ù¥, εn :“ maxtm ď n : Sm “ 0, Sm`1 ‰ 0, ¨ ¨ ¨ , Sn ‰ 0u.

�d/, limnÑ8 P0pSr ‰ 0,@ δn ă r ď nq “ 2
π arcsin

?
δ.

-m “ rδns. K‹ “
ř

i P pSm “ iqPipτ0 ą n´mq.

1´ ‹ “
ř

i P pSm “ iqP0pτi ď n´mq.

@i ě 1,

tτi ď n´mu “ tτi ď n´m
::::::::::

, Sn´m “ iu `A`B,

A :“ tτi ă n´m
::::::::::

, Sn´m ą iu Ø B :“ tτi ă n´m,Sn´m ă iu.

P0pτi ď n´mq “ P pSn´m “ iq ` 2P pSn´m ą |i|q.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

8I: limnÑ8 P0pSr ‰ 0,@ δn ă r ď nq “ 2
π arcsin

?
δ.

®y: -m “ rδns. K1´ ‹ “
ř

i P pSm “ iqP0pτi ď n´mq,

P0pτi ď n´mq “ P pSn´m “ iq ` 2P pSn´m ą |i|q.

��tSnu Õá�SRW tTnu:

P0pτi ď n´mq “ P pTn´m “ iq ` P p|Tn´m| ą |i|q.

1´ ‹ «
ř

i P pSm “ iqP p|Tn´m| ą |i|q “ P p|Tn´m| ą |Sm|q.

‹ “ P p|Tn´m| ď |Sm|q Ñ
2
π arcsin

?
δ:

P

ˆ

?
n´m ¨ |

Tn´m
?
n´m

| ď
?
m ¨ |

Sm
?
m
|

˙

« P

˜

ˇ

ˇ

ˇ

ˇ

W

Z

ˇ

ˇ

ˇ

ˇ

ď

?
δ

?
1´ δ

¸

.

5: ÙK$Ä�k, §3.4.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!rê¼5

�½i P S, Pτ “ τi.

3¯�tτ ă 8u þ, -

pY0, Y1, Y2, ¨ ¨ ¨ q “ pXτ , Xτ`1, Xτ`2, ¨ ¨ ¨ q,

~Z “ pX0, ¨ ¨ ¨ , Xτ q.

 

0 

3 

1 
2 

−1 

−2 

−3 

−4 

𝜏2 

±eæ^Ptτă8up¨q. �@�tYnu �~Z �½Â®²��.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~Z “ pX0, ¨ ¨ ¨ , Xτ q: lÑ., ��I Ď S1
Ť

S2
Ť

¨ ¨ ¨ .

I :“
Ť8
n“0 In, P ~i “ pi0, i1, ¨ ¨ ¨ , inq,

In :“
!

~i P Sn`1 : i0, ¨ ¨ ¨ , in´1 ‰ i � in “ i
)

.

 

𝑛 

𝑖Ԧ ∈ 𝐼𝑛 

𝑛 

𝑖Ԧ ∉ 𝐼𝑛 

𝑛 

𝑖Ԧ ∉ 𝐼𝑛 

P ~Xpnq :“ pX0, ¨ ¨ ¨ , Xnq. @~i P In,

t~Z “~iu “ t ~Xpnq “~iu

ñP p~Z “~iq “ µi0pi0i1 ¨ ¨ ¨ pin´1in .

5: �UE,D~i P I ¦�P p~Z “~iq “ 0, �v7�2çÀ.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

t~Z “~iu “ t ~Xpnq “~iu, @~i P In,

tτ “ nu “
ř

~iPIn
‹‹:

‹‹ Ď tτ “ nu, @~i P In; τ “ nñ ~Xpnq P In.

Ïd
P pτ ă 8q “

8
ÿ

n“0

P pτ “ nq

“

8
ÿ

n“0

ÿ

~iPIn

P
´

‹‹

¯

“

8
ÿ

n“0

ÿ

~iPIn

P
´

‹‹

¯

“

8
ÿ

n“0

ÿ

~iPIn

µi0pi0i1 ¨ ¨ ¨ pin´1in .

@n ě 0, ~i P In,

Ptτă8up~Z “~iq “ µi0pi0i1 ¨ ¨ ¨ pin´1in{‹‹.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.4.10)

3tτi ă 8u (½tτi “ nu)u)�^�e,

(1) tYmu ´li Ñu�ê¼ó; (2) tYmu �~Z �pÕá.

Pτi “ τ . b�tτ “ nu u). ù%¹X~Z “ ~Xpnq P In.

~i :“ pi0, ¨ ¨ ¨ , inq P In; ~j :“ pj0, ¨ ¨ ¨ , jmq,

B :“tpY0, ¨ ¨ ¨ , Ymq “ ~ju “ tpXτ , ¨ ¨ ¨ , Xτ`mq “ ~ju,

C :“t~Z “~iu “ tpX0, ¨ ¨ ¨ , Xτ q “~iu.

�I�y:

@~i P In ; @m ě 0, @~j P Sm`1,

Ptτ“nupBCq “ 1tj0“iupj0j1 ¨ ¨ ¨ pjm´1jm ˆ Ptτ“nupCq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
B “ tpXτ , ¨ ¨ ¨ , Xτ`mq “ ~ju, C “ t~Z “~iu. Ù¥, ~i P In.

-B̂ :“ tpXn, ¨ ¨ ¨ , Xn`mq “ ~ju, Ĉ :“ t ~Xpnq “~iu.

Ï� ~i P In, ¤±

C “ Ĉ Ď D, D :“ tτ “ nu.

BD “ B̂D. (5: B ‰ B̂.)

nþ,

BC “ BDC “ B̂DĈ “ B̂Ĉ.

5: ~i R In �, Ø�±íÑBC “ B̂Ĉ.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 B “ tpXτ , ¨ ¨ ¨ , Xτ`mq “ ~ju, C “ t~Z “~iu. Ù¥, ~i P In.

B̂ :“ tpXn, ¨ ¨ ¨ , Xn`mq “ ~ju, Ĉ :“ t ~Xpnq “~iu.

C “ Ĉ Ď tτ “ nu; BC “ B̂Ĉ.

u´

P pBCq “ P pB̂Ĉq “ 1tj0“iupj0j1 ¨ ¨ ¨ pjm´1jm ˆ P pĈq “ ‹ ˆ P pCq.

ü>Ó�Ø±P pτ “ nq =�.

3tτ ă 8u �^�e, �I�y@~i P I “
ř

n In.

d�, D!n ¦�~i P In. ü>Ó�Ø±P pτ ă 8q =�.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

íØ1.4.12. eP pτi ă 8q “ 1, KtYmu ´li Ñu�ê¼ó,

��~Z �pÕá.

íØ1.4.13. òτi U�σi, K·K1.4.10 �íØ1.4.12 E¤á.

~1.4.15. SRW. τi “ τ
p1q
1 ` ¨ ¨ ¨ ` τ

piq
1 .

 

τ1 
0 

1 

2 

τ2 -τ1 

τ2 

,yE0τ1 “ 8:

E0τ1 “
1

2
ˆ 1`

1

2
ˆ p1` E0τ2q “ 1`

1

2
E0τ2 “ 1` E0τ1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

o!o(�Ö¿

τi �σi.

SRW: τi �©Ù; ���n; P pτi ă 8q “ 1, E0τ1 “ 8.

rê¼5: �P pτi ă 8q “ 1. K;��©�:
 

τ 

é1r g�¯i ���, rê¼5Ñ¤á.

éÊ�, rê¼5¤á.

51.4.14: ê¼5: ò�½���n À�y3.

rê¼5: �òτi, σi ��Å��À�y3.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.5 ~�5

��j Ñ i: Pjpτi ă 8q ą 0. �¯i õ�g? ¤k�¯�m?

 

𝑛 

;�«¿ã:

 

n 

S 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!£��m
 

n 

S 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 0 = 𝑇0 

𝜎 = 𝜎1 𝜎2 𝜎3 𝜎4 𝜎5 

�½i. 48½ÂTr :“ Ti,r, σr :“ σi,r. -T0 :“ 0. @r ě 1,

eTr´1 ă 8, K

Tr :“ inftn ě Tr´1 ` 1 : Xn “ iu, σr :“ Tr ´ Tr´1;

eTr´1 “ 8, KTr :“ 8, σr :“ 8.

�X0 “ i. d�, Ti,1 “ σi. 5: eX0 ‰ i, Ti,1 “ τi.

'�þ: σi :“ inftn ě 1 : Xn “ iu.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.5.1)

(1) @r ě 1; m1, ¨ ¨ ¨ ,mr ě 1,

Pipσ1 “ m1, σ2 “ m2, ¨ ¨ ¨ , σr “ mrq “

r
ź

s“1

Pipσ “ msq.

 

n 

S 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 0 = 𝑇0 

𝜎 = 𝜎1 𝜎2 𝜎3 𝜎4 𝜎5 

�½n ě 1. P~i :“ pi0, i1, ¨ ¨ ¨ , inq, -

Jn :“
!

~i P Sn`1 : i0 “ in “ i, � ir ‰ i, r “ 1, ¨ ¨ ¨ , n´ 1
)

.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

 

S 

𝑛1 𝑛2 𝑛3 𝑛4 𝑛5 0 = 𝑛0 

𝑚1 𝑚2 𝑚3 𝑚4 𝑚5 

𝑟 = 5 
𝑍1 𝑍2 𝑍3 𝑍4 𝑍5 

y: -ns “
řs
t“1mt; ~Zs “ pXns´1 , ¨ ¨ ¨ , Xnsq. K

LHS “
ÿ

~i1PJm1 ,¨¨¨ ,
~irPJmr

Pi

´

~Z1 “~i1, ¨ ¨ ¨ , ~Zr “~ir

¯

“
ÿ

~i1PJm1

¨ ¨ ¨
ÿ

~irPJmr

Pi

´

~Xpm1q “~i1

¯

¨ ¨ ¨Pip ~X
pmrq “~irq

“

r
ź

s“1

ÿ

~isPJms

Pi

´

~Xpmsq “~is

¯

“ RHS.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Pipσ1 “ m1, σ2 “ m2, ¨ ¨ ¨ , σr “ mrq “
śr
s“1 Pipσ “ msq.

·K1.5.1.

(2). ?�Ú, eρi :“ Pipσ ă 8q “ 1, Kσ1, σ2, ¨ ¨ ¨ i.i.d..

y: ‹ L²σ1, σ2, ¨ ¨ ¨ ���ê�, l
X.

íØ1.5.3. PipTr ă 8q “ ρi
r.

y: ^8B{. U½Âσr “ 8 ñ σr`1 “ 8. �

Pipσr`1 ă 8q “Pipσ1 ă 8, σr`1 ă 8q

“ρiPipσr`1 ă 8|σ1 ă 8q “ ρiPipσr ă 8q “ ρr`1
i .

5: eρi ă 1, Kσ1, σ2, ¨ ¨ ¨ ��±��8. §�ØÕá, ~,

Pipσ1 ă 8, σ2 “ m2q “ 0;

Pipσ1 “ m1, σ2 ă 8q “ Pipσ1 “ m1q ¨ ρi.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!£�gê
 

n 

S 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 0 = 𝑇0 

ρi :“ Pipσ ă 8q “ 1.

Vi “
ř8
n“0 1tXn“iu “ |tn ě 0 : Xn “ iu|.

Vi Ñl(2Â�)AÛ©Ù, ρi vs 1´ ρi.

P pVi ě r ` 1q “ PipTr ă 8q “ ρri , r ě 0.

�J�{K, 0-1Æ.

eρi “ 1, K PipVi “ 8q “ 1 (~�), EiVi “ 8.

eρi ă 1, K PipVi ă 8q “ 1 (�~�), EiVi ă 8.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

b�i ~�, X0 “ i. -

~Zr “ pXTr´1, ¨ ¨ ¨ , XTrq.
 

n 

S 
𝑍1 𝑍2 𝑍3 𝑍4 𝑍5 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇0 

·K1.5.1. (2). σ1 “ |~Z1|, σ2 “ |~Z2|, ¨ ¨ ¨ i.i.d..

~Z1, ~Z2, ¨ ¨ ¨ ´lÑ.�ÅCþ, ��uJ “
Ť8
n“1 Jn,

Jn :“
!

~i P Sn`1 : i0 “ in “ i, � ir ‰ i, r “ 1, ¨ ¨ ¨ , n´ 1
)

.

Ù¥, ~i “ pi0, i1, ¨ ¨ ¨ , inq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.5.5)

�i ~�, X0 “ i. K~Z1, ~Z2, ¨ ¨ ¨ ÕáÓ©Ù.

y: @r ě 2, @~i1, ¨ ¨ ¨ ,~ir P
Ť8
n“1 Jn,

 O�t~Z1 “~i1, ~Z2 “~i2, ¨ ¨ ¨ , ~Zr “~iru �VÇ.

drê¼5,

P pB|Cq “ P pB|A,Cq “ Pip~Z1 “~i2, ¨ ¨ ¨ , ~Zr´1 “~irq.

Ù¥, A “ tσ “ |~i1|, Xσ “ iu.

^8B{, X.

i1(excursion): ~Z “ ~Z1, ©Ù�Xe:

P p~Z “~iq “ pi0i1 ¨ ¨ ¨ pin´1in , @n ě 1, ~i “ pi0, ¨ ¨ ¨ , inq P Jn.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!~��pÏa

·K (·K1.5.6)

�i ~��iÑ j. K

(a) j ~��j Ñ i.

(b) ?�Ú, PipVj “ 8q “ PjpVi “ 8q “ 1.

(c) l
, Pipτj ă 8q “ Pjpτi ă 8q “ 1.

5: iÑ j iff Pipτj ă 8q ą 0, vs Pipτj ă 8q “ 1.

y: �d/, I�yXe(i), (ii), (iii).

(i) PipVj “ 8q “ 1. (ñ pivq Pipτj ă 8q “ 1, ñ iÑ j).

(ii) PjpVi “ 8q “ 1. (ñ pvq Pjpτi ă 8q “ 1, ñ j Ñ i).

(iii) j ~�.

(a): (iii) & (v); (b): (i) & (ii); (c): (iv) & (v).

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

 y(i) PipVj “ 8q “ 1.

�X0 “ i, K~Z1, ~Z2, ¨ ¨ ¨ i.i.d..

 j 

i 

Ar “/~Zr ¥Ñyj0.

KA1, A2, ¨ ¨ ¨ �pÕá, �P pArq ” P pA1q
∆
“ p.

p ą 0: Ï�tτj ă 8u Ď
Ť

r Ar,

¤±ep “ 0, KPipτj ă 8q “ 0. �iÑ j gñ!

SLLN: A1, A2, ¨ ¨ ¨ u)Ã¡õg, X.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

 y(ii) PjpVi “ 8q “ 1.

d(i), Pipτj ă 8q “ 1.

 j 

i 

�X0 “ i. -Yn “ Xτj`n. KVi “ 1` V
pY q
i . �

tVi “ 8u “ tV
pY q
i “ 8u.

drê¼5,

1 “ PipVi “ 8q “ PipV
pY q
i “ 8, τj ă 8q “ 1ˆ PjpVi “ 8q.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



  y(iii) j ~�.

d(ii), Pjpτi ă 8q “ 1.

 j 

i 

�X0 “ j. -Yn “ Xτi`n. Vj “ 1` V
pY q
j .

PjpVj “ 8q “ Pjpσi ă 8, V
pY q
j “ 8q “ 1ˆ PipVj “ 8q “ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

o!o(

'�:: ρi :“ Pipσ ă 8q ´Ä�u1.

~��Ä��O{: ½Â!Â¥VÇ!��¼ê.

~�: PipVi “ 8q “ 1, ρi “ 1, EiVi “ 8.

�~�: PipVi ă 8q “ 1, ρi ă 1, EiVi ă 8.

~�;�ã: di.i.d. i1©���.
 

n 

S 

…… 

�~�;�ã.
 

n 

S 

pÏa©�~�a!�~�a.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

U½Â�O~��Ä.

~, ���é¡;��ÅiÄ. dSLLN ��~�.

epÏaØ4, K�~�. ~, t1, 2u.

 

1 

2 

3 

4 

5 

6 

epÏa´4�, �k�, K~�. (§1.5 SK1 (3).)

y: Pip
ř

jPS Vj “ 8q “ 1.

�Dj P S ¦�PipVj “ 8q ą 0.

PipVj “ 8q “ Pipτj ă 8qPjpVj “ 8q.

�PjpVj “ 8q ą 0.

d0-1Æ, PjpVj “ 8q “ 1.

epÏa´4�, ���, KØ(½. ~, SRW.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.6 Â¥VÇ(hitting probability)

�!ÄÚ©Û{�Â¥VÇ

~1.6.1. Ùä»�¯K. ¦: ��VÇ.

 

0 

0 

−𝑖 𝑗 

𝑁 = 𝑖 + 𝑗 𝑖 
𝑖 𝑗 

tSnu: SRW.

τ :“ τ0 ^ τN .

Ù¥, N “ i` j.

P pτ0 ă 8, τN ă 8q “ 1.

»�: τ0 ă τN ; ��: τN ă τ0.

ÄÚ©Û{: PkpτN ă τ0q
∆
“ xk ÷vXe�§|:

xk “
1

2
xk´1 `

1

2
xk`1, 0 ă k ă N.

>.^�: x0 “ 0, xN “ 1.

)�xk “
k
N . ¤¦�xi “

i
i`j .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�½o P S.

Â¥VÇ: xi “ Pipτo ă 8q.

@i ‰ o,

τo “ τ
pXq
o “ 1` τ

pY q
o .

 

0 1 
𝜏𝑜
(𝑌)

 

𝜏𝑜 

@i ‰ o, UX1 ��©�¹?Ø:

xi “Pipτ
pY q
o ă 8q “

ÿ

j

PopX1 “ j, Bq

“
ÿ

j

PipAqPipB|Aq “
ÿ

j

pijxj .

Â¥VÇ÷vXe�§|(9>.^�):

xi “
ÿ

jPS

pijxj , @ i ‰ o; xo “ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
�½D Ď S, xi “ PipτD ă 8q �¡�Â¥VÇ.

Â¥VÇ÷vXe�§|(9>.^�):

xi “
ÿ

jPS

pijxj , @ i R D, xi “ 1, @ i P D.

·K1.6.2. Â¥VÇ´þã�§|�����K).

5: etx̃i : i P Su �´�§|��K), Kx̃i ě xi, @i.

áÂ�: pii “ 1 (½Â1.6.7). áÂVÇ: Pipτo ă 8q.

48D �áÂVÇ: PipτD ă 8q.

5: @D Ď S, òD U�48. (§1.6, SK1).

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!Â¥VÇ��O~�5

b�Ø��. �½o P S.

σo “ σ
pXq
o “ 1` τ

pY q
o .

 

0 1 
𝜏𝑜
(𝑌)

 

𝜎𝑜 

ρo “ Popσo ă 8q

“ Popτ
pY q
o ă 8q.

UX1 ��©�¹?Ø:

ρo “
ÿ

i

PopX1 “ i, Bq “
ÿ

i

PopAqPopB|Aq “
ÿ

i

poiPipτo ă 8q
::::::::::

.

~� iff xi “ 1, @i P S.

��¡, ·K1.5.6. ~�ñ xi “ Pipτo ă 8q ” 1.

,��¡, xi ” 1 ñ ρo “ 1, =~�.

·K1.6.4. ~�iff �§|3r0, 1s þ�kð�1 �).

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.6.5. )«ó�~�5. 3�~¥b�bi, di ą 0, i ě 1.
 

𝑏𝑖 𝑑𝑖 𝑏0 = 1 

0 𝑖 

xi “ Pipτ0 ă 8q ÷v��§|:

xi “ bixi`1 ` dixi´1, @i ě 1, x0 “ 1.

@i ě 1, bipxi ´ xi`1q “ dipxi´1 ´ xiq, �

xi ´ xi`1 “ pxi´1 ´ xiq
di
bi
“ ¨ ¨ ¨ “ p1´ x1q

d1 ¨ ¨ ¨ di
b1 ¨ ¨ ¨ bi

.

ü>éi ¦Ú, 1´ xi`1 “Rip1´ x1q. Ù¥,

R0 :“ 1, Ri :“ 1`
i
ÿ

k“1

d1 ¨ ¨ ¨ dk
b1 ¨ ¨ ¨ bk

Õ R :“ 1`
8
ÿ

k“1

d1 ¨ ¨ ¨ dk
b1 ¨ ¨ ¨ bk

.

eR ă 8, K�x1 “ 1´ 1{R, ��Øð�1 �). �~�!

eR “ 8, Kxi “ 1. ~�!

1´ x1 “
1

Ri
p1´ xi`1q ď

1

Ri

iÑ8
ÝÑ 0.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.6.5. )«ó�~�5(Y).

A~. �ä��;��ÅiÄ�~�5.
 𝑞 ≤ 𝑝 

i 0 

�wZ´: bi “ q, di “ p, ~�:

R :“ 1`
8
ÿ

k“1

d1 ¨ ¨ ¨ dk
b1 ¨ ¨ ¨ bk

“ 8.

�wZ`: bi “ p, di “ q. ep “ q, K~�; ÄK�~�.

(Ø: ~�iff p “ q.

®�P0pτ1 ă 8q “ 1. ¦: x “ P0pτ´1 ă 8q.

rê¼5ñ P0pτ´2 ă 8q “ x2.

x “ px2 ` q ñ x “ κ ½1 (�K).

§1.6. SK8.: ¦yi “ PipτN ă τ0q, 0 ă i ă N .

 

0 ≡ 𝑁 

 𝑖 

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.6.6. 5KäTd þ�λ-biased �ÅiÄ.

 

𝑘 𝑗 𝑗 𝑖 

𝑙 

𝑖 𝑘 

𝑙 

𝜑 

i0: i �I(:; i1, ¨ ¨ ¨ , id: i �f(:.

pij “
λ

λ` d
, j “ i0; pij “

1

λ` d
, j P ti1, ¨ ¨ ¨ , idu

¥é¡5: |i| “ |j|, KPipτo ă 8q “ Pjpτo ă 8q
∆
“ a|i|.

�§|:

an “
λ

λ` d
an´1 `

d

λ` d
an`1, @n ě 1; a0 “ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.6.6(Y).

Pipτo ă 8q
∆
“ a|i|. �§|:

an “
λ

λ` d
an´1 `

d

λ` d
an`1, @n ě 1; a0 “ 1.

-bn “ an ´ an`1, κ “ λ{d. K

dbn “ λbn´1 ñ bn “ κbn´1 “ ¨ ¨ ¨ “ κnb0

ña0 ´ an “ b0 ` b1 ` ¨ ¨ ¨ ` bn´1 “
`

1` κ` ¨ ¨ ¨ ` κn´1
˘

b0.

�λ ă d. �b0 “ 1´ κ, �����K)an “ κn. �~�!

�λ ě d. ��yan ě 0, @n, �U�b0 “ 0. �����K)

�an ” 1. ~�!

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
§1.7 ��¼ê

�!��¼ê��O~�5

£�: i ~�iff EiVi “ 8. Ù¥,

Vi “
8
ÿ

n“1

1tXn“iu.

��¼ê:

Gij :“ Ei

8
ÿ

n“0

1tXn“ju “

8
ÿ

n“0

PipXn “ jq “
8
ÿ

n“0

p
pnq
ij ,

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.1. d �{ü�ÅiÄtSnu �~�5.

d “ 1, ~�.

p
p2n`1q
00 “ 0,

p
p2nq
00 “ Cn

2n

1

22n
“
p2nq!

n!n!
¨

1

22n
«
p 2ne q

2n
?

2π2n

pne q
2n2πn

¨
1

22n
“

1
?
πn

.

d “ 2, ~�.

p
p2n`1q
00 “ 0,

p
p2nq
00 “

ÿ

n1`n2“n

p2nq!

pn1!q2pn2!q2
1

42n

“Cn
2n

1

22n
p

n
ÿ

m“0

Cm
n C

n´m
n q

:::::::::::::

1

22n
“ pCn

2n
:::

1

22n
q2 «

1

πn
.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

d “ 3, �~�.

p
p2nq
00 “

ř

n1`n2`n3“n
p2nq!

pn1!q2pn2!q2pn3!q2
1

62n
.

k(½��:

P pK “ 2n1, L “ 2n2,M “ 2n3q “
p2nq!

p2n1q!p2n2q!p2n3q!

1

32n
.

3(½c�:

P pB1q “ Cn1
2n1

1

22n1
, P pB2q “ Cn2

2n2

1

22n2
, P pB3q “ Cn3

2n3

1

22n3
.

p
p2nq
00 “

ř

n1`n2`n3“n
P pAqP pB1qP pB2qP pB3q.

�*: SLLN, n1, n2, n3 « n{3 ñ p
p2nq
00 « 1?

πn{3
3 .

äNy²: -

~N “ t~n “ pn1, n2, n3q P Z3
` : n1 ` n2 ` n3 “ nu,

I “ t~n P ~N : ni ě n{6, @iu.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

d “ 3, �~�(Y).

e~n P I ¥, KP pBiq ď C̃{
?
πni ď C1{3{

?
n. �

ÿ

~nPI

P pAqP pB1qP pB2qP pB3q ď
ÿ

~nPI

P pAq
C

n3{2
ď

C

n3{2
.

£�: A “ tK “ 2n1, L “ 2n2,M “ 2n3u.

5: K, L, M ÑÑlBp2n, 1{3q, �§�ØÕá.

-J “ ~NzI “ t~n P ~N : Di s.t. ni ă n{6u. (§1.7. SK9 (1))

ÿ

~nPJ

P pAqP pB1qP pB2qP pB3q ď
ÿ

~nPJ

P pAq

“3P pK ă
n

3
q ď 3P p|K ´

n

3
| ą

n

3
q ď 3

EpK ´ n{3q4

pn{3q4
ď
Ĉ

n2
.

p
p2nq
00 ď ‹‹ ` ‹‹ ď C`1

n3{2 , n ě n0.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

d ě 3, �~�.

p
p2nq
00 “

ř

n1`¨¨¨`nd“n
p2nq!

pn1!q2¨¨¨pnd!q2
1

2d2n
.

P pK1 “ 2n1, ¨ ¨ ¨ ,Kd “ 2ndq “
p2nq!

p2n1q!¨¨¨p2ndq!
1

32n
.

P pBiq “ Cni
2ni

1
22ni

.

p
p2nq
00 “

ř

n1`¨¨¨`nd“n
P pAqP pB1q ¨ ¨ ¨P pBdq
::::::::::::::::::::

.

aq/, � ~N ; I “ t~n P ~N : ni ě n{p2dq,@iu; J .
ř

~nPI ‹‹::
ď

ř

~nPI P pAq
´

C̃{
a

π ¨ n{p2dq
¯d
ď C̃d{n

d{2.

ř

~nPJ ‹‹::
ď

ř

~nPJ P pAq ď d ¨ P pK1 ă n{dq ď Ĉd{n
2.

p
p2nq
00 ď

ř

~nPI ‹‹::
`
ř

~nPJ ‹‹::
ď Cd

1
n2 , n ě n0.

§1.7 SK9 (2): @a ą 0, K1 “ ξ1 ` ¨ ¨ ¨ ` ξ2n „ Bp2n, 1{dq,

P pK1 ă n{dq ď Eeapn{d´K1q ď ϕpaqn. � a s.t. ϕpaq ă 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!��¼ê�Ù¦A^

íØ1.7.3. ei ~��iÑ j, Kj ~�. (5: ·K1.5.6.)

·K1.7.4. Gij “ Pipτj ă 8qGjj .

y: 3τj ă 8 þ, Vj “ V
pY q
j .

íØ1.7.5. ej �~�, KlimnÑ8 p
pnq
ij “ 0, @i.

y:
ř

n p
pnq
ij “ Gij ď Gjj ă 8.

íØ1.7.6. eπ ´ØC©Ù, j �~�, Kπj “ 0.

y: p
ř

n πP
nqj “ 8 ¨ πj ,

pπ
ř

nP
nqj “

ř

i πiGij ď Gjj ă 8.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!k�«�¥���¼ê

Pτ “ τDc ,

G
pDq
ij :“ Ei

τ´1
ÿ

n“0

1tXn“ju, i, j P D.

�½o P D, xi “ G
pDq
io ÷v��§|(9>.^�):

xi “
ÿ

jPS

pijxj , @i P Dztou; xo “ 1`
ÿ

jPS

pojxj ; xi “ 0, i P Dc.

5:

G
pDq
ij :“

τ´1
ÿ

n“0

PipXn “ jq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.7. ��SRW. N ě 3, D “ t1, ¨ ¨ ¨ , N ´ 1u. K

G
pDq
ij “

#

2
N ¨ ipN ´ jq, 0 ă i ď j ă N,
2
N ¨ jpN ´ iq, 0 ă j ă i ă N,

 0 𝑁 

�½j. xi “ G
pDq
ij ÷vXe�§|(9>.^�):

#

xi “
1
2pxi´1 ` xi`1q, 0 ă i ă N, i ‰ j;

xj “ 1` 1
2pxj´1 ` xj`1q, x0 “ xN “ 0.

δL “
1
jxj ; δR “

1
N´jxj .

 

0 N j 

δ𝐿 
δ𝑅 

0 “ ´1` δL{2` δR{2 ñ xj “
2jpN´jq

N .

xi “
i
jxj “

2ipN´jq
N , 0 ă i ă j;

xi “
N´i
N´jxj “

2jpN´iq
N , j ă i ă N .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.8. ��SRW. KEipτ0 ^ τN q “ ipN ´ iq, 0 ă i ă N .

�{�!τ “ τDc . yi “ Eiτ ÷vXe�§|(9>.^�):

yi “ 1`
ÿ

jPS

pijyj , @ i P D; yi “ 0, @i R D.

yi “ 1` 1
2yi`1 `

1
2yi´1, 1 ď i ď N ´ 1.

-δi “ yi ´ yi´1, Kδi “ 2` δi`1.

δi “ δi´1 ´ 2 “ ¨ ¨ ¨ “ δ1 ´ 2pi´ 1q.

δ1 “ N ´ 1:

N
ÿ

i“1

δi “ τN ´ τ0 “ 0 ñ Nδ1 ´NpN ´ 1q “ 0.

δi “ N ´ 1´ 2pi´ 1q, �

yi “ y0 ` δ1 ` ¨ ¨ ¨ ` δi “ ipN ´ 1q ´ ipi´ 1q “ ipN ´ iq.

5: -N Ñ8, Eiτ0 “ limNÑ8Eipτ0 ^ τN q “ 8.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.8(Y). ��SRW. KEipτ0 ^ τN q “ ipN ´ iq, 0 ă i ă N .

�{�!k��G
pDq
ij , i, j P D.

�X0 “ i P D.

τ “
τ´1
ÿ

n“0

1 “
τ´1
ÿ

n“0

ÿ

jPD

1tXn“ju “
ÿ

jPD

τ´1
ÿ

n“0

1tXn“ju,

ñ Eiτ “
ÿ

jPD

Ei

τ´1
ÿ

n“0

1tXn“ju “
ÿ

jPD

G
pDq
ij .

AO/, ��SRW. K

Eipτ0 ^ τN q “
i
ÿ

j“1

2

N
jpN ´ iq `

N´1
ÿ

j“i`1

2

N
ipN ´ jq

“
2

N

ipi` 1qpN ´ iq

2
`

2

N

ipN ´ i´ 1qpN ´ iq

2
“ ipN ´ iq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

o!Wald �ª

��SRW tSnu. X0 “ 0, τ “ τj ^ τ´i.

 

0 

0 

−𝑖 𝑗 

𝑁 = 𝑖 + 𝑗 𝑖 
𝑖 𝑗 

Sτ �©Ù:

P0pSτ “ jq “ PipτN ă τ0q “
i

N
,

P0pSτ “ ´iq “ Pipτ0 ă τN q “
N ´ i

N
.

E0Sτ “ 0.

E0S
2
τ “ E0τ .

ES2
τ “j

2 ¨
i

i` j
` i2 ¨

j

i` j
“ i ¨ j,

E0τ “Eipτ0 ^ τN q “ i ¨ j.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

τ �Ä��, Ä¥�, 1r g�¯���, ¨ ¨ ¨

½n1.7.9 (Wald �ª).

eEτ �Eξ �3(��¢ê), KESτ “ Eτ ¨ Eξ.

½n1.7.13 (Wald 1��ª).

�Eτ �Eξ2 �3�Eξ “ 0. e�3M ě 0 ¦�|Sn| ďM ,

@n ď τ . KES2
τ “ Eτ ¨ Eξ2 .

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.8 H{½n��~�

�!ªÇ�4�

½n (½n1.8.1)

b�P Ø��. KP

˜

lim
nÑ8

1

n

n´1
ÿ

m“0

1tXm“iu “
1

Eiσi

¸

“ 1.

5: Vipnq{n ��¯i �ªÇ.

y²: e�~�. K�mÑ�0. e�~�.

b�X0 “ i. ^�#½n=�.
 

n 

S 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 0 = 𝑇0 

𝜎 = 𝜎1 𝜎2 𝜎3 𝜎4 𝜎5 

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

b�X0 “ j. ~�, �Pjpτi ă 8q “ 1.
 

𝜏𝑖 

𝑇1 𝑇2 0 

 

𝑛 0 

 
𝑚 = 𝑛 − 𝜏𝑖 

 

𝑗 

𝑖 

τ “ τi, ω̃ “ pZ0pωq, ¨ ¨ ¨ , Zτ pωqq, ω̂ “ pY0pωq, Y1pωq, ¨ ¨ ¨ q.

ω “ pω̃, ω̂q. n “ m` τipω̃q, Vipn, ωq “ Vipm, ω̂q.

nÑ8 iff mÑ8:

1

n
Vipn, ωq “

m

n
ˆ

1

m
Vipm, ω̂q Ñ

1

Eiσi
.

b�X0 „ µ:

P

ˆ

lim
nÑ8

1

n
Vipnq “

1

Eiσi

˙

“
ÿ

j

µjPjpAq “ 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.8.2, ªÇÑ VÇ)

b�P Ø��, π �ØC©Ù. K

πi “
1

Eiσi
ą 0, @i P S.

πi ą 0: πi “
ř

j πjp
pnq
ji ě πop

pnq
oi ą 0.

d½n1.8.1, 1
nVipnq Ñ

1
Eiσi

, a.s..

2dk.Âñ½n,

lim
nÑ8

Eπ
1

n
Vipnq “

1

Eiσi
.

π ´ØC©Ù. �

Eπ
1

n
Vipnq “ Eπ

1

n

n´1
ÿ

m“0

1tXm“iu “
1

n

n´1
ÿ

m“0

PπpXm “ iq “ πi.

5: �Ø��. ØC©Ùe�3, K��(L�ª).

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!�~��ØC©Ù

½n1.8.1 �Ø��. K�¯ªÇ 1
nVipnq Ñ

1
Eiσi

, a.s..

�~�: Eiσi ă 8. �¯ªÇ��. (½Â1.8.3)

"~�: Pipσi ă 8q “ 0 �Eiσi “ 8. �¯ªÇ�0.

2wªÇ: �½o. Pσ “ σo.

 

𝑖 

𝑜 

iÑy�ªÇ «
V
p1q
i ` ¨ ¨ ¨ ` V

prq
i

σ1 ` ¨ ¨ ¨ ` σr
«
EoV

p1q
i

Eoσ
9 EoV

p1q
i .

5A^�ÅL§6Ç���¡ ��ö: ÙE
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·K (·K1.8.4)

b�o ~�. -µi “ Eo
řσo´1
n“0 1tXn“iu. Kµ ´÷vØC�§:

ÿ

j

µjpji “ µi @i P S.

Pσ “ σo. 5: µi ‰
řσ´1
n“0 PopXn “ iq.

µo “ 1. �
:::::
j ‰ o �,

řσ´1
n“0 1tXn“iu “

ř8
n“0 1tnăσ,Xn“ju, �

µj “ Eo

8
ÿ

n“0

1tnăσ,Xn“ju “

8
ÿ

n“0

Popn ă σ,Xn “ jq.

tn ă σu “ tσ ą nu “ tX1, ¨ ¨ ¨ , Xn´1 ‰ ou X tXn ‰ ou.

Popn ă σ,Xn “ jq “ PopCAq.

Ù¥,
:::::::::::::
A “ tXn “ ju, C “ tX1, ¨ ¨ ¨ , Xn´1 ‰ ou.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

8I: y²LHS “
ř

j µjpji “ µi @i P S.

®y: µj “
ř8
n“0 Popn ă σ,Xn “ jq,

Ù¥, ‹‹ “ AC, A “ tXn “ ju, C “ tX1, ¨ ¨ ¨ , Xn´1 ‰ ou.

pji “ PopXn`1 “ i|ACq. u´,

LHS “
ÿ

j

8
ÿ

n“0

PopACqPopXn`1 “ j|ACq

“Popn ă σ,Xn “ j,Xn`1 “ iq

“

8
ÿ

n“0

Popn ă σ,Xn`1 “ iq.

 

𝑜 

𝑖 

[                                         ) 
(                                         ] 

LHS “
ř8
n“0Eo1tnăσ,Xn`1“iu “ Eo

řσ´1
n“0 1tXn`1“iu.

LHS “ Eo
řσ
m“1 1tXm“iu

:::::::::::::

“ µi, Ï�‹‹::
“

řσ´1
n“0 1tXn“iu.

5: σ “ 8, i “ o �, “ Ø¤á.

5: µj ă 8, pÏKµj ą 0. (Ï�µk ě µip
pnq
ik .)

5A^�ÅL§6Ç���¡ ��ö: ÙE
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½n (½n1.8.5)

b�Ø��. Ke¡n^�d:

(1) ¤kG��~�, (2) �3�~��, (3) �3ØC©Ù.

AO/, ØC©Ù�L�ª�πi “
1

Eiσi
, @i P S. (X)

p1q
X
ñ p2q.

p2q ñ p3q: ?��~��o. µi “ Eo
řσo´1
n“0 1tXn“iu �ØC

ÿÝ, �8�z. X.

(3) ñ (1): (i) d·K1.8.2, ‹‹ ¤á; (ii) dØC�§9Ø�

�, πi ą 0, @i. �(1) ¤á.

5: pÏa©��~�a!"~�a!�~�a.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

íØ (íØ1.8.7)

eS k��Ø��, KØC©Ù�3.

y: dS Ø��, é?¿Ð©©Ùµ

1

n

n´1
ÿ

m“0

1tXm“iu Ñ
1

Eiσi
, a.s..

S k�, �

1 “
ÿ

i

1

n

n´1
ÿ

m“0

1tXm“iu Ñ
ÿ

i

1

Eiσi
.

�3i ¦�Eiσi ă 8, =�~�. �X.

5: 11.2 !¥J�^�ê½©Û��{¦ØC©Ù.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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Ö¿�£.

Ún1.8.19., �P Ø��!~�. �½o. K

µi “ Eo

σo´1
ÿ

n“0

1tXn“iu

´÷vØC�§9>.^�µo “ 1����).

5: e�~�, KØCÿÝ�UØ��(51.6.5)

íØ1.8.20. D ØU8�z�ØCÿÝλ, KØC©ÙØ�3.

y: e�~�, KØC©ÙØ�3, ÄKπi ” 0 (íØ1.7.6).

e~�, πi9µi, λi9µi. �λ ØU8�z, gñ!

~. Zd þ��ÅiÄvkØC©Ù.

5: S y©��~�atCα : α P Iu!"~�a!�~�a.

K¤kØC©Ù/X
ř

α pαπ
pαq, Ù¥tpα : α P Iu �©Ù�.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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n!H{½n

b�Ø��!�~�. ªÇÑ (ØC©ÙéA�)VÇ:

1

n

n´1
ÿ

m“0

1tXm“iu
a.s.
ÝÑ πi “

1

Eiσi
“
EoV

p1q
i

Eoσo
, @i.

2dk.Âñ½n:

1

n

n´1
ÿ

m“0

P pXm “ iq Ñ πi, @i.

Ún1.8.8: �Ñ´©Ù�; limnÑ8 π
pnq
i “ πi, @i P S. K

lim
nÑ8

ÿ

iPS

|π
pnq
i ´ πi| “ 0.

·K1.7.9.
ř

i |π
pnq
i ´ πi| Ñ 0,

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

m“0

p
pmq
ji ´ πi

ˇ

ˇ

ˇ

ˇ

ˇ

Ñ 0,
ÿ

iPS

ˇ

ˇ

ˇ

ˇ

Vipnq

n
´ πi

ˇ

ˇ

ˇ

ˇ

a.s.
Ñ 0.
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½n (H{½n, ½n1.8.10)

b�Ø��!�~�. e
ř

i πi|fpiq| ă 8, K

1

n

n´1
ÿ

m“0

fpXmq
a.s.
ÝÑ

ÿ

i

πifpiq.

b�f k., M :“ supi |fpiq| ă 8.

LHS “ 1
n

ř

i Vipnqfpiq “
ř

i
Vipnq
n ¨ fpiq.

|LHS´ RHS| ďM
ř

i

ˇ

ˇ

ˇ

Vipnq
n ´ πi

ˇ

ˇ

ˇ

a.s.
ÝÑ 0.

Ö¿�£. ���¹, �½o, �X0 “ o.

ξr “
Tr´1
ÿ

n“Tr´1

fpXnq, LHS «
ξ1 ` ¨ ¨ ¨ ` ξr

r
¨
r

n
.

 

𝑛 

S 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇0 

5A^�ÅL§6Ç���¡ ��ö: ÙE
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o!A^

1. L�ªπi “
1

Eiσi
�A^

~1.8.11. Ehrenfest�.. N �¥, ü���A, B.

zgÕá/�ÅÀ��¥, r§��,����¥.

Xn “ n gö����A ¥�¥��ê. )«L§,

πi “ CiN
1

2N
.  1 −

𝑖

𝑁
 

1 

1 

i 0 N 

𝑖

𝑁
 �N “ 2M , K

E0σ0 “
1

π0
“ 22M , EMσM “

1

πM
“

22M

CM2M
«
?
πM.

S̃ “ t0, 1uN . ãS̃ þ�ÅiÄ.

 

000 100 

001 

010 110 

011 111 

101 

g�: 1r �¥�$Ä.
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~1.8.14. Td þλ-biased �ÅiÄ:

 λ 

2 
: 

¥é¡5:

e|i| “ |j|, K

Eiσi “ Ejσj ñ πi “ c|i|.

�A “ ti : |i| ě nu.

pdn´1cn´1q ¨
d

λ` d
“ pdncnq ¨

λ

λ` d
ñ cn´1 “ λcn.

cn “
1
λ ¨ cn´1 “ ¨ ¨ ¨ “

1
λn ¨ c0.

8�z:

8
ÿ

n“0

dncn “ 1 ñ c0 “
1

R
, Ù¥ R “

8
ÿ

n“0

ˆ

d

λ

˙n

.

λ ą dô iff �~�. q�λ ě dô ~�, (~1.6.6.). �

λ ą d: �~�; λ “ d: "~�; λ ă d: �~�.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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2. H{½n�A^

~1.8.15. b�Ø��!�~�. K

1

n

n´1
ÿ

m“0

1tXm“i,Xm`1“ju
a.s.
ÝÑ πipij .

�{�!tYn “ pXn, Xn`1qu ´ê¼ó, S̃ “ tpi, jq : pij ą 0u;

=£VÇ: ppi,jqpj,kq “ pjk, ØC©Ù: µpi,jq “ πipij . �,

‹‹ “
1

n

n´1
ÿ

m“0

1tYm“pi,jqu
a.s.
ÝÑ µpi,jq “ πipij .

�{�: b�n �c�¤r gli Ñu¿£�i �i1,

r

n
ˆ

1

r

r´1
ÿ

s“0

1tXTs`1“ju
a.s.
ÝÑ πipij .

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.8.16. �Ø��!�~�. -σ :“ inftn ě m : Xn “ iu. y²:

Ei

σ´1
ÿ

n“0

1tXn“ju “ πjEiσ.

�{�!�ì·K1.7.5., y²‹ �ÑØCÿÝ.

�{�!X0 “ i. )ÖªÇ:

iÑy�ªÇ «
V
p1q
j ` ¨ ¨ ¨ ` V

prq
j

σ1 ` ¨ ¨ ¨ ` σr
«
EiV

p1q
j

Eiσ
“ πj .

 

𝑆 

 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇0 

𝑚 

𝜎 = 𝜎1 

 

𝜎 

 

𝑚 

𝜎2 
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~1.8.16(Y).  

𝑆 

 

𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇0 

𝑚 

𝜎 = 𝜎1 

 

𝜎 

 

𝑚 

𝜎2 

 
-Yn “ Xσ`n. KtYnu ´li Ñu�ê¼ó,

��~Z “ pX0, X1, ¨ ¨ ¨ , Xσq Õá.

òσ �¤Tr ��tY
prqu �~Zprq.

Dr :“ tσ “ Tru “
!

|tn ă m : Xn “ iu| “ r
)

, r “ 1, ¨ ¨ ¨ ,m.

B “ t~Y “ ~ju (5: k��), C “ t~C “~iu; aq½ÂBr, Cr.

PDrpBCq “ PDrpBrCrq “ P p ~X “ ~jqP pCrq “ P p ~X “ ~jqPDrpCq.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Ê!o(

�~�aiff ØC©Ù�3. L�ª.

Eiσi ă 8, πi “
1

Eiσi

ªÇÑ VÇ, H{½n(�m²þ“ �m²þ).

1

n

n´1
ÿ

m“0

1tXm“iu
a.s.
ÝÑ πi,

1

n

n´1
ÿ

m“0

fpXmq
a.s.
ÝÑ

ÿ

i

πifpiq.

µi “ Eo
řσo´1
n“0 1tXn“iu, i P S ÷vØC�§, (y²�{).

A^1: ÏLπi ¦
1

Eiσi
. ½ö, �L5.

A^2. ^;��i.i.d. (�)ÖªÇ/VÇ.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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§1.9 rH{½n

�!�~�!�±Ï�/

b�: Ø��!�~�. ®�

lim
nÑ8

1

n

n´1
ÿ

m“0

P pXm “ iq “ πi

¯: P pXn “ iq Ñ πi?

�~. ~1.8.11. Ehrenfest�..

S “ t0, 1, ¨ ¨ ¨ , Nu. πi “ CiN2´N , @i.

�X0 “ 0. P pX2n “ 1q ” 0, @n.

 

N i 

1 – i / N 

i / N 

1 

1 

0 

7�^�: n ¿©��, p
pnq
ij ą 0.

5A^�ÅL§6Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½Â1.9.1. eDN ¦�p
pnq
ii ą 0, @n ě N , K¡i ��±Ï�.

5: epii ą 0, K�±Ï.

íØ1.9.2. �Ø��, �3�±Ï�, K¤kG��±Ï,

�@i, j, DN ¦�

p
pnq
ij ą 0, @n ě N.

y: �i �±Ï.

j �±Ï, �Nj “ Ni ` r ` s =�:

�3r “ rij , s “ sij ¦�p
prq
ij , p

psq
ji ą 0, u´

p
pr`s`nq
jj ě p

psq
ji p

pnq
ii p

prq
ij ą 0, @n ě Ni.

�Nij “ Ni ` r =�:

p
pnq
ij ě p

pmq
ii p

prq
ij ą 0, @n ě Ni ` r

5: eiØ j, Ki �±Ïñ j �±Ï. �±Ïa.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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½n (½n1.9.3. rH{½n)

b�Ø��!�~�!�±Ï, ØC©Ù�π. K@µ,

lim
nÑ8

ÿ

j

|PµpXn “ jq ´ πj | “ 0. AO/, lim
nÑ8

p
pnq
ij “ πj .

tZn “ pWn, Ynqu: G��m�=£VÇXe

S̃ “ S ˆ S, rpi,jqpk,`q “ pikpj`.

Ð©ÙP�ν, 6½.

Step 1 „ 3. tZnu Ø��!�±Ï!�~�(π̃ �ØC©Ù):

r
pnq
pi,jqpk,`q “ p

pnq
ik p

pnq
j` ą 0, @n ě Nik _Nj`;

π̃ “ π ˆ π, i.e. π̃i,j “ πiπj , @pi, jq P S̃.

�tWnu, tYnu Ñ´±P �=£Ý
�ê¼ó.
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Step 4. tZnu ~�, �P pτ ă 8q “ 1, Ù¥

τ :“ inftn ě 0 : Wn “ Ynu “ τD, D :“ tpi, iq : i P Su.

Step 5. P pWn “ j, τ ď nq “ P pYn “ j, τ ď nq:

U����m!/:©�¹?Ø. @0 ď m ď n, i P S,

P pWn “ j, τ “ m,Zm “ pi, iqq

“P p˚, ˚qPpi,iqpWn´m “ jq
::::::::::::::::

“ P p˚, ˚qPpi,iqpYn´m “ jq
:::::::::::::::

“P pYn “ j, τ “ m,Zm “ pi, iqq.

5: ‹‹
::
“

ř

k p
pn´mq
ij p

pn´mq
ik “ p

pn´mq
ij .
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Step 6.
ř

j |P pWn “ jq ´ P pYn “ jq| ď 2P pτ ą nq:

P pWn “ jq “ P pWn “ j, τ ď nq ` P pWn “ j, τ ą nq

� P pWn “ jq ´ P pYn “ jq “ ‹ ´ P pYn “ j, τ ą nq.

Ð©Ùν ��µˆ π, =νpi,jq “ µiπj , @i, j.

KtWnu ÚtYnu �Ð©Ù©O�µ, π. �

PνpWn “ jq “ PµpXn “ jq, PνpYn “ jq “ πj .

ř

j |PµpXn “ jq ´ πj | Ñ 0:

LHS “
ÿ

j

|P pWn “ jq ´ P pYn “ jq| ď 2Pνpτ ą nq Ñ 0.

y²�{: ÍÜ(coupling).

5A^�ÅL§6Ç���¡ ��ö: ÙE
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~1.9.4. Wright-Fisher�.. N �<, L�: /10½/00. z<

zUÕá?À�<¿Uã«�Å��½UC. Xn “ 1n UL�

/10�<ê. ¦: EXn “
řN
j“0 jP pXn “ jq 3nÑ8 ��4�.

 

1 − 𝑢 

1 0 

1 − 𝑣 𝑣 

𝑢 
eXn “ i, KXn`1 „ BpN, ρiq,

Ù¥, ρi “ p1´ uq
i
N ` v

N´i
N .

Ø��!�~�!�±Ï, EXn Ñ
řN
j“0 jπj .

a “
ř

j j
ř

i πipij “
ř

i πi
ř

j jpij
::::::

“
ř

i πiNρi:::

“
ř

i πirp1´ uqi` vpN ´ iqs “ p1´ u´ vqa` vN .

a “ v
u`vN .

u “ v “ 1
2 . ρi “

1
2 . X1, X2, ¨ ¨ ¨ i.i.d., π “ BpN, 1{2q.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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�!�~�!±Ï�/

½n (½n1.9.6)

b�Ø��. KD!d ±9S �©�D0, D1, ¨ ¨ ¨ , Dd´1 ¦�:

@ r ě 0, i P Dr, s ě 0,

ř

jPDr`s
p
psq
ij “ 1;

5: Ö¿½ÂDnd`r :“ Dr.

 

𝐷0 

𝐷𝑑−1 

 

𝐷𝑑−2 

𝐷1 

 

𝐷2 @ r ě 0, i, j P Dr, D N ¦�

p
pndq
ij ą 0, @n ě N .

½n¥�d �¡�“±Ï”(½Â1.9.7). �±Ï�d “ 1.
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ř

jPDr`s
p
psq
ij “ 1;

p
pndq
ij ą 0, @n ě N .

 

4 
1 

0 

5 

2 

3 

4 
1 

3 

2 

5 

�d ą 1. -P̂ :“ Pd.

KDr’s ´P̂ ��da, �Ñ´48.

 

𝐷0 

𝐷𝑑−1 

 

𝐷𝑑−2 

𝐷1 

 

𝐷2 

3z�Dr þ, P̂ Ø��!�±Ï.

X0 “ i, σi “ dσ̂i. �

P �("!�)~�

iff

P̂ �("!�)~�.

eπ �P �ØCÿÝ, K

πpDrq ”
1

d
, � dπ|Dr ´P̂ �ØCÿÝ.
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n!"~��/

·K (·K1.9.9)

eØ��!"~�, Kp
pnq
ij Ñ 0, @i, j.

Ø���±Ï, ÄK�ÄP̂ “ Pd. �½i, j. @ε ą 0,

Claim 1. DM ¦�@n, 3

p
pnq
ij , p

pn`1q
ij , ¨ ¨ ¨ , p

pn`Mq
ij

¥�3,�p
pn`mq
ij ¦�p

pn`mq
ij ă ε.

Claim 2. DN ¦��n ě N �,

|p
pnq
ij ´ p

pn`mq
ij | ă ε, @1 ď m ďM.

Claims ñ p
pnq
ij ă 2ε, @n ě N . X

5A^�ÅL§6Ç���¡ ��ö: ÙE
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y²Claim 1. DM ¦�mintp
pnq
ij , p

pn`1q
ij , ¨ ¨ ¨ , p

pn`Mq
ij u ă ε, @n.

Eiσi “ Pipσi ě 1q`Pipσi ě 2q` ¨ ¨ ¨ “
ř8
i“0 Pipσi ą `q “ 8.

�M ¦�
řM
`“0 Pipσi ą `q ą 1

ε .

�>�¯�´y©, VÇ�Ú�1.

tXn`M “ ju: p
pn`Mq
ij Pjpσj ą 0q

tXn`M´1 “ j,Xn`M ‰ ju: p
pn`M´1q
ij Pjpσj ą 1q

tXn`M´2 “ j,Xn`M´1, Xn`M ‰ ju: p
pn`M´2q
ij Pjpσj ą 2q

¨ ¨ ¨

tXn “ j,Xn`1, ¨ ¨ ¨ , Xn`M ‰ ju: p
pnq
ij Pjpσj ąMq

tXn, ¨ ¨ ¨Xn`M ‰ ju

�y{: e˚ ě ε, Kgñ:

ÿ

RHS ě ε ˆ ˚ ą 1.

5A^�ÅL§6Ç���¡ ��ö: ÙE
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y², Claim 2. �n " 1 �, |p
pnq
ij ´ p

pn`mq
ij | ă ε, @1 ď m ďM .

�tZn “ pWn, Ynqu �=£VÇ�rpi,jqpk,`q “ pikpj`.

P �±Ï, �tZnu Ø��, (½n1.9.3).

�/I. tZnu �~�. K

p
pnq
ij p

pnq
ij “ p̃

pnq
pi,iqpj,jq Ñ 0.

p
pnq
ij ă ε, @n ě Npñ n`m ě Nq.

�/II. tZnu ~�. �µk “ 1tk“iu, k P S;

|p
pnq
ij ´ p

pm`nq
ij | “|PµˆµPmpWn “ jq ´ PµˆµPmpYn “ jq|

ď2PµˆµPmpτ ą nq Ñ 0. p½n1.9.3q
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o!o(

�~�!�±Ï:

p
pnq
ij Ñ πj , PµpXn “ jq Ñ πj .

y:
ř

iPD µip
pnq
ij `

ř

iRD µip
pnq
ij «

ř

iPD µi‹ «
ř

i µi‹.

�~�!±Ï:

p
pnd`sq
ij Ñ dπj

p
pmq
ij Ñ 0, m ‰ nd` s, i P Dr, j P Dr`s.

"~�:

p
pnq
ij Ñ 0, �

ÿ

n

p
pnq
ij “ 8.

�~�:

p
pnq
ij Ñ 0, �

ÿ

n

p
pnq
ij ă 8.
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§1.10 Âñ�Ý

�C�ål: dTV pµ, νq “ }µ´ ν} :“ 1
2

ř

i |µi ´ νi|.

5: =1
2}µ´ ν}`1 .

 

5: =µpAq ´ νpAq, νpBq ´ µpBq.

}µP´ νP} ď }µ´ ν}:

LHS “
1

2

ÿ

j

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

µipij ´
ÿ

i

νipij

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

2

ÿ

j

ÿ

i

|µi´νi|pij “ RHS.
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·K1.10.1(DobrushinOK) b�S k�, pij ą 0, @i, j.

KDα ă 1 ¦�

dTV pµP, νPq ď αdTV pµ, νq, µ, ν.

AO/, eπ ´P �ØC©Ù, KdTV pµP
n, πq ď αn, @n ě 0.

·K1.10.2. b�Ø��!�±Ï, S k�. KDC, β ą 0 ¦�

dTV pµP
n, πq ď Ce´βn, @ n ě 0.
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§1.11 ©|L§(Branching process)

tξni : n ě 0; i ě 1u i.i.d.

f�©Ù: P pξ “ kq “ pk, k P Z`. (b�p1 ‰ 1)

 

X0 “ 1, X1 “ ξ01, Xn`1 “ ξn1 ` ¨ ¨ ¨ ` ξnXn .

Xn “ 0 ñ Xn`1 “ 0.

©|äT (GW ä, Galton-Watson tree):

ξ01 “ 4;

ξ11 “ 2, ξ12 “ 0, ξ13 “ 1, ξ14 “ 3;

ξ21 “ 3, ξ22 “ 0, ξ23 “ 5,

ξ24 “ 0, ξ25 “ 2, ξ26 “ 3;

ξ31 “ 3, ξ35 “ 4, ξ3,13 “ 5,

ξ3i “ 2, i “ 3, 7, 11, ¨ ¨ ¨ ¨ ¨ ¨

5A^�ÅL§6Ç���¡ ��ö: ÙE
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«ý�m: τ0 “ inftn ě 0 : Xn “ 0u.

«ýVÇ: ρ “ P1pτ0 ă 8q.

f�©Ù�1¼ê: fpsq “ fξpsq “ Esξ “
ř

k P pξ “ kqsk.

0 ď s ď 1 ñ 0 ď fpsq ď 1.

f2psq ě 0.

m “ Eξ “
ř

k kpk “ limsÒ1 f
1psq

∆
“ f 1p1q.
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·K1.11.1. fXnpsq “ f pnqpsq.

y: fXn`1psq “Es
Xn`1

“

8
ÿ

k“0

P pXn “ kqEpsξ1`¨¨¨`ξk |Xn “ kq

“

8
ÿ

k“0

P pXn “ kqfpsqk “ fXnpfpsqq.

·K1.11.2. EXn “ mn. em ă 1, Kρ “ 1.

y: ^8B{. EX0 “ 1 “ m0,

EXn`1 “ E
Xn
ÿ

j“1

ξnj “
8
ÿ

k“0

P pXn “ kqE

˜

k
ÿ

j“1

ξnj
ˇ

ˇXn “ k

¸

“

8
ÿ

k“0

P pXn “ kqkEξ “ mEXn.

P pτ0 “ 8q ď P pτ0 ą nq “ P pXn ě 1q ď EXn “ mn Ñ 0.
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·K (·K1.11.3)

«ýVÇρ “ P1pτ0 ă 8q ´�§s “ fpsq ����K).

u´ρ ă 1 ô m “
ř

k kpk ą 1.

 

0 1 

𝑚 ≤ 1 

𝜌0 

𝑚 > 1 

ρ “ fpρq:

ρ “
8
ÿ

k“0

P pτ0 ă 8, X1 “ kq

“p0 `

8
ÿ

k“1

pkρ
k “ fpρq.

ρ “ ρ0:

ρ “P pτ0 ă 8q “ lim
nÑ8

P pτ0 ď nq

“ lim
nÑ8

P1pXn “ 0q “ lim
nÑ8

fXnp0q

“ lim
nÑ8

f pnqp0q ď lim
nÑ8

f pnqpρ0q “ ρ0.
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�C: m “

ř

k kpk, ρ “ P1pτ0 ă 8q.

ëê�� m ă 1 m “ 1 m ą 1

«ýVÇ ρ “ 1 ρ “ 1 ρ ă 1

¶¡ g/e�. �. �/þ�.

§1.11 SK1. ØG�0 	, þ�6�.

ρ “ P plimnÑ8Xn “ 0q.

1´ ρ “ P plimnÑ8Xn “ 8q.
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~1.11.6. f�©Ù�: pk “ pp1´ pqk, k “ 0, 1, 2, ¨ ¨ ¨ .

Ù¥, 0 ă p ă 1. ¦«ýVÇρ.

k¦m “ Eξ:

m “

8
ÿ

k“0

kpk “
8
ÿ

k“0

kpp1´ pqk “
pp1´ pq

p1´ p1´ pqq2
“

1´ p

p
.

ep ě 1{2, Km ď 1, �ρ “ 1.

ep ă 1{2, Km ą 1. )�§

ρ “ fpρq “
ÿ

k

ρkpk “
ÿ

k

ρkpp1´ pqk “
p

1´ ρp1´ pq
.

�ρ “ p{p1´ pq ½1(�ï).
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