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#11.1.8. Ehrenfestf7.
o N /NERK, BINARAHA, B.
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o [RIJmIE :
P(Xpi1=j|Xy =14,X0 =140, -+, Xn-1 =n_1) © Dij-
o WHNHDE up, Bl Xy ~ p. WIH3RE A,

P(XO ZO?M? : 7X7L :7’77,)
=P(Ao)P(A1|Ao)P(A2|ApAr) -+ - P(An|Ag - -+ An—1)
=[ioPigir * ** Pin_1in> VN300, 5 in.

o #ru; =1, WIFR{X,} Mi K.
° %ﬂﬁ\ﬁﬂ ={ui,ie S}t & KIEHLHIP = (pij)
SEAME A R NG AT, 1L P, P,
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o (T IR, Arf.1.11)
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o W{S,} & YL FHHaNLIES), So = 0.
o n=2
S =1{0,2},
C, ={Xo=0,X; =1},
C_={Xo=0,X; =1},
e j =3,
P(X3=3|X2e8) =1
P(X3=3X2e5,04) = 1.
P(X3=3|X,€5,C_)=0.
o P(Xni1=jlX,€5,Ce)#
o XfEK§1.1 3810
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o FHIMIL:
(1) Pa(B) = 1{jo—i} X Djojr """ Pim—1jm’
(2) P4(BC) = Po(B)PA(C).
o LM, FEIGIL:

Pa(BC) = 1jo—iy X Pjojr = Pjm—rjm LA (C),
5 Py (B|C) = 1{jo:i} X Pjoji " *

’ pjmfljm °




o fEiE
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o Mjo # i I, LHS = 0 = RHS. *j, = i I,
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°o A= {Xn:i}; B = {Xn+m:j1}7m>1§
C= {(Xnu"' ’an) = (ila"' 7ir)}a
0N <---<n, <n.
o FIP(|A) TH5E, (Y} 52 Mhor, BILB 5C AT
P(Xn+m :]an = i7Xn1 = ilv"’ 7Xn¢ 3 27’)
=P(Xpim = j|Xn = 1) 2 pz(;n)'
o MMKHTn:
pz(‘;n) = Z P(C, Xppm = j|Xm = 1)
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o n BHBHME: p7).
o n BHBIRE: (p)sxs = P™.

o MMfEEO<ni <---<mny, i1, ,ir €S,
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r
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=HioDigiy Pijig Dy,

o frMi1113 (C-KAR) pij ™™ = 3, pli'py.

o REMIME: PPt = P x P™.
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=) P(X,, = k| Xo = ))P(Xpym = j|1 X = k, Xo = 9).
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o HAR: FIU ~ U(0,1) W] LAKE Ak ANE SRR 1€ 73 A1 1) BEATL AR
&, Bk, 4X = FL(U).

o [FlEi. BUf(i,-) SEMF(i,U) ~ {pij : j € S}.

o MMEEM i, Mg() EMg(U) ~ p.

o WUy, Uy, Uy, -+ iid., ~U(0,1).

o Wlh: £ Xo = g(Uy).
A X1 = f( X, Ung1), n=0,1,2,- -
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o FENLIAL:. FEAPIA. AP, HUIEAN.
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§1.2 AN A 5 A 3 AT

o Wiidip & HRHHIP = (pij)sxs.
Py(Xo =10, X1 =11, , Xn = in) = MigPigir " ** Pin_1in-

@ l; = 1 EﬁEPZ JHQEH‘, Hig = 1{i0=i}'
o AR IS BIENE,, E;.
o KA

Pi(A) = Pu(AlXo = i), Pu(A) = Y miPi(A).

o AJi: 4 Xo BERIZT EBERA
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o X, M5 ARG
Pu(X, =j) = ZPM(XO — i, X, =j) = Zmpz-j = (uP);.

o EN1.2.1. r = {m:ie S} NS LWIE /7370,
RN ANAR Ty
Zﬂ'ipij =m;, Vj; Bl 7P =,
WIFRT 9 AAZIE JANAE 73 AT (invariant distribution).

o “TJLIAAZMEE: © = 0.
FEF LA FRA I E & A7
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o £ Xo~ p, MX, ~puPm
%Xm ~ W, I)_I\UXern ~ NPm
o Am NAARMEE, HXy~w. WVYm,n,

d
Xm ~ T = (XOale"' aXn) > (Xm,Xerla"' aXm+n)~

o VE: T I FEFR PR A

o WS AMR. Mix NP BIFRHEME AL B RHIE M) & (A2 7
r = 7P WIf#). MK, AR A7,

o fRE vk Perron-Frobenius 7€ #;
M §1.2 IS,
MEZRT71%: §1.8.
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$11.2.5. MRS KEE. S = {0,1}.
0

P: 0 (1— 1_q) C@ Po1 =P @D

1 q P10 = q

e TP = ZIKEEJ:/\ﬁl 4\75$I
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1.2.6. FHLFE. Ly, Lo, - -~ iid., BUEEEHL.
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4p43
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TiDij = T;Pji, Vi,J.  T3P33=73P33

o JE N 1.2.9. W AN ECF- 26 A I FEF FLEII 2 /4 A BRI
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o fHiktn A, Xo ~ 7.

) }—\’_‘EN>2 /Q"\YnZXN_n,n:()’]_,...7N'

FR{Yo -0 <n < N} R{X, 0 < n < N} ()R] i 72

Y
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iN-2
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o HE: itm = N — . MY, = X NIERIRE,
R 2= Ut RRRR,
WSRO K = BRI %,

o M, (Y, :0<n< N} &I A
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o M EDUAEI T I 72 1 B AL A 2R @ @
KZUJWE%VXITQ > (0, Vi. T3P31
T1P13 P32

o L REAFEMME AR piy ML AL

@ 4p43
TiPji = TiDij, Vi, J. O M@

T3[033="3P33
o 4

x|
Dij = ]pﬂ, Vi, j.
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o {Y,:0<n< N} 2&5IKEE, WoAmhr, HRMEAND;.

_ TiDji e _ o
Horr, gy = % Wi mipji = T, Vi, .
1

[*] 'LJ:E V’io,il, e ,iN,
P(Yy =g, Y1 =11, ,YN_1 =in-1, YN = iN)
=P(Xo =in, X1 =in—1, -, Xn—1 =11, XN = 1p)
=TinPinin_1Pin_1in_2 " " Pirio

=Din_1inTin_1Pin_1in—2 " " Pitig

= Pin_1inPin_oin_1 """ Pigi1Tig

o #{X,:0<n< N} SHULRFE G, WFREHAHER.
o W {X,:0<n< N} Wififf P = P iff PECFHHFKIEROT.
o i BT N W4T, ﬂ%\{X 0} PLIBUS




§1.2 3. &m AL, pij = 7pji/ T
e Step 1. Xp = XO ~ T,
Step 2.1 FECEI{ Xy = Xo = i} KIZHET, {X, :n>1}
5{Xn n= 1} AH B ST
Step 2.2 {X,,}, {X,,} HIEERHRES HIAP, P.

° % X}
- { Xn, % n = 0; SR TTTTT Y

Y. ., #n<Do0.
7N

{Xn}

o L VN eZ,

Wn=2Znin: n=0.

WH{W,} UL NI, PO RSHERE Y B .
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o ¥: {Z, :neZ} & VRdE.
o W Zyn=Z_p, Y. W{Z,} R{Z,} BT,
o VE: {Z,} WHB{Z,} £ {Zn},

iff m AR A.
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HE#S .
51.2.12(4 KHE). FEARBIF LD, d; > 0, i > 1.

bo =1 di b i

N NN

— 00— 06— 00— 06— 90— 00— 00— 06— 00— 00— 0>
0 i

] 7T0b() = 7['1d1 = 71 = ’/T()ng.

b
] 7T1b1 = ’/ngg = Ty = Wlé :Fodle.

bi bobi_1
o Mi—1bi—1 = mid; = W = Wi_1=g— =+ = Mo~

o H—1k:
HC =1+ 2—2 + 2(1’212 + - = oo, WIBAE T340 | AR50
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BEHRI E /AT oA A
° ﬁ%ﬁ‘ﬁ
(1) FlEo.
Vi # o, #n =1 LA Rig :=o0,i1, -+ ,in =i, ff
BPigiy *+ Pin_rin, > 0, FFZ

Digir = Pip_1in

o .
DPivio " Pinin_1

(2) WUEMBCP 264 mipi; = mipja, Vi, .
(3) ¥ H—1L.

o HAHYAKN: VD < S, m I1EP = (pij) pxp WIECFRIE.

T, = T,

Dij = Pij Vi,jeD, j#i,
Pii = pii + 2jep Pij; Vi€ D.
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%11.2.13. AR % E LS.

e §1.9 >JM@i2.

o wij = mipij = m;/d;, Vj ~ i.

O—O—0O
|/

®
o UHECT % 1 RN
wijzwji:ZZZZZ,Vj”i- —@—@

o j\%fﬁ, ﬁ&ﬂ'z = Cd;, Vi.
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f1.2.14. —4E'ZLBENLIFS). A0 < p < 1/2.

¢:=1-p p=<1/2 T 1D Ti41q
WY N
N
——

. Mg — Mj1P = TMip1q — TP = A
o oA ANAFAE:

BMA = mip — 119 =0, THEm = mipr, A !
o N AAFAE.

WA={i+1,i+2,--}, WA =0, FA ¥ 4.
o FCRRINEEAFAE H (5 OV 2 5 AU I SR ) ME—

P> 1).
o #ip # 1/2, WIABMEAME—. HHm =c (H: A#0).
o Fip=1/2, WAL EEAE—. (§1.8 %HE%D»,\).

% —1

P p
T = 77077 VZ, T—§ = TrOj?
q q
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R 5 K BE R L 30,

[*]
1-p P 1-p p
VN VA VAN
C @ @ @ @ @ L @ @ @ @

0

o PCHRINFEAFAE HIME—:
= ﬂoli, Vi = 0.
ql

o #ip < 1/2, W] H—4b Ay ml i /3.
o #p = 1/2, WA ATAIFAE.

BRI, 0 AR — B AN E / BE AR L.
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o WL, Ly, - iid., WIEHMEH, HP(L, =0) <1. %

So=0, S.:=Li+--+L,, r=1,

Ry, :=max{r =0: 5, <n}.

o o o o o o o o o o o o o o >
@ L, Ly L, Le
| | WA |
Ry=Ry=1 Re =2 S, n S.
o N HwH:




EH (EREHE, BH1.2.15)

o R,=riff S, <n < Sp41.

R, /'R =, as.: R< o iff Ir 5L, = c.
SLLN: S,/r — a:= EL, ass..

P(Qy) = P() = 1.

Yw e D Qg 1 = Rp(w) — 0, a, := Sy (w) ~ ar,

Ha,., <n<a. 1. 8n/r, — a.




B1.2.16. L. Ly, Lo, - - 1i.d., BUERHL.

777777777 Lo b Ly Ly Ls
e [
X, =0 X190 =2
rrrrrrrrrrrrrrrrrrrrr Y o Y
R R; = Rg =2 S, n Ss
2 = N3 = 6 = 4

o #1ELy = oo, MIAZ I AGALFAE.
HEL < oo, WAER N g P(L>i+1):i>0}.
o VJIMPRASO M4 w S e B,

Rn-i—l N 1
n+1 ELy

n+1\{m\n X = 0}] = — 0.
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B11.2.17. IRE L KEE. mp = L.

p+q
o Xy =0. HUH: C _Po1 =D
OF——2X0
0---01---10---01---1--- P10—q 1—¢q

& m & on
o MEHMIL. & = & K =m KI5M0:
P =m)=(1-p)"'p, Pn=m)=(1-¢)" ¢, m=1
el L=¢C+n L,,r=1. N
Vo) i=|{m<n: X, =0} =& + -+ & + G
K r=R, 0<( <&

o TFIMPRZS0 MM i 1,

1 1 1/p q
Vi EE+0) x —— = - .
n+1 0(n) = (E¢ >XEL Up+1l/g p+tq °
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Lt WYL b7 3= 0§

%11.2.18. PRRE G IKEE. 0 < p,g < 1. 0 1
WHEP(X, = 0) HITKFR. 0 (1_p » )
o HXo~ p, WX, ~puPm, g 1l—g¢q

HEE TP = lim,_o P
o I H: \:=1—p—qe(-1,1),

1 0 9 P
P:A*( )A H¢A=<Wﬂ Hq>
NS 1 1 :
0 [A] pte Tt

() () ()0 )

ORI BRI 72 )



o ZRl:

Pu(Xn = §) = poply) + mpl}) — 5. Y,

: 0 0 p_p
0 A" I
ptq p+q
0]
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§1.1 >J /5. BIBRLI IR LR H P ISR R
(2) KEn BRI IR p, HINER.

o Hin IK: & =1 (Bh) B0. 1/2
on=(4,2,3,1 1/4 213 12/3
N 1/3
5700 = 5710, 10 I 3
%7701 = 1m1, 1/4 3/4
10 = 701-
o YGiik: pg;l) — 7, Vi, 5. TR,
11

P(X, =10)+P(X,, = 11) — mpo+7m11 — 16
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. REEHRE

o ML, WA E L5 IH Wd AR

o HHEH. i WUIMME - ;.

e P(X, =1i) > m.

o NAErAim WIAEAE (ME—) 1.
IEHIR(AATZ). §1.8 (§1.3).

o Villi IHZE— ;.
W E R §1.8

o uP" — 7.
o i [ e B §1.9

o HHETME: §1.3 HiEME, §1.4 3R, §1.5 ~ 1.7 w4,

CRLFRBENULAD) BT | R B (b Ao EeE )



§1.3 IREH 72K

e JEX1.3.1. ik, i — j: P,(3In = 0 15X, = j) > 0.
o HHj =1,

B#HIn =1, i, i,

(io =i, in = j), !

8 Digiy * +* Pin_yin > 0. i O
o fffEn =0 ﬁﬁrp” > 0. \

iEW: Pi(Xn = j)

Wk P(X, =
6
< P(3m = 0 15X, = j) <>

<ZOO B(Xm:])

m=0

ORI AL 72 ) YT h HEE: TR AT RFECE )



o EN1.3.3. Hillli <« j:i—j Hj—i.

FHTA G, AREIE, WFRP (S, B IREE) AT 4, 15 UFRAZ).
o HilZK: [i]|={j:j < i}
o ENXN1.3.4. &

pijZO, ViEA, V]¢A, !
MIFRA 94 /AT i O
P %) EL I AR A 2K \
o Ti1.3.5. #A NMLE, N

P(X,e A,Vn>=0)=1, VieA.
o fimill.3.6. A NEEI, HARZME, N

P,(3n >0 18X, ¢ A) >0, VieA.

ORI B AL 2



§1.4 HIAR g 5 [
—. BIARSEAE
o MEAMIE: w= (Xo(w),Xl(w),XQ(w),~-- = )Z'(w)
o EIA(H)AS (hitting time) 7;: fl, m3(w) = 11, T3(D) = 17.

o 7; EPENIAE. Z)Einf @ = .
7i(w) :=1inf{n > 0 : X, (w) = i}.
o T R{X,} KRN, tid .

(%) :==inf{n > 0: z, =14}, 7 =m7(X).

CRLFRBENLLAD) RRKT T | R B (b Ao BeE )



o B A o; RBEHIAE, £(X,) KB, Hitde™).

oi(w) :=1inf{n > 1: X, (w) = i}.

o VE: oy WHIT Xy =1 HIHE. /BN, 7.
%1, T0(w) = 0, op(w) = 4.

o o; 57, MELAR: f9]1.4.2. O'EX) =1+ Ti(Y)_

o Fth, mp, 5, op, 7).

OB HLE R



v —HE T B REHLIF RN Y B AR

0 &1,&, - iid, P(61=1)=P(& = -1) = 3.
50:07 Sn:£1++£n

il (SO JEHE, Ardil.4.3)

Py(ri <n,Sp =i+ j) = Py(ri <n,S, =1—7j).

0i=0,v. APKL<i<n.
o filn WHNIE: {r; <n,S, =i+ j} < {r<n,S,=1i—j}

o n SHUEMEH A, SR AR

AL FEY FERKIAT F HIVEH: BEEALRRF R FB)




Po(rs =n) = —Py(Sn =4), Vi,n>1.

o NWitkn + i NIBREL 7 =niff S, =1, S,LWM
o (Sy =i} —{r = n} = {r, < .5 =i},

{Wasnfl =i+ 1;8, = Z} > {wasn—l =i—1;8, = l}




Hi181.4.5. Po(m1 > 2n— 1) = Py(S2, = 0).
o ilf: 7 AL, {1 >2n—1}={n <2n—1} = {r < 2n}.
o {11 <2n,5, =1+j} < {n <2n,5y, =1—j}.
o Son NHEY,

P(11 < 2n) = 2Py(S2, = 2) = Py(San # 0).

#Ei£1.4.6. Py(m1 < 0) = Py(og < ©) = 1, Egry = Ego1 = 0.
o ilk: Po(r1 >2n—1) = Py(S2, =0)=CE 27" ~
o KNSy =0, Frllog 49 + 7.
o UF: FHIR, §1.5, §1.8.

i
S

ORI BRI 72 ) I h FIEE: TR AT RFECE ¥ b



8. IE5ZHE)

N 2
lim Py(e, < dn) = = arcsin Vo, Voe(0,1).
n—0o0 v

HEF, epi=max{m <n:S, =081 #0,-,S, #0}.

ZMHh, limy, o Po(S- # 0,V dn <r <n) = %arcsin V3.
Lm = [on]. W =3, P(Sy, =) Pi(10 > n—m).
1—x=3.P(Sm=1)P(ri<n—m).

o Vix=1,

(]

(]

{i<n-m}={n<n-—m S, m=i}+A+B,
A=A <n—m, S n>i} o B:i={n<n—m,S% n<i}

o Po(ri <n—m) = P(Sn—m =1)+2P(Sn—m > li]).

TR BURLIIT H HfEE: R AT RFECE )



o HFR: limy, o0 (S, # 0.¥ on <7 <n)= %arcsm 0
o UE: @m = [dn]. W1 -+ =3, P(Sy, = i)Po(ri <n—m),

B (S, ) MSTHISRW {T),):

Po(ri <n—m) = P(Ty—m = i) + P(|Ty—m| > li]).

o 1—»x 3, P(Sm = i)P(|Th-m| > i) = P(|Th-m| > [Sml).
x = P(|Tp—m| < |Sm|) — 2 arcsin V/6:

(]

E7—m Sm W \/g
P —m- —— | <vVm-|—=| | ~*P||=|<—|.
( nom ‘\/n—m‘ " ‘«/m’) <‘ Z‘ Vl—c?)

T MEshi A, §3.4.

(]

ORI BRI 72 ) i HEE: TR AT RFECE )



=, BGKMH
o iEie S, T = 7.
o fEFHM{r <o} b, &

(Y[]a}/laY27 o ) = (XTyXT+17XT+27 o ')7

Z = (Xo,-- , X).

7\,

7\
o/i\'»/ \
0 - S
_1 '\\Q\ /ﬁ, TZ \
| N
—3F onos
ab o

=N W
LI

o LN RHP <o) (). AIAN{Y,} 5Z e LE4 5%,

ORI BRI 72 )




o Z=(Xo, -, X;): MM, (T < "S-

=P(Z =) = HigPigir " * Pinrin-

o vE: AIAEVIATT € I AP (Z =7) = 0, {HBL B L.

ORI BRI 72 )



—

° {7 = 7} = {X(") = ;}, Vie I,
o (7=} = T v

** C {1 = n}, Viel,: r=n=XM¢el,

o At
P(r <o) =

78
i}
-
[
E

3
Il
=}

P()i P(+)

MigPigiy = " Pigy—1in -

3
Il
=}

I
18
1ag

N
m
~
3
@l

3
Il
o
.
Ql
3

— =

P{7—<oo}(Z i) = WioPigiy * " Pip_vin/**-

HfEE: JREAOT



el (i /1.4.10)
B{r <o} (B{r =n}) REHFHT,
(1) {Vi} R A8 D K4%; (2) (Vi) 527 MESR S,

o itr = 7. B{r =n} KA. XEHHZ = X e,

P Z:: (2‘07... 77;,”) e[n;jzz (jO"" ,jm)a




o B={(Xr,+ Xpym) =j}, O ={Z =i} Hp iel,
0 B :={(Xpn, -, Xpim) = j}, C:= {X =7},

o FNicl,, ALl
C=CcD, D:={r=n}.
e BD=BD. (i¥ B#B)

o %L,
BC = BDC = BDC = BC.

VE: ¢ I, i, AL BC = BC.

(L Bt DA EE: (LR



P(BC) = P(BC) = Lyjy—iyPioji " Pjm_rjm X P(C) =+ x P(C).

o PR ELLP(r = n) BIT.
o 1E{T < oo} MM, AFWiEYiel =Y I,
S, 3in MAHT € I, PHARRERLLP(T < o0) BITT.

ORI B AL 2



o E181.4.12. #P(r; < o0) = 1, WY} M R I T IR,
H5Z MHEMSL.
o #i81.4.13. ¥ i No;, Maril.4.10 5#i81.4.12 JAL.

e f1.4.15. SRW. 7; = 7'1(1) +-o 7'1( )

A
|
|
2 :
: A
0
7 INAKITUA
%/—/
2~ 0
° %ﬁEE()Tl =

1 1 1
E()T125Xl—i—i><(1+E0T2)=1+§E07'2=1+E0T1.

ORI BRI 72 )
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M, BESHRE
o 7; Ho.
o SRW: 7; W04, RWREE; P(1; < o0) = 1, Eyry = 0.
o IR ME: WP(r; < o0) = 1. NIHLIE A Pf%:

o Xf 5 IRVjIAG I %, 5 By FRAEHR AT

o XSS, 5 5y FRVE AL

o E1.4.14: HIRVE: K€ I Zln HONBLLE.
Ry Rk WA, oy SEBENLIN ZIAL N ELALE.

(RN FE) #ZURZIAT HEE: TR AT RFECE )



§1.5 iR M

o Aikj — i: Pj(r; < o0) > 0. Vilali Z/0k? B v il i [A]?

N o

il
R

o HIEKN]




S

0= TO T1 TZ T3 T4 TS n

g =07 0y 03 Oy Og

o [5Ei. BIHENT, =Ty, 0y :=0ip. 2Tp:=0.Vr =1,
EHT_q1 < o0, N

T,:=inf{n=>T,_1+1: X, =14}, op:=T,—T,_1;

#HTr_ 1 = o0, MT, := 0, 0, := 0.
o WXy =i. MK, T =0 F: HXo#1, Tj1 =i
o KHE: o, :=inf{n>1:X, =i}.

HlfE#: mE#EALEKE







S Zl ZZ ZB Z4. ZS
r=5
0=ny ny ny ng Ny Ng
~~ H_/H/_/
my m; mg my mg

o UE: Ang =30 my; Zs = (Xn,_yy-o, X)W

LHS= ) B(Zl:i,---,zﬁzzi)

Zlle‘]‘ml 3ttt 7iTEer

Yoy Pi<X(m1):ZI>.,,B(X(mT):—.'r)

ileJml ir€Jm,

HIMERE:



o Pi(oy =mi,00 =ma, - 0, =my) = [[o_; Pi(c = my).

(2). Ht—F, #p; = Pi(0c <) =1, Moy, 09, - iid.
Wk * Koy, 09, - BUEBEME, WV

o HEIL1.5.3. P(T, < w0) = p;".

WwE: HIAgNE. e o, = 0 = 0,41 = 0. 1)

(]

Pi(0r+1 < OO) IPZ'(O'l < 0,0p41 < OO)

=piPi(0,41 < 0|0y < 0) = p;Pi(0, < 0) = pi L.

E: #ipi <1, Woy, 09, AT AEUE 0. EATALNL, B,

(]

Pi(o1 < 00,09 = mg) = 0;

Pi(o1 = my,09 < 0) = Pi(0y = my1) - p;.




—. [EERE
S

0=T, T, T, s T, Ts n
e pj:=P(oc<w)=1.

o Vi=3 0lx,=iy = {n>0: X, = i}|.

o V; M) XHN) JURI 73 A4%, pi vs 1 — p.

P(Vizr+1)=P(T, <) =pf, r=0.

o TFEYRN, 0-17E.
Fpr = 1, 0 P(Vi — o) — 1 (B35), EsVi — oo,
Fipi <1, M P(V; <o) =1 (FEHIR), E;V; < 0.

(RN FE) BEERZIIT Fy HEE: TR AT RFECE )



S - - - - -
7 7, 7 7. 7
TO Tl T2 T3 T4- TS n

o 151, (2). o1 = |Z1|,00 = |Zs],- - iid..
o Z1, 2o, RBSEHBENIA R, BUETT = UL, Ju,

Ty = {ZeS”“:z'Ozinzi, H iy #1, T=1,--',n—1}.

EEP, ;: (iOailv"' aln)




%i BB, Xo=1i. W2, Zo,-- WMEZE 5.

o s Vr =2, Vi1, - iy € Uy I,
TETI_ﬁ{Z] - 2]722 = ZQ, e aZT = ;r} E@*E/%%
o HinR LK,

— — — —

P(BIO):P(B|A7C):PZ( 1 :Z.Qf" 7ZT71:Z.7')'

Hep A= {o=i1], X, =i}.
o HIAgNEL, v.
o Uit (excursion): 7 =7y, s R

-

P(Z 7’) Digiy ** Pip_1in> Vn > 17 Z: (i07 t ain) € Jn'

(RN FE) BEERZIIT F HIFEH: BE B AR F R F)



%Ki HiRHG — . N

(a) j FBH) — i

(b) #£—, P(V; = o) = Py(Vi = 0) = 1.

(c) A, Pi(1; <o) = Pj(1; < 0) = 1. ]

o VE: i — jiff Pi(rj <) >0, vs Py(1; <) =1.
o iF: FEAHh, FIAEWI T (i), (i), (iii).
i) Pi(VjZOO)Zl. (ﬁ (iv) Pi(Tj<OO):1,:>i—>j).

(

o (i) Pj(Vi=0)=1. (=) Pi(n<w)=1=j—i).
(
(




AIE®) Pi(V; = o0) = 1.

o WXy =1, WZ, Zy,--- iid..

o A, = “Z, filiBl;” .

WAy, Ay, - MITAST, FLP(A4,) = P(4;) 2 p.
o p>0: FN{r; <}, A

FrBAp = 0, WP, (7; < 0) = 0. i — j FJ!
o SLLN: Ay, Ay, -+ RETLHZIX, V.

OB HLE R



FEAE (i) Py(Vi = o0) = L.

o HI(i), Pi(r; < w) = 1.

o WXg=1i VY, =Xp 1 WV;=1+ Vi(Y)' M
{V; = oo} = (V") = o0},
o Mok IRTE,

1= P(V; = ) = (V") = 0, 7; < o0) = 1 x (Vi = o0).

(L Bt DA EE: (LR



T (i) 5 R,

o Hi(ii), Pj(r; <) = 1.

P(V; = 0) = Pi{oi < o0, V™ = 0) = 1x (V] = o) =

FIEE: TR AT RFECE ¥ b



M, R

o KE#: p; = P(o <o) £E%ETL.

o WIREMEYHIIE: & PR AL
R: P(V;=00) =1, p; =1, B;V; = .

Gl
FHIR: P(Vi<wo)=1,p; <1, B;V; <©
o WIRHUEE: miid. W PHESEE




e XHIRIHIR 5.
o M, —HEAEXFREEALBENLIFS). HSLLN J1dE# i
o 5 FLIBZEAM, MHERIR. 41, {1,2}.
o i HIBZEZ MK, HAMR, MHIR. (§81.5 &1 (3).)
o il: Pi(Y eV =o0) =1.

H3j e S 1P (V; = o0) > 0. N
o P(V; = 00) = Py(7; < ) P;(V; = o). "\ O
o HHO-1%E, P;j(V; = 0) = 1. 6 O

o A AN, HFTF, WAHE. B, SRW.

(RN FE) BEERZIIT Fy HEE: TR AT RFECE )



§1.6 o P A% (hitting probability)
— BEOESEPEE
%1.6.1. WEGERR ™ [l . oK. SE MRS,

e {S,}: SRW. -
—i M 0 ] j
T:=179 ATN. 0 : i J N=i+j
Heh, N=i+7.

@ P(rp < o0,7y < ©) = 1.
o M 1o < 7n; T TN < 70
o H L hrik: Pk(TN < 7'0) = Tk RN HREA

1 1
T = §$k_1 + §$k+1, 0< k< N.

° Iﬂﬁ%ﬁ‘ 20=0, zny = 1.
o 3wy = . KNz, =

1+j

ORI BRI 72 ) TR HEE: TR AT RFECE )



o [HEoeSs.
o i MEZ: z; = Pi(r, < ).
e Vi # o,

To = TLSX) =1+ Téy).

o Vi # o, #X, HUEAEITE:

z; =Pi(rY) < o0) = ZP (X, = j,B)

=ZP( (B|A) Epwx]

o il LR AN T AR (L T T

Il
—

T; = Zpljxp Vi# 2 To
jes

ORI BRI 72 ) I h HEE: TR AT RFECE )



o [E5ED < S, z; = Pi(p < o0) WMH N hiEZ.
o it ARSI A2 G T AR (S A1)

vi= Y pyxs, Vi¢D, w, =1, VieD,

jes

il.6.2.  FPRER R F IR T R B /N AE LU
W 5 {z; i e S} WRITBRAMAEA, NI, > 2, Vi
WIS pis = 1 (GEX1.6.7).  WRUSBERR: Pi(1, < o).
WD HIRUEZ: Pi(tp < ©).
VD < S, #D SCAMEE. (§1.6, 2 H1).

(RN FE) BEERZIIT Fy HEE: TR AT RFECE )



= HTPHRSFHER M
o [RWAATY. [HlEoe S.

@ 0, = af)X) =1+ T(SY). N\ A /
e po = Py(0, < 0) 0 1W/
-~z
— PO(T(S ) < CD) 0,

o HiX, WALt iE:
po= 2. Po(X1 =i, B) = ) P,(A)P,(B|A) = me (0 < )
7 7

o WiRiff x; =1, Vies.
—J5TH, ff1.5.6. Wik= z; = Pi(1, < 0) = 1.
FOH, 2 =1= p, = 1, BIHIR

o fmill.6.4. HiRiff JTFEAHTE0, 1] L RAE N M.

(L Bt P e e )



B11.6.5. A= KEERH IR M. 1EARB KD, d; > 0, i >

@i = Py(ro < o0) LT FEAL: bo =1 di b
@ @ @ @ @ 4
T =bxiy +dixi—1, Vi1, zg=1. 0 i
] VZ 1 b ( IL‘z+1) di(xl;l — ZL'Z'), E&
d;
xi — Tip1 = (T5-1 —wi)g == (1-u)
o WILXtE KA, 1 — 2,01 =R;(1 — xq). HHp,

dy---d S dy-e-d
Ro:=1, Ri::1+zbimb:/'R::1+Z L
1 =1

o #iR <o, Miley =1—1/R, vJ1AAENT K. AEHR!
(4] %R = 0, )H\U.CL'Z =1. hl%u'jg'

1 1
1—x1:§(1—x¢+1)<ﬁl—0>00.
T

S

ORI BRI 72 ) i HEE: TR AT RFECE )



$1.6.5. A KBERH IRV (28).
o Rpfpl. W — 4k B W REA LI 3h B H IR A

0
° EZ* b_(Ld_p’h'%’l)Z

o HBZ,: b;=p, d; =q. #7p = ¢, WHFIR; & NHEH IR

o it WiRiff p = q.

o OFPy(11 <) =1. K: = Py(1-1 < ). 2N
o MG KM= Py(1_2 < 0) = 22
o x=pr’+q=1x=r 31 (FH).

§1.6. ~J@8.: Ky; = Pi(tnw < 70),0<i < N.

HfEE: JRE TR



#11.6.6. AT F K -biased FEHLITFE).

o ig: i MIRRGER; iy, ig 1 FITFES A
A . 1 e {i )
L= =10 C = Q1.+ .1
Dij )\+d’ J 05 Pij >\+d7 J 1 y Ud

o HORHHRYE: [i] = ||, MPi(r, < 0) = Pj(r, < 0) £ ayy.
° ﬁ%%?ﬂ:

A
ap = v———0n—1 +

N+d mar,H.l, Vn = 1, ag = 1.

ORI BRI 72 ) i HEE: TR AT RFECE )



%11.6.6(4%).
) Pi(’l'o < OO) é CLM ﬁilgﬂjiéﬁ

A

= manfl + mdnJrl, Vn = 1, ag = 1.

an
o &b, =an — ans1, k= A\/d. N
dbn =)\bn_1 =>bn =/€bn_1 == Hnbo
a0 — = bo + b1+ by = (L4 K+ + 771) o,

o WA <d. Wby =1— k, ME/DNRIAEN fHa, = . AEHIR!
o WA >=d. ANffifa, =0, Vn, HEEHby = 0. Wi/ NAIIE TR
HNay, = 1. Fik!

ORI BRI 72 ) I h FIEE: TR AT RFECE ¥ b



§1.7 MR BRI %L
—. ERERB SRR

o [ ¢ HiRkiff E;V; = oo, HH1,

oo
Vi= Z 1ix, =4

n=1

o MM B

e¢] o0 o0
Gij = Ei Y Lx,—5y = ), Bi(Xn = Z PEJ),
n=0 n=0

n=0

ORI BRI 72 ) i HEE: TR AT RFECE )



P71 d BRI {S,} KRR,

o d=1,H#IE.

o piy Y =0,

(2n) n 1 (271)' 1 (L)an ) .

=7 yres T |
Poo = “2ngan T T 92n (O22mn 27  Jen
e

o d=2, Hik.

o piy" Y =0,

e mé:n (n1!)2(ny!)? 42n

n 1 n merTm 1 . 1 - 1

m=0




(2n) _ (2n)! 1
e pOO - Z'fll‘f"VlQ‘f"”B:'n (nll)Q(TLQ!)Q(TLg!)Q 62n -

o SEHfETT I
(2n)! 1

P(K = 2711,[1 = 2n2, M = 2713) = (2n1)'(2n2)'(2n3)' 32n'

o [EHfiERIG:

1 1 1
P(By) = C}2 P(B3) = C3

2n2 2277,2 ) 2n3 2277,3 :

P(By) = C}

ni 22n1 )

o ) = X i inaen P(A)P(B1)P(Ba)P(B3).

o ELW: SLLN, ny,ng,n3 ~ n/3 :>p(2n) ~—

00 3
/3
o HAIEW]: %

Z\_f:{ﬁ: (n1,n2,n3) € Z3 : ny + na +ng = n},

I={iieN:n;>n/6, Vi}.

ORI BRI 72 ) I h FIEE: TR AT RFECE ¥ b



d =3, IR (4L).

o Hite I, P

B;) < C/ymn; < CY3/n. i
> P(A)P(By)P( <> P(A
nel

o [MHi: A=

C

n3/2 S n3/2
nel

{K = 2n1,L = 2?’L2,M = 2n3}.
VE: K, L, M #IRMB(2n,1/3), B EA IS

o &J=N\I={ieN:3ist. n; <n/6}. (§1.7. 2Jf9 (1))
> P(A)P(B1)P(B2)P(Bs) < Y P(A)
neJ neJ
—3P(K<3)

n

>0 <
3| 3)

° p(()%”) < wx 4 +x < EL

(n/3)*
= p3/20

R B RIS 2




d >3, EFIR

(2n) _ 2n)! 1
® Do = Qiny4tng=n WW
!
° P(K1 =2y, ,Kq=2ng) = 7(%15!2.72'2%)!32%.

péﬁ”’ = ZW
Fth, BUN: I = {7 e N :n; >n/(2d),Vi}; J.
© Ser#x < ey P(A) (C/ /7 n/20))" < a2,

g Zne]«m ﬁeJP(A) <d- P(Kl <n/d) d In?.

(2n)
© Poo . S Diter XX Dijey XX < Odn2v n = ng.

o §1.7 219 (2): Va >0, Ky = & + -+ + & ~ B(2n,1/d),

P(K; < n/d) < Ee®™4=KD) < oa)”. B as.t. ola) <

ORI BRI 72 ) i HEE: TR AT RFECE )

1.




. BRI E R A

o HEib1.7.3. #i WiEHi — j, Wj WiE. (Vk: #r15.6.)
fR1.7.4. Gij = Pi(1; < ©0)Gjj.
o if: fE7j <00 £, V; = Vj(Y)'
o HEIRLT.5. 5 AEHIE, Mmoo p) = 0, V.
o i 3, p = Gy < Gjj < 0.
o HEW1.7.6. Hm &AL, j AEFIR, W, = 0.
o iE: (2, 7P"); = o0 -7,

(m 2, P™)j = 2 miGij < Gjj < 0.

(]

(BRI AR I h HEE: TR AT RFECE )



=, BRXEHBEHRE
° ‘\LET = TpDec,
D 7—1
Gz(j ) = Ez Z 1{Xn=j}1 Z,j e D.
n=0

o [EEoe D, & = G R IT R (J i F 41T

e Zpijxj, Vie D\{o}; x, = l—i—Z Poj®j; 1w =0, i€ D",
JeES JeS
o VE:
G(D) Z P = ]

ORI BRI 72 ) I h FEE: FREATRS



%1.7.7. —4ESRW. N >3, D = {1,--- ,N —1}. 1l

2 §{(N—j), 0<i<j<N,
2. j(N—i), 0<j<i<N,

0

S
o [EE). 2 = G\ Wi AR (B 71 A 1):

"Ei:%(% 1+ Zig1), 0<i<N,i#j;
=1+ (x] 1+ Zj+1), xo=2zn =0.
1. _ 1
° 5[/ = jxjﬁ 5R = Niﬂw]
0 0=—1+3/2+0p/2= z; = 2T
i 2i(N—j . )
Oxi:%‘rj:¥a 0<Z<];

i 2j(N—i .
$i=N?$j=¥ J <i<N.




#11.7.8. —4ESRW. W E;(19 A 7v) = i(N —4), 0 <i < N.
o Hik—s 7=r1pe. yi = Eim WA N TREAE (S TET):
yi=1+ > pyy;, YieD; y =0 Vi¢D.
jes
oyi=1l+2y1+3yi1, 1<i<N-—1L
o %6 =yi —yi—1, W =24 di11.
00, =0,_1—2=---=06—23Gi-1).
e =N—-1:

=1
05 =N—-1-2(i—1), %




BI1.7.8(4L). —4ESRW. WE; (10 A 7v) = i(N —4), 0 <i<N.
o Ik mEIGY
) EXXO =3€eD.

T—1 —
=1 Z %1{Xn=j} =2 Z Lix,=jy
T—1

i,5 € D.

n=0 jeDn=0

Er=YEN1yx_»=YcP

= ¢ {Xn=j5} ij
jeD n=0 jeD

o HrAih, —4ESRW. N

7 9 N-1 9
i(T0 A TN) Zﬁj + ) NN =)
j=1 j=i+1
24+ 1)(N -z ( —i—1)(N —1)




0, Wald &=

o —#ESRW {S,}. Xo=0,7 =1 A T_;.
0 —0—0—0—0—0— 00— 00— 00— 00— 00— 0—0
_i\ V /O\ v /j
0 . i J N=i+j
o S, M5 Ai:
]
Po(Sr = j) = Piltn <m0) =
N —1
P()(ST = —L) _PZ'(TQ < TN) N
(] E()ST =0.
o E()Sg = EoT.
ES?=j2. 1 2. _y.j
z+] L+

E()T =Ei(T0 VAN TN) =1 ]

HfEE: ®H



o T NHILN, HHIS, e KUK ZI, -

o JEHE1.7.9 (Wald ).
#ET 5F¢ fie(H A, WES, = ET - E€.

o JEHE1.7.13 (Wald 2 %).
WET 5B fAEHES = 0. H5FEM > 0 455, < M,
Vn< 7. WES?2=Er-EE2.

ORI BRI 72 ) i HEE: TR AT RFECE )



§1.8 iy s B 5 1EH R

BN J’J KE,]*&BE
EH (ER1.8.1)

n—1
1 1
7 SJL SRS 1 — —_y = = 1.
REP AT, P (g{}on >, 1xn=i) EU) !

m=

o VE: Vi(n)/n NVilli FISIZE.
o WEWI: FHARH IR, WAL H 0. TIRHIR
o ik Xy =i. FHIEEHrEsERIm.




o ¥ Xo = j. ¥R, #P;(r; < 0) = 1.

e T=1,w0=(Z)(w), ,Z;(w), &= (Yo(w), Y1 (w), ).

w=(w,w). n=m+7w), Vilnw)="Vi(m,w).

e n — o iff m — oo

m
—Vi(n,w) = — x —Vi(m,w) —
- (n,w) s (m,w)

o i Xy ~




A (A RE1.8.2, MR — ML)

BXP T4, 7 ARLE . N

1
T, = E,o; >0, Vie 3.
o m>0:m= Z-Wp(-w > p(ﬁ) >0
¢ 2 j "algi = "olPog :
o HEH1.8.1, 1V;(n) — ﬁ, a.s..
o i FISUEH,
1 1
lim E,—Vi(n) = —.
o m AR,
1 1 n—1 1 n—1
Er—Vi(n) = Bx= Y Lix,eiy = — 2, Pu( X = i) = m.
" " m=0 nm=0

TE: BANAT L) ARG ATAEATAE, WIE— (FIR).

RO R A (LR



. ERBES5TESH
H1.8.1 WAL, WML Vi(n) — g, as..

WiR: Eio; < oo, ViMBIFENIE. (7€ 1.8.3)
FHIR: Py(0; < 0) = 01HE;0; = o0. ilHHiIZAO.
E

PR [l %Eo. 1o = o,.

HEE: TR AT RFECE )



1B %o ik, Z?\ i E Z 1{Xn=l} m']/l %l%imglﬁﬁi

Zﬂjpji =p; ViesS.
J

0 ito =0, T i # D0_o Po( Xy, = ).
o po=1. Hj#£ ol Y7} Lix,—i} = Ym0 Lineo,xn—j}> 1
0 e¢]
1 = Eo ;01{n<o,xn:j} = ZO Po(n < 0, X, = j).
o (n<ol={o>n}={X1, -, X1 #0} n{X,, # o}
o P(n<o,X,=7j)=PF,(CA).
Ht, A = (X0 = ih € ={Xy,- , Xy # 0}

HEE: JRE TR



o HbR: IEWILHS =3 jujpji = i Vi€ S.
o ThilF: puj =X"  Po(n<o,X, =j),

Hf, sk = AC, A= {X,, = j},C ={X1, -, Xn_1 # 0}.
e pji = Po(Xyi1 = i|AC). TR,

LHS =3 3" Po(AC)Py(Xs1 = 71AC)

7 n=0

:Po(n<U;X7L =7, Xnt1 :Z) !
o0 0 ~
:ZPo(n<U7Xn+1:i)' [ )
n=0 ( ]

o LHS = 3% Eolineo X, 1—i) = Bo X0—o L{X,s1—i}-

o LHS = o}, 1 Lix, =i} = Hi, Fex = 3720 1x, -y
e Vi: 0 =00,i =0, = AL

o VE: pj < oo, HilMp; > 0. (K, > Mipgg).)

(RN FE) BEERZIIT Fy HEE: TR AT RFECE )



EH (EH1.8.5)

BARART 4. N TF @ =550
(1) FAREEFR, 2) BEEFRE, 3) BELRENA.
HA, RESHGEEX AT = 51, VieS. (V)

o (1) 2 (2.

° (2) = (3): {EHUEHER 0. i = B, 3070 1x, =iy NAE
W, FTH—1k. v

o (3) = (1): (i) HIATAL.8.2, »x HOL; (ii) HAAATIFERAT]
2y, m >0, Vi. #(1) BOL. O

o VE: HIERIPNIEHIRE, FHIRE, AFHIRAE

CRUFIBIRLELRS) AT s | e wa (ERoRs



#HE (HE121.8.7)

FS HMRELARTL, MAREHH Ak

E: 1S ANATL), MAE AR 73 A

1S 1
— 1 - — , a.s..
nmzzlo U= Bioy

S IR,

(]

1) 1
I B RTE y
7 m=0 7

AL iR B0 < oo, RIERR. #v.
VE: 5512 1 R B R AE S T I DT ISR AN A

(]




AN FEHR.
o 5#1.8.19., WP ArJZ). HiR. BlEo. N

oo—1

wi = Eo Z 1ix, =iy

n=0
TN R T RR B T, = LHIME— TR
o v FARNIR, WIASAR I FE AT BeANME— (11.6.5)
o #£1£1.8.20. 3 AREIH— LA EEN, WAL AT AFEE.
o ilF: HIRHIR, WAL ALELE, Hlm =0 (HEL1.7.6).
IR, ey, Niocug. BN AREIH—1k, 5!
o . Z¢ LIBENLIESIEAE LS.
o VE: S M NIEWIRAE(C, - ae I} BHIRAE, Ak,
W T RN, par @, Hfi{p, : a € T} A,

(RN FE) BEERZIIT Fy HfEE: JRE TR



=, BHEE
o ML AR, B (RAS R R ) B

171211 N _ By i
nm:O o=t ’ Eio; Eyo, ’

o MiHIfY Sl SlE B
1 n—1 . .
Z Z P<XIII, = 7) — Ty, Vi.

" m=0

o BIF1.8.8: BHLRAHiH; limyoo m™) = m;, Vie S. N
lim - ™ — | = 0.

n—0

€S
o fimdil.7.9. Zz ’ﬂ'f”’) — 7Ti| — 0,
IS Vi(n o
Z;Zpﬁ)—m_)(), Eﬂ_iaso'
€S m=0 ics




E (EJ e, ©H1.8.10)

BAAF T, EHE. 23 m|f(0)] < o0, M

n—1
LS FXm) 2 S 0),
m=0 %

o &S HH, M :=sup,; |f(i)| < .

o LHS = 1%, Vi(n)f(i) = X3 42 - £(3).
o |LHS — RHS| < M ¥, [¥®)
o AhFAIA. —MBIEN, [ Eo, WX, = o.

a.s.
—m;| — 0.

Tr—1

&= > f(Xn), LHS=

n=Tr_1

ﬁ
303




M. MA

1. FEAm = 5 B

%11.8.11. Ehrenfesti®#%. N 4NER, BIA4E4HA, B.
RS B ALE — K, e B 5 — AN AAE .

o X, = n KIRMEFAFEA BRI A Kl R,

AL
= Oy = -
Ti = YNoN A P
o BN = 2M, | v e
1 Y 1 22M
Egog = — =27, EMUMZ—ZT%\/WM,
o ™ Oy

o §=1{0,1}N. B BN, a

o B HHr NERIIZ . .

, 010 110

(L FIBIBLILAZ) fI A il



#11.8.14. T | \-biased BEHLIFEN:
o BN FRE:
#ilil = 1],
EiO'i = EjO’j = T; = C|1,|

o A ={i:|i]| =n}.

d
dn—ln_ e P
(" enm1) 373
gcn:%.cn_lz...:)\%.c(}
o H—1k:
o 1 LB
dnnzl = =, >~ R: -~ .
Lra-ioo-g a3 (5)

o \>d=iff IEHIR. XHI\>d<e %R, (#1.6.6.). %
A > d: IEHIR,

ORI BRI 72 )



2. BHEENA
#11.8.15. AR L), IEHIR. N

1 — a.s. o
n Z {(Xm=1,Xmi1=4} — > TiDij-

o JiiE— (Yo = (X, Xpp1)} RYGKEE, S = {(4,7) : pij > 0};
MR pi gy = Diky AR p gy = mipij. 1,

n—1

o o Z 1{Ym_(17])} = K5y = TiPij-
o Jrik: B 2 AI5E R VM thRIFI B (X,

. _

7X,Zl 2

0 2 M=) T i
s=0

ORI B AL 2 KT I HEE: TR AT RFECE )



#11.8.16. WAL, IEHIR. &0 :=inf{n>m: X, =i}. UEH:
o—1

Ei 2 1{Xn:]} = WjEiU-
n=0

o Jrik—. DiMRATELT.5., UEH« 45 B
o WL Xo=i. MREHE:

(1) (r) (1)
Viyl+ e+ Vo E;V.
BRI ~ I

= ;.

o+ +0o,  Eqo

%/_\/\/\I/V\




111.8.16(45).

Ty T, Ty T, Ty ITs
1 —
m ' m '
. I\ J
e '
o=o0; o,

o &Y, = Xoyn. WH{Y,} R0 HA KD KEE,
H5Z = (X0, X1, , X,) M7

o ¥io BeRT, BEIY )} 5Z0),
°o Dp:i={o=T}= {\{n <m:X, =i} = r}, r=1,--,m.
o B={Y =j} (F: HIRYE), C = {C = i}; K& LB,, C..

Pp,(BC) = Pp,(B,C;) = P(X = j)P(C;) = P(X = j)Pp,(O).

(SIIBEHLERE) FEURATLT )



£\ ILa\é:b

o IEHIRFHE A AAFAE. KiK.

1
EZ'O'Z' <00, =
Eio;

o PR — WA, P g B (I )P 2= A3 [a)F 1Y),

n—1
- Z 1{X =i} =% Ty Z f(X =5 sz(i)'

o pi=E, Y0 1ix, _qy, i€ S WEAEIL, (EWITIE).
o ML M Rp . B, Ridk.
o MiF2. FHHUEMLLA. FRIM SR /5.

ORI B AL 2



&9&&%%@

—. IEER. IEAHAER
o fBis: AnfZy, IEWIR. CA
n—1
JE%onW;OP(Xm =)=

o H: P(X, =1) > m?

o Jfil. 11.8.11. Ehrenfesti#7,
S={0,1,--- ,N}. m = C4,27N Vi.
B Xg=0. P(Xs,=1)=0, Vn.

1 1-i/N
N Y

0 L N

i/N 1

o WA n TR K, ng )~ 0.

ORI B AL 2 1 HEE: TR AT RFECE )



o [EN1.9.1. #IN fE45p\ > 0, Vn = N, Wk Al A0,

o Vi: Hpi > 0, WARR 1.

o HE1.9.2. WAFLY, fAAEIR WA, WA IRASHE A 3,
HVi, j, AN 15

p’ >0, vn= N.

o iF: & AR
o j AR, BN, = N; + 17 + s HIW:

FAEr = 14,8 = 555 ﬁiﬁpm ,pgz >0, T2

I N N I VS
o N = N+ r HIW[:
PE?) > pg")pg) >0, Yn>=N;+r

o VE: i j, Wi ALfM= 5 ARSI AR/ IS

(L Bt P e e )



EFE (GEFEL.9.3. 5RiE ) e )

BAEART 4, EFE, FEFH, RESH A, My,

nlglgoz |Pu(Xy = j) —m;] = 0. 45713, lim p;;° = ;.
j

o {Z,=(W,,Y,)}: W& S5HBEMENT
S =8x58, Tk = PikPjt
o WIGrAiid v, BE.
o Step 1 ~ 3. {Z,} ArT2y, AERAML IEHIR(T A A):

TEZ;)(k,e) = PEZ)PE»TZ) >0, Vn= Ny v Nj;

7~T=7T><7r, i.e. 7~Ti,j:7ri7rj7 V(l,j)ES

o H{W,}, {V,,} #ZLAP NHEFS AR T FCBE.

(REFIBERLEFE) BEERZIIT F FEE: FREATRS



o Step 4. {Z,} Wik, WP(r <) =1, Hr
Ti=inf{n=>0:W,, =Y,} =7p, D:={(i,i):1€S}.

e Step 5. P(W,, =j,7<n)=P(Y, =747
FAIERI 7). A E AL I8, YO <m
P(Wy, = j,7 = m, Zm = (i,1))
—P(Yy =j,7 = m, Zy = (i,4)).

o I ax =3 pz Pig = Dij

ORI BRI 72 )



o Step 6. Zj [P(Wn = j) = P(Yn = j)| < 2P(7 > n):

P(W, =

)=PW, =j,71<n)+ P(W, =j,7>n)
ﬁP(Wn -

)= P(Y,=j)=x—P(Y, =j,7>n).

o WAy BUNp x m, By, 5y = pimj, Vi, 5.
W{W,} FY, Y BRI A6 5 3 R, . 8

J
J

© 3 |Pu(Xn = j) —mj| — O

LHS = Y [P(W,, = j) — P(Yy, = j)| < 2P,(1 > n) — 0.
j

o UFMHJ7¥%: #44 (coupling).

ORI BRI 72 )



#11.9.4. Wright-Fisherf& %, N MNA, £ “17 88 “0”7 . FA
FERMALATIE— NIFHAREREEHLERFESSL R . X, = 2n KRS
“17 BAEL R BX, = 300 jP(X, = j) fEn — oo I HIHIR.

o X, =1, MX, 1 ~B(N Cl%oi}
N— 1-u 1-v

ﬂiﬁp,piz(l—u)%—kv T
o AFL. EHIE. AW, EX, — XV jr;.
© a=2J2; Py =2 szqwjvlizg = 2 milNpi
=Y, ml(l—u)i+v(N—1i)]=(1—-u—-wv)a+vN.

v
u+v

ou=0v=3. p =3 X1,Xo, - iid, = B(N,1/2).

@ a =

ORI BRI 72 ) I h HEE: TR AT RFECE )



Z. EER. BHEER
EH (EF1.9.6)
BAX AT 2. W3ld AAS 895#| Do, Dy, -+, Dg_1 1£1%:

oeVr=0,ieD,, s>=0,

o
ZjEDr+s pz] - =D / \
E: AN Z L Dpgyy = D,

eVr=>0,i,jeD,, 3N &F

P >0, ¥n > N. L

o FEHL A BARN I (€ X1.9.7). AFAMIER = 1.

ORI AL 72 ) I h HfERE: TR TR FECE )



(s)
° Z.jeDT-%—spU o 17

pl(-;Ld) >0,Vn=>=N

z L3

o #d>1. 4P =P
ND,’s &P MM, AR L.
o E4AD, F, P R4, LRI
e Xy =1, 0, =dd;. \
P (. F)HiE A
iff
P E(Z. 4% 1
o #n AP wauﬁ, ]

A dr|p, &P KA E.

HEE: TR AT RFECE )



o AWikAEEM, BN EP = PY. HUEi, j. Ve > 0,
o Claim 1. IM f#15vVn, 7F

i+l +M

q:ﬁf%/l\p;*m @f%pwm <e.
Claim 2. 3N f#5%n > N i,

(]

(n+m

) — P <, ¥I<m< M,

(n)

o <2, Yn=N.V

o Claims = p,

CREACI DN &)



UEBClaim 1. 3M ﬁ{ﬁmln{pw ,pZnH), . ,pZ;HM)} <eg, Vn.
e Eio;=P(0;=>1)+P(0; = 2)+--- =>72oPi(o;>l) =
M 46155 Pilo; > ) > 1
o JEINWIEAM R, M%Z?ﬁ]jﬂl.
{Xnsm =7} PETM)PJ'(UJ' > 0)
{Xn+ni—1 =4, Xn+m # j}:

+M—1
pz(;L )PJ(UJ > 1)
. (n+M—
{Xn,+]\1—2 = ]aXn—i-M—l’Xn—&-M # ]} + 2)P ( > 2)

(X0 =J, Xns1, - Xnasm %3} 0V Piloj > M)
{X'm"'Xn-i-M #]}
o IEE: #+ = ¢, WP JE:

ZRHS; s ox x> 1.

ORI BRI 72 ) I h HEE: TR AT RFECE )



WEBH, Claim 2. %n » 1 i, |p£ pZ]ner)\ <e, Vl<m< M.
o B{Zn = (Wn,Yn)} Eﬁ%ﬁm%ﬁr(m)(w) = PikDje-
P A, M{Z,} AnT4y, (EH1.9.3).
o WKL {Z,} AR, W

() () _ ~(n)
Pi Pij = Pliiyg) O

pz(;”) <e,¥n=N(=n+m=N).
o HIVIL {Z,} Wik Wy = 1y, k€ S;

|p57) _pgn-&-n)’ :|P;L><,qu(Wn = J) - prqu (Yn = ])’
2P (T > 1) — 0. (EFI1.9.3)

ORI BRI 72 ) i HEE: TR AT RFECE )



=
i
B

o IEHIR. AR
p%@—)ﬂj, Pu(Xn:j)—)Wj'

o iE: X p /Jipz(‘?) + g Nipz(‘;‘l) N Djep Hi* N 2 it
o IEHIR. JHH:

(nd+s)
(]

pZ(Jm)_>O’ m;énd—ks, iEDra jEDT-‘rS'

— dmj

P =0, 1 Y p = o

py =0, B Y

HfEE: JREAOT



§1.10 W Sss A
SARFERRES: dpy (p,v) = | —v] = 33, [ — vil-
e 0L — v

mim

i Blp(A) = v(A), v(B) — u(B).
[P — VP <l —v:

Z WiPij — Z ViPij
i i

1
LHS=§Z

J

< %ZZ \pi—vi|pi; = RHS.
7 i




o 7mi1.10.1(Dobrushin#fE W) &S HIR, pi; > 0, Vi, j.
3o < 1 15

dry (uP,vP) < adpy (p,v),  p,v.

R, #r £P PIAZRSAG, Wdry (uP™, 71) < a”, Vn >
o fimdl1.10.2. WAL, LA, S AR, W3C, 8 > 0 {115

dpy (P, 7) < Ce ™™™ ¥Yn >0

ORI BRI 72 ) i HEE: TR AT RFECE )



§1.11 %3 3 3L #£ (Branching process)

o {&niin =07 >1}iid.
TR P(E=k) =pp, ke Zy. (B%kpr #1)

o Xo=1,X1 =280, Xn+1 =&+ + &nx,-
X,=0= X,,1=0.

o /M XMT (GW #, Galton-Watson tree):
§o1 =4
§11=2,62=0,&3=1,&4=3;
§21 =3, {22 =0, {23 = 5,
§20 =0, 25 = 2, {26 = 3;
€31 =3, 835 =4, 313 =9,
€3i=2,i=3,7,11, -

(BRI AR I h HEE: TR AT RFECE )



o K] 79 = inf{n > 0: X,, = 0}.

o KHAMER: p = Py(m < o0).

o TRAMIBREC f(s) = fe(s) = Es* = 3, P(€ = k)s".
00<s<1=0<f(s)<1.

o f"(s)=0.

o m = EE =Y, kpy, = limg1 /(s) 2 £(1).

(RN FE) BEERZIIT Fy FIEE: TR AT RFECE ¥ b



o fTHILILL. fx,(s) = f(M(s).

o U__EZ an+1 (8) :ESXnJrl

o Mll1.11.2. EX,, =m". #m <1, Mlp=
o iF: HIAYNE. EXg=1=m"

Xn k
EX,s1 = FE Z €nj = Z P(X, =k)E (2 &ni| X = k)

J=1

= ), P(X, = k)kE¢ = mEX,,.

e Plg=0)< P(ry>n)=P(X, =21)<EX,, =m" — 0.

HEE: TR AT RFECE )



il (fmiil.11.3)
R&MBEp = Pi(19 < 0) I AEs = f(s) 493 3F 7 #.
TRp<lem=Y,kp>1.

° p=f(p)
p=iP(Tg<OO,X1=k)
k=0
=po + ipkpk = f(p)
° p = po: -

P IP(TO < OO) = liII;OP(TU < '!I,)

= lim (X, = 0) = lim fx, (0)

= lim f"(0) < lim £ (po) = po.

n—00

) SR F FEE: TR E TR



(4] 1‘5@5 m = Zk k)pk, p = Pl(T() < OO)

SHEE m<1 m=1 m > 1
KU%E | p=1 | p=1| p<1
EA S K/ Flmdt | ImAt | &/ Rim st

o §1.11 >J /1. BRAIRZ0 4k, BINEFA.

e p= P(lim, . X, =0).
o 1—p=Plim,u X, = 0).

HEE: TR AT RFECE )




FlL1Le. FARM A . =p(1 —p)*, k=0,1,2,--.
Hi 0 <p< 1. RKLMEF).

e Jixkm = E¢:
N = N (1 gk PA=P) _1-p
DI R (Gl ey s

Fip=1/2, Mm < 1, #p = 1.
o #ip<1/2, Wim > 1. ffJiFE

p=fp) = 0= " p(1—p)* =
k k

o = p/(1 — p) BR1(%5).
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