FE. LIKEE
§1.1 & X 5617
1.5E X
o HUH A A /HENAL
o S: AEUSE, WU/ BB 4R A @ @
i€ S: {a/uﬁ/,m.
o MAR(H), (T {ps, i€ S},
o BEHLAER, HiT: P(X = i) = povi. D @
o Ly (BB ffid—/NMES FizahfifkiT. ®
o BN n=0,1,2,...,neZ,.
o RN E: —FIHUE TS MFENLA &

Xo, X1, Xo,..., WidH {X,}.

HilfE: |REERK



o IEENHLHI/MFHBE: HAME LHEEO Ty, € S).
(1) psj = 0, Vi, j; @ P12 @

(2) Zj pij = 1, Vi.
P13
o B (A KT §
P = (pij)ijes = (Pij)sxs = (pij)- ©) ps2 @
o (X} (W) FhE S

p54
Vn = 0; Vi,j,00,...,in—1 €S, pss C@
PP(A,C) >0, 1l

P(Xn+1 = j‘Xn = iaX('J =10, - -,anl - infl) = Dij-

) (SZIRHE) = HilfE#: RESD



o LKHE= KREN.M: P = (pij)sxs-
o L bW Aip: pi = P(Xo = 1), 152H R4EFIE A7
P(Xo = io, X1 = i1+, Xn = in)
—P(Xo = gy s Xno1 = in_1)
x P(Xp = in]Xo = 0, .-, Xnoo = in_9, Xn_1 = in_1)
=P(Xo =10, X1 =491,..., Xn-1 =in—1) X Di,_1i, =

=iy Pigi + - - Pin—2in—1Pin_1in-
o HF,
P(Xo = i0) =i,
P(Xo = i9, X1 = 1) =HiyPigir »
P(Xo =10, X1 = i1, X2 = i2) =figDigir Pirigs "

hilfE: mRECR



2. BlF
B1.1.1. —4EBENLYEE). S = Z.
o fa] FAFEMLIFZ]: DPiji+1 = Diji—1 = %
VR VRN

HABBENLIEEN: piiv1 = 1 — pii—1 = D
o HIBEK: S

N "

o —ZERENLIFAN: £,8,...14d., Sy =&+ ...+ &1 + &

T ANe——~ | Pune=PE=R)
— 00— @ 0 & & 90 0 0 0 0 0 >
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o
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.11, FE (T ) BE ML 2.
o KIG = (V,E).

o fiEZM: S=V.




%11.1.8. Ehrenfestfi%l. N R, B M4EHHA, B.
BEURST B BEALIE — R, B 0 — AR .
o X,: n WHREIGARFEA PRI, B, A ek~ 4L
M{X,, ) A2 K.
e S=1{0,1,...,N},

¢

Dii—1 = ==, Piji+1=1— N

=]~

HilfEH: |mRECERK



#11.1.9 & 1.1.10. Ly, Lo, ... ii.d., BUFEE%.

—90 0 0 0 0 6 o o0 0 o0 0o o6 0>

L =2 Ly=4 Ly=1 L,=2 Lg=3
X, =0 Xy=3 Xy = 2
fe— | [
Y, =2 Y, =0 Yi =2

o Xt MTHLMAR (FFLRE). S = Z,.
Dii—1 = 1, Vi>1, p07i=P(L=’L'~I-1), Vi = 0.
o Yy ATHEA MM (LT, S = Z,.

Pii+1 =1 —Dpio, Vi = 0.

HilfEH: |mRECERK



3. P

Z = (Xo,..., Xp 1), i="(igy-- - in_1)-

o HAMHIERAE LPA(B) = T2 A,

P(A,B,C)  P4(B,0)
P(A,C) — Pu(0)

P(BJA,C) = = Py(B|0).

o B RAERE S Pa(Xns1 = j1Z = 1) = piy. (RKILT )
o 1EPA T, Xni1, Z MAEHMST:




o AL 1.12.( L EKtE).
T2 CTILE (RS O AR R, Kok 5 1k SIS

o WUTE: W Zin, BEX,; ©BH: X,=i.

Fike ¥ = (Xnttyee o, Xnam); 15 Z = (Xooooo, Xpoa).
o DHIA = {X, =i},

BRFUEB = Y = (1, .., jm) =2 7}

EEHHC = {Z 5 (io, |y ipe1) =20}
o fvil.1.12. Vn,m, Vi, V], #H

PA(BIC) = pijy -+ - Djmmrjm-

REFEY (SEIRPE)FZIRLIAT A HilfE#: B RTRY



A 112, IE B
e A={X, =i}, B={Y =7}, C=1{Z=1}.

P(C, A, B)
P(A,C)
_ HioPigiy - - - Pin_1i X Dijr+ Pim—1jm
HigPigiq - - - Piy_1d

PA(B|C)) =P(B|A, () =

:pwl o p]m—l]m

o 1. ERXABAKIT . Hik, P4 F, Y 57 MEISL.
o VE2: RlHh, ¥hFE XY = X,
WAEPy H5Pac N, {Vin} M HIRHI S EREE.
@ JE3. fEPy P, V1<mi<...<mp0<n; <...<ng<n,
Xty s Xnmy) 55X, X, ) AHEALST.










o n R R:

o Vr

pgl) = P(Xm-i-n = j|Xm = 7)
21, V0<n1 < - <Ny, Wo,h,'-- 7’5.7‘7

P(Xo =10, Xny =1,...,Xn, =1ir)

=P(Xo =10, Xn, =01,..., Xn, ; = lr_1)

x P(X,

T

= ip| Xo =10, Xny = 01,.++, Xn, oy = p_1)

=P(Xo =1i0,...,Xpn,_; = tr—1)P(Xpn, =i, Xp,_, =ir_1)

(1), (na=n1)  (me—mr_1)
lU’ZOpZoZl p7,17,22 ' : Tp—1%r '

on —LF%?%E% (pz] )SXS = P(n)

ITH hilfE: mRECR



@ Chapman-Kolmogorova =

(n+m
szk pk] :

o MiRME: HEMAR,

P(Xn-i-m = .7|X0 = 'L)
:ZP(Xn-i-m = qun = k|XO = Z)
k

=) P(X,, = k| Xo = i)P(Xnim = j1Xn =k, Xo = ).
k

o SEFEMEE: P(ntm) — pn) x plm),
mIAg8 s, PM = P,

ORI SRR (SCBHE)



4. #h7.
o M. 1.12.(L KA.
TE SAILAE (KPR B 26 R, R 3 2 A BT
o B XUy, Uy, Us,--- iid., Uy ~ U(0,1).
WUy, Uy, Us, - -+ #8385 IR BE?

CRLFIBEALRL ALY (SEIRPE) $2IRLIAT 1 HilfE#: RECRRRS



o L IRBERIRLNT K AN 1AL
® #Zl—‘/ﬁiﬁ:

Q= {w = (wo,w1,w2,...) twy €5,Yn = 0}.
o (AAtR)idHe:
Xo(w) :=wp, X1(w) :=wi, Xo(w) :=wy,...

o o-fREL:

F:=0(G) =0(C),
G:{X,=1i}, ¥Yn=0, Yie S,
C: Cioil---in = {X() = io,X] = il, ce ;Xn = Ln} (*iﬁ:)




o MEZR: I P {iifs

P(Xg =19, X1 =11, , Xy = ip)

=P(Cipir...in) = MioPigir " Pin_vins Y1 =0,Vig, i1,

o P Z{X,} UG A", BHRAHIE .
o BENLILRE 5 HIE 1.

hilfE: mRECR

,in € 5.



§1.2 AAR S A 5 Al 4 A

LA A
o WA & ¥RHHIP = (pij).
P,u,(XO = Z.O’Xl = il, . 7Xn = 'Ln) = MigPigiy + + + Pip_1in -

i—,l,ui =1 Eﬂ', PH ﬁlﬁjﬂpz
o P, 5P;:

— ZMZPZ-(A), P;(A) = P,(A| Xy = i).
o X Misri: Z
Pu(Xy = j) = 2 PulXo =4, X1 = j) = Y pipig = (uP
m&ﬁ%ﬁiwm;=MW~~iﬁX’%;ﬁ

ng, (uP™);

CRLFIBEALRL Y (SE36FE)



o AAFSMA JIFE (2 X1.2.1): i =404 /e, H
Zﬂz‘pz‘j =75, Vj,

W FRm ARGy /D
o Py uP. R = LI HP 1) () A E) .
o HifE[AlE: 7P =7, P1 = 1. (Perron-Frobenius 5 Ff)
oP:f—PJf,

= Zpijf(j) = Eif(Xa).
J

o /BN sIBHR Ny AR £

CRLBALERE) (STHBE)



o Xog~7mNX, ~m, Vn=0. NMEAi= RGN T,

i

° 1
d
(X()aXl’ AY ’Xm) = (Xn’Xn—i-m’ s ’Xn+m)a vnvm = 07

MAR{Xn} TR A= 2 PR L.
° 1&3&{)(71} qz%%,’ f : 8% =5 é'\Y'n N f(Xan+lv [ ] )7
WY} PR

hilfE: mRECR



o WEHIE: Vi, 0
2. TiPji = i, mpwf T3p31
Dji TiDji

3034

= mi(1 — pii) —
T3P33=T3P33
o N NHi= ARSI S S B2 A K.
o NN Ai= FARSH R B U5 2 S AHHE.

Zijpji = 2 T, = Zzﬁz‘pzja

€A j jJeEA €A j

P23

T3p32

Z TiPji + Z TjPji = Z TiPij + Z TiPij-

jEAieA i,jeA €A, jEA ijeA




BlL2A SR L Lo, iid, > 1. R(Y} 05

777777777777777777777 e
5 Xi0=2
o MEZILFRA: N N
Poo =P(L =1) pPoi=PL=1i+1)
Ty
oo & o o o>
0 AVl
Pii-1=1

o A ={i,i+1,...}, MrgP(L > 1) = m;.
o Ym=my(l+P(L>1)+P(L>2)+...)=mEL.
o NBHAAFAEM EL < oo, Wim, = 2 P(L > i), Vi.




B11.2.5. S =24, 1 =307 1 pp <m = >, kpp <A\
1
/1\ /_\H_lpk
0 RN i+
2+1

o WA ={ii+1,i+2,..}.

9o 0 90 o 90 0 90 0 0 0 00—
O ANNANYI

L i—,l’L:l H‘TZ WI%H = T0.
° Hi>2M: 7T2>\+1:Z] 1 Jj)c\l+iv/\qur DrtPry1t ..
@ Zi:j-i—lfi—j =fitfot+t-=m, W

x1=myx1+(1—mp) T X .

A
A+1

(1 —mg)




2. WA
o YNECT 7 55
TiDij = TjPji, Vi,J.
o M= WAPREIW T, @ @)
P23
o A4 /EFRIITE (2 SL1.2.7): mpn//mp“ ——
i A2 AN BT B4 40 A /O

@ 4P43
o mppemmmarnE, () e

MFEP el 1 /AT EERR.  mpss=mapss
o Mifr= AAZ.  w[WipAaiff BLFR& IH—.

o AIELFRIIE X:
Tij = 4 /;r—;pz'j, Q=q".

2P BEALIE LY (SEIRPE)$2 LT R HilfE: TR (AR E A B



o M X
flEn. { X : 0 <m < n} BRI FE A

{Ym :Oémén}, ;H\:EP Yin = Xo—m-

A
1
1
1
in—Z
in—l
in

N

o {V,,: 0 <m < n} M(ARYE)HIE N AR:
P(}/O :7:07}/1 :ilu"'uyn—l :in—laYn :Zn)
:P(XO = Z'na)(l = in—lw .. aXn—l = 'i17Xn = Z.0)

:ﬂ-inpininflpinflin72 M 'pilio'

hilfE: mRECR



o WY, : 0 < m < n} N(ERYE)FIE DA
P(Yy =io, Y1 =i1,..., Yy = in) = i Dinin_1 - - - Pivio-
o WiRn BV A, Blmpi; = mjpji, Vi, j, A,
T Pinin—1Pin—1in—2 - - Pirio = Tip1Pin_1inPin_1in—2 - - - Pirio
=Pin—1inTip—1Piy_1ip—o -+ Pirig

=Pin—1inPiy2ip—1Tip_g -+ - Pirig =

=Pin_1inPin_2in—1 " " Pioi1Tio = TioPigi1 ~ " " Pin—2in—1-

o WIRAIMiim w4, MA{Xn} HHREF 7.
B, FR{X,,} AT,

o Ao A= FEA AL FE.




o WiMfm RN, AP = (pij)sxs BRI,

_ TP . .
ﬁ:qj pz] Jﬂ_ﬂ T 2 TiPji = TiPij, Vi, j.

2

o WRm —AANM, M4,

ﬂ-inpinin—lpin—lin—Q . 'piliO :pin—linﬂ—infll)in 1tn—2 " ° 'piliO

R ﬂ-ZOpZO'Ll .. .pln_Q'Ln_l'

o LM AL CIRAS )E’J%ﬁﬂ: Rk 5 i AT

In-2
ln-1
In




b d; b
B11.2.10. A= K. P N

COU vCi

b
o mobg = mdy = T = WO%'

b bob

@ mby = mody = Ty = Wli = Wodgdlg‘
b1 bo...bi_1
@ mi_1bi1 =md; = M =M 4 T 70 dy...d;

o H—1k: & 5 ALY

0 oV1

C=14+—+—~

di  didy

4O < oo I, B




KRBT o3 A5 A IR

(1) [fEo.
Vi # o, #n =1 Ll g := 0,41, ,ip 1= 1, fil
Digis *** Din_vin > 0, FF2

Pigiy " Pip_1in

Ty = To
Pivig " Pinin—1

(2) BRURAHSCE8 2% mipi; = mipji, Vi, J.
(3) Km 1H—1k.




$11.1.8, 1.2.10 & 1.2.11 Ehrenfest 7,

1 ' b = (N — L)/

S N N

o—@ o o 9o -0 @ 9o 0 @ o 0o 0o o

0 oA N

dl - l/N b e - - 1
@ T; X % = Tj—1 X N_](\i,_l).
o = wﬂi—l g W (N_i+1)(17,'\éz‘_—if).2.)..1..(]v+l_1)7T0'
= 7(1\/]2)!2'1 o = Cyo.
N i _ ]

077022‘:OCN_1:>7T0_2_N' 001

ie. m = B(N,3).
o Y, e {0,1}YN =Hy. X, = f(Y,). A0

—-N ‘
pr = 27", Vk € Hy. 000 100




Bi11.2.12. —4EBLBRENLIFED. piic = 1 — pii—1 = D

¢g=1-p p<1/2

ML =70 " T-1=T0— =70 7, Ti =70, v
q b q

B, Exkr Ry lH—1L.

o FASMRIELE. T, A = {10+ 1., WA kb
NSO 1

o i = puo, Vi AVENE. (B, A f1l- B,

o p= 1L B, Bt HI L, AR M7

o p# LI, m A FARE e

B (SEBGBE) B2URZIIT A HilfEH: |mRECERK



3. Vil

EF1.2.13 & 11.2.14. T HrE .

*—0—90 909090 —0 90 90— 00— 90—
L L, Ls L, L I

,,,,,,,,,,,,,,,,,,,,, Y A
X, =0 V,=m=5 S,

o TREL < co. N AAEAE, Hmo = 27

o V,=miff S;,_1 <n<S,,, HHS, =L +.
o SLLN: 5= 25 gy,

co™d L.

a.

n

=

!

EL

32

a

= 0 g, CEHEE).
o {X,} VillIRA0 BB 25 .

HilfEH: |mRECERK



4. Ui IR B Sl
B11.2.5. PRIRZ L IREE.

0 1
() Co=—=0D
1 ¢ l=g 1-p P10 = ¢4
o7r0p=71'1q¢7r0=ﬁ, 71'12%.

o FFfEM&E: 7P =m, P1 = 1. (Perron-Frobenius j&#)
o pu—pP: Xo~p= Xy ~ppP.
o f—Pf: (Pf)(i) =2;piuf(J) = Eif(X1),
(P"f)(i) = Eif (Xn).
o AF: ANARWEE. FIRR L.

HilfE: |REERK



©

1 1
vea) o e )\ s

T 71
o 71

¢
|ﬁ
3
&y <]~
—_ =
* %
~
/
(e
[=] =
~
%% ub
=
x 3
~
[l

o pl¥ = Bi(X,, = j) — mj, Vi, j.




©

AR 5y HTEAE (M ).
E# 3R (R T L),

©

©

KL RAIUE 3 AT, #A P — 77
o 3 [77 5 B

©

o Villi MIMHE— ;.
o i JJj e HL.

hilfE: mRECR



§1.3 IREM 3K
o FEN1.1.3. ik, i — j: P;(3n =0 15X, = j) > 0.
o B =i,
jZ%HTL 1 ’LO’ 7i’n7

(io = 14, in, = J), !

43 Digiy =+ * Pin_yin > 0. i O
o fitEn > 0 fii#dp) > 0.

e Pi(Xn = j) 6 \ O

< P(3m = 0 i3 X, = j)

< Z;ﬁ:o Pz(Xm = .7)

hilfE: mRECR




o EN1.3.3. Hilli < j: i —j Hj — .
LA, § O, AP (S, 5 REE) A AT L), MR 4.
o Hilids: [i] ={j:j < i}

o EMN1.35. #
Dij = 0’ Vi e Av v] ¢ Av !
HIFRA b . "\ O
A F) L 30 S g 2 \
o firfi1.3.6. #A KL, N 6 O




§1.4 58ty IRk
o BEARHIE: w = (Xo(w), X1(), Xo(@).. . ) = X(w).
o HikMr 5 Ao

7i(w) =7(X) := inf{n = 0 : X,, = i}.

oi(w) =03(X) := inf{n > 1: X,, = i}.

@ Ty, 0; FEPENLAS &
B, m3(w) = 11, 13(@) = 17; 79(w) = 0, op(w) = 4.




o [#5Ei, fAlidT := 7. E{r <o} I, &

—

Y = (YV(]7}/I7Y27°

. ) ::(XTaXT+l7XT+27 . ')7
7 :=(Xo,...,X,).




o fi{r <o} b, Z REHA. BUETU, ", L.

ITH hilfE#: HRECL



-

° () Ina )\JX(n —lﬁ%T—n }J\ﬁﬁZ X(n) = 1.




Al (fimi1.4.2)

F{r <o} KRAEGFHT,
(1) {V} RAG B89 B KEE; (2) (Vo) 57 MBS,

0 18T =7, := (ig,---,in); f:z (Jos -+ dm),

Vn =0, Viel, (HEELWRL) ; Ym =0, V) e S

P{7-<oo} (BC) = 1{,7'()=i}pj0j1 oo Di—1Gm X P{7-<oo}(c)'

HilfEH: |mRECERK



-,

0 B={(Xr,...,Xpam)=j}, C ={Z =1}
° IEIFMEE?H w2 Hiel,, W
(Z=0}={X™ =0 c{r=n}

-,

4B = {(Xn,. ., Xnim) = j}, C:= {X™ =3},
B S TELE 24, K i e 1, FrBLC = C. M,

©

©

BC =BC n{r=n}=BCn{r=n}=BC.

P(BC)  P(BC)
P(tr <o) P(r <o)
P(é) X 1{]0:I}p.7[)71 o 'pjmflj'm

- P < oo) = #x X Py (C).

}%r<aﬁ(BC» =

HUILFEY (SEIBE) TH hilfE#: HRECL



o HAFAEL, < ST AR B LS AL, WIFRT SHFFRT.

B, Vie SnHL (1) 5(2) 2 —moar, Wr M. (4rii1.4.7)
o 7 NIENIf {T <n}ea(Xo, -, X,) = Fn, Vn. (7 X1.4.6)
o 7, Tp:=mfr;  o; op:=info; HBAEAT T

o g; =sup{n > 0: X, =i} FEMEH.

hilfE: mRECR



o fi{r <} k, &

—

Y:(va}/hY%' :(X7'7XT+1)XT+27"')7

o)
7 :=(Xo,...,X,).

o 5 Lh (i H1.4.10).
kT BN, WA, fFE{r <o, X, =i} RERZHT,
(1) {Y,} M BERI S EREE, (2) (Vo) 57 FEOL.
o PHEHLIE:

HilfE: TR (AR E A B



Bl —4EfRT B BEN LIS (SRW) {5, ]}
o [fEi,j>1,1ic

TI=T; AT_j.

o LUSLRUEW]: g

Plfr<w)=1, P(S;=1i)=——=:p.

o {Yn = T+n} &%Sva Wﬁ?ﬁﬁm =P, b—j5 = 1 —pP=4q.
o X THIIELEA,

P(Y € A) =pP(Y € A|S; = i) + qP(Y € A|S, = —)
=pPi(A) + qP-;(A).




§1.5 IR

o [fEi. FLEK:
S

FP,(V; = o) =1, WA & % & & (recurrent).
EP;(V; = o) =0, W #ri £E 7 L6 (transient).

N N

Ehr ik

o [0-1f IR

HilfEH: |mRECERK



1. [B]95 B [a)

S
0=T, T, T, Ty T, Ts n
" ~ AN~ —

0=01 0y 03 04 Os

T,:=infln=>T,_1+1: X, =4}, op:=T, —Tp_1;

%Tr—l = 0, IJI\IJTT ‘= 0, Oy 1= 0.
o ke Pi(T, < oo,Vr) = 1.
K 0 =01 :=inf{n >1: X, =i}.

JAT Jy HilfE#: RESD



0= TO Tl TZ T3 T4 T5 n
" s R e
og=0, 0y 03 04 a5

o [HEn, it := (i, i1,...,in), 2

Ty 1= {ZeS"“:z'Ozz'n:z‘, A4, # 14, r:l,---,n—l}.

[+ E{O’ < OO} J:, Z %%%ﬁ@a EX{EH:‘U,?:l Jn
o P(Z =1) = Pigir "+ Din_rin» Vi€ Jn.

JAT Jy HilfE#: RESD



0=Ty, T, T, T3 T4 Ts "
" ~ AN~ —

o=0; 0y 03 Oy 05
o fmkl.5.1. Vr = 1;myq,...,m, =1,

o iif: /?\ns = Zf:l my; Xs = (X"lsfl7 N'A ’an)' j

LHS = 2 B(Xlzzla"")zr:_}r)

$1€Tmy s sir€Tmy

11 % R-()Z'SZZS):RHS.

<




2. [El V5 IR EL
S

e itp; = P(oc <) =X"_, Pi(c =m).
o P(Vizr+1)=P(T, <) =pl (EL1.5.2).

Pi(T, <) =P;(01 <0, ,0, < 0) = pj.

Fipi =1, WPV, =) =1 (HiR), E;V; = 0.
tipi <1, WP(V; <o0) =1 (JEHIR), E;V; < 0.

HilfEH: |mRECERK




%0 7:1 ’1:2 7:3 T4, T5 n
o MRk Wik, Xo =i. &
Z_"I‘ = (XTT—l)"' 7XTT)'

o TWI5.4. 2y, 2y, ML, BLZ, BI5 A5 R

b=2

P(Z ) DPigiv = " Piy_1in> Vn > 1’ ; (’LO’ 7171) € J’n

~.

o iiF: Vr =2, Viy,-- ~,§TGU;°:1JH,
HI8{7, = i1, Dy = la, -, Zp = 1y} HIBILERME,

— -

P(B|C) = P(B|A,C) = Pi(Zy = ig, ..., Zp_1 = iy).

Hef, A = {o = [i1], X, = i}.

hilfE: mRECR



S
Z °N ) ) \ n
Ai.i.d. ¥ X (excursion)ff#z.
o i IEHIRe py; <1e BV, <.
S
l S ) ) ) n

o FiE: (1) X (2. (3)M e

REFIBRLE ) (SEBGBE) B2 URAIT A filfe: ERECERK



3. IR A HE S MR
5.5, Wi Wik Hi — 5. M,

o WXy =i, MZ, 2y, ... 1id..

@ Poj <) =P(Vj =) =L
P(3r fifdje Z,) =

o PV

Pi(oj <) >0= P(je Z1) > 0.
o) = 1 B0, HHES R,

Pi(Vi = ) = Pi(Vi = 0,05 < 0) = PV = ) = 1

5 (V= o0) = 1, |2t |




4. WWRER 5 2 o Mk
o Wlds: pi = 1 (€ X1.5.6).
o MiHE=: 45 Eoe S, &
x; = Pi(t, <), Vielk.
o M, 4D S S, &
x; = Pi(tp <), Viels.

o x;, i€ S & NHITRRAR HRNIETAE,

{ Ti = 2jes PijTj, Vi¢D,

zi=1, VieD.




o MLE.T. £y, i€ S W AN AR, T, > x4, Vi

B = pid;+ Y, piji; (i¢ D)

Jeb Jj¢D
=Pi(tp = 1)+ > pij (D] pindr + Y, pinis)
i#D  keD kgD
=P(rp=1)+P(rp =2)+ Y pissPiriats,

i1,i2¢D
3 Py <1) =
0 po = Pylo, < 0) =3 ¢ PoiPi(1, < 0).

o m BEAAL). Sa; = Py(r, <o), i€ S.
BRI 2 — 1, ViesS.

ITH hilfE: mRECR



5. MR HL

° Vi =20 Lix,=i}-

o MR ERIZL:
0 0 (n)
n=0 n=0

ITH hilfE: mRECR



B1.5.11. Z¢ L ¥ A EE ML 5.

od=1. p(%nﬂ) =0,
o _op L@l L (AT 1 1
n .
220 plpl 220 (B)2r2rn 220

Gii = X2 o pig” = 0. Hik.

o d=2.
2n) 2n)! 1
o2 R T
" ;_ (n11)?(na!)? 420
]. S 7 n—1 1 YT 1 1

m=0




B1.5.11. Z¢ L fa s BEpLIe 5 (4L).

©d=3. pyo’ =Dt tngn (m!)g,.%ndl)Q X (2d1)2"'

b (61:2n1,...,€d=2nd) %d%n
P(By) = Cyp ooy i =1, ,d.
2n
0 p58” = St sngen PAYP(B1)... P(By).
@ SLLN = ny,...,ng ~ 3. Eikit,
iel: nj—2% <en,i=1,---,d J=2Z%\I
o el N
1 1
P(B;) ~ ~

N h n/d

©

S P(A) x1<d P(l& — 3| >en) < e Om.
Pl < Xy C/y/n! + 3, P(A) < Cn12, ns 1 AR,

©




Bl XD PR E. BED < S, 21 = pe,

T—1

D .o
Gz(j ) = E; 2 Lix, =i} i,j€D.
n=0
o Migj. wi =G, ie D R FFIIRALIIR N AR,
xi:kaikajk, V’iED, i?éj,
T; = 1+ kajkxka

o Hyfl. —4Efa HLEENLEFS). D = (0, N).

o1, = !

1. . _ .
3T (5R—N_jx].

0=-1+ 51)/2 + (5R/2.

oG( ) G( )—N(z/\j)(N—ivj).

HUILFEY (SEIBE) TH hilfE#: HRECL



il XIRD s Ak ek £ (82). 4,7 € D.
o G = i 320 1xugy # Yo P(Xn = J).
@ GZ(]D) = E; ZZ}:O 1{Xn:j,7'>n} = Z;o:() -PZ(Xn = jaT > n)

AT, = {i = (ig,...,in) € S" L g, ... in € D}.

Fx = Z Pigir Pivie =" " Pip_1in-

1€ln:ig=1,in=7

o G =3 P =(1-P)"L. HHP =P|p.p.
o LA BLHRIER, )”'JmG(D Wng'?)-




0 n
Gm(s) — 1= 2 ]DZ(O'Z = m)smpggLf/’”')Snfm
n=1m=1
v e 6}
= Z P/ g; =M SIHEPEi s =Fj )G (S)
m=1 1—0

e #11.1.9. p,, = P(L =m), = Py(Y,, = 0). Bt

= 2 PmQn—m-

Li=2 L, =4 L3—1 L4_2 Ls =3




§1.6 W] AR D FRBE R IR
o HIECHR L Bt < ALK (EHIFENLIES)) < LM %5:
G=(V,E): V=258, i%jesp;>0.
FEPH. AL
1 1 .
Tij =T = w—” = Wipij7 1~ ]
o MlEoe S. MUHEZRIE: z; = Pi(1, < ) i &:
To=1; @ =2 cgPijTj, Vi#o.
25T (%5 7 %) = 0.

o fEo HEHIH N1 HIHIYE: IV, T E:
V, = 1; Ejesﬁd(‘/j—w) =0, Vi#o.

° ﬁh‘,—i’ﬁﬂl.&l ke R = R(0,0) = .

R= mf{Z fere  f Mo R IEAIR Y.

HilfEH: |mRECERK



#11.6.5. 4 K%k

bo d; b
N N

[ A SV E S A S A -

Co U vCi

o ALK, FFH.
Tigtl _ Wii-1 _ di
Tii—1  Wig+1 b
:>TZ,Z+1 = b_rz_lﬂl R
(3
o BBk R, FIRIF Y, £ = o0,




%&Vlﬁ\lﬁ.ll. G1 < Gs. %Gg r|%M'l)5:(, IJI\UGl rI%L'l)):_(
. BHZ? iR,

o I RN IR 1L 1

o —MIKEWIR




%1.6.9. Z¢ AEH .
o d =3, FIPLIFf, E1FY, fire < co. MR IR,
o Polya Iz 7 (Xn,Yn, Zyn), Xo = Yo = Zo = 1. flln:
T= k), T = (4100 1y = g
o (Xn,Yn, Zn)~ U(Sn),
Sp=1{i=(i,5,k) 14,5,k =1 Hi+j+k=34+n}
o MERFERLIN: frz =1 Dy

o X, fir. < oo

1 2+52+k2 1 1
E C— < =0(—|.
OS2 G+ + k)2 S, n?
€




§1.7 i [ B IR IR
1. AR (A R

EH (EELT.)

. 1 n—1 1
BIRP A~¥T4). WP <lim = Z Vixp=i} = —) =1.
noon Eio;
S
0=Ty T; Ty Ts T, Ts n
HK—M ~ H_H_/
0=0, 03 03 Oy Og

o BAEHIR. W4, ZEAHAO
o iR IR. %Xy =14, FHEFre i,

REFIBRLE ) (SEBGBE) B2 URAIT A filfe: ERECERK



) 1&1&){0 =j1 Pj(Ti < OO) = 1.

HTH hilfE#: HRECL



i (A fL.7.2, R )

BARP AT 4, 1 ARZT 5. N

1 ,
T = E,o, > 0, Vie S.
o0 =S ™ =™ S
o m >0 m Z] Tipj; = Mopy > 0.

o e,

1 1
Py ( lim —Vj(n) = ~ 1.
( im (n) T )

n—oon

o Ay FrllesiE B,

, 1 1
i Ex2Vin) = 5
o m AT
1 1 n—1 1 n—1
Ex~Vi(n) = Er— D Xy = - D Pe( Xy = i) = .
m=0 m=0

HilfEH: |mRECERK



2. IEHIREGAAR A
o FHEMZE: [HEo. Lo = o,.

O +vO gyl

. v
I ~ :
o1+ ...+ 0, FEyo '




WAL (ff1.7.4 & 1.7.20)

'TF;\‘LX;FT?IJ\ rl%‘]é .&O —;’/LL OZn Ol{Xn L} }Jﬁ’/\,p
RAE—OF L, =1 8 RT@a O

UEW, (a) M, B, BAEY pypsi = - (R0 = 0,.)
® tj = Bo Yo Lin<oxu=j) = Lo Fo(n < 0:X = j).

o TiE, Zj:u’jpjl Z Zn 0 (n <o, Xp )
XP(Xpi1 =1 X, = j,n < 0)

o = Zf:onPO(n <0, Xy = j, Xpg1 = 1)
= Znzo Loln < 0, Xn1 = 0), ;
° = OZn Ol{Xn+1 =i} = 022:1 1{Xn:i} 0 S
[ )
( ]

o Vg, Zn o Lix,—i) = Hi-

HilfEH: |mRECERK



UEWA(58), (b) WE. (c) ME—1: BAP = A AN, = L.
HYET. A9 HiPji |—“J ~(n) #jpg?)

Hi
Y = pY, B} R,
L f(i) = 3, Vi W
. 0D A \ipii _
(BA)) = 3 puf(G) = 33 = 20 = DI = f).
J J !

T

©

(4

M, = f(X,), n >0 2L

(4

E(Mn+1|Xn = i,XO = iOa e ,Xn_l = in—l)
=S5 f() = (PAG) = () = M.
J

©

FEF AR as S FIE, F(X,) as sk,
{X,} ®iB= f = f(o) =1.

©

CRLFIBEALRL Y (SEBRTE) i HifEE: # B (JLRKY



X (E X1.7.3))
%E,L'O'i < O, D]'Jﬁ:’l }%J]:-'x)%"lééﬁ

% Pi(0; < 0) =112E;0; = o0, M ARi £EFRA.

EH (GERL.7.5)

BERTL. WNTFEILEFN: (1) FARSERER, (2) BELE
FRE, (3) BERESMA. M, 1 = g, Vie S.

o MERL.7.7. RIS AR, An[Zy. A4, NESAIFLE.
L= 35 Xm0 Lxw=iy = i 7o

o #EIR1.7.21. I AREH— LA AR EE, WIAARE 7347 ANAFAE.

o MA:

& (r) (1)
vl 4+ E,V. 1
IR AR ~ VRPN R — =
I o1+ ...+ 0, E,c  Eio;

TG

LR (SEIRTE) h HilfE#: B RTRY



BI1.7.17. WAL, IEWIR. 2o = inf{n >m: X, =i}. UE#:
o—1

Ei Z 1{Xn=j} = 7TjEZ'O'.
n=0

o Jiik—. ilariil.7.5., iEM [, i € S EAZRWIEL.

ﬂi=C7Ti=>C=Zﬁi=Ei0'.

1

o NiET. ASy=0,S, =inf{n =>m+ S,_1: X, =i}, M
S




$1.7.15. T¢ I \-biased FENLUFZN:

o XM= 7 = ¢y

mn A _ gn—1 d
odcnx)\—er—d Cn—1 X 31q>
1 1
Cn = ch—l = "'VCO-

o HFin EREAE:

|’L| = nm; = é Co-
A




3. M P B (R A AT L), IEHR).
o MF— HH:

1 nz_ll 1 a.s. 1 EoV(l)
_ S = .
nm:O om =i} ' Eio; Eyo,

o FHTfy FsivE B
n—1

ZPQ@z@Hm

m=0

S

o BIH1.7.8 WHy™, 0> 1 HRMIH, v >, Vi, B4,
Zi |Vi(n) —m;| — 0.




EH (ED e, E1.7.11)
BAARTL, EFE. 2D m|f6)] < o, 1

= 2 F(Xm) &5 Y mif (0)

m=0

o MW Xy = 0. FE 0. & =207 f(Xp), r=1 iid.

S




Ty T, T, T T, Ts

o e =X VY, =3, 1f@)VY.

m

N F(Xn)

n=0

€] <, max

<nn.
os<m<o—1 ST

o JABTFAE:

By = DI DIEYY = Y1 ()lmifBeo < o,

o L+ 164 B F)ms

+oe 8. . T a.s.
e RN CELE




TR W
o fRINIAH: 6 : (Q, F,P) «, P(6~1(D)) = P(D).

o Hil: PR IREE, 0: w = (wo,wr,wa,...) — (W1,wa,...).
(X1, Xs,...) e D} " {(Xo,X,,...) e D} =

o [ #iDe F /D < 0 VD, MP(D) =0 81.
o fil: Xe D= 60X = (X1, Xs,...)cD.
o JRBl: S =S50Sy, p=2ir+ v, D={X, €S, Vn}.
o Ji[fi= #P(D) >0, MP(J:_, 0" D) = 1.
o M EHL: W, £: (Q,F) - (R,B), E|¢| < 0. NI
im0 €(0M (w)) = E¢.
o fl: AATZ), IEHIR. £¢(w) = f(Xo), Whx = f(Xm).

HilfE: |REERK



B11.7.16. KPP ANAT %), BRI, N

1 n—1

. a.s.

lim — lex —ix =iy — TiDij-

n—w n { m=tAm+1 ]} J
m=0

o ik (Y, = (Xpn, Xns1)} 25 KEE,
yz‘%’]‘%%i PG Gok) = Diks DB p gy = mipij. #,

1 n—1 1 n—1 o
~ D Wi X =) = = D Wnm (i)} — M) = Tl
m=0 m=0

o 7yl RWIn ZRTsERr RIER,




§1.8 5k [y B
i: AArgy, IERIR.
limp oo = 250~ L P(X,, =) = .
o P(X,, =1i)~m, Vi? (n>»1)
o xfl: $511.6.1. Ehrenfestfi%. S = {0,1,...,N}.
=G 2 M, Vi
WXy =0. P(Xy,=1)=0, Vn.

1 1-i/N
N Y

0 ‘\/i
i/N

o 75t: pgl) >0, Vn » 1.

B (SEBGBE) B2URZIIT A HilfEH: |mRECERK



o SEX1.83: % In AP > 0, ¥n = ng, WFRG Sy .
o Mtk Wi« 5 Hi EIIE)EJEH, M5 AR .
o ilF: f7-1Er, s ﬁif?rpg ,pﬂ >0, T4

p = pp D S0, n > .

o HEWR1.8.4. AHARL . ARSI, WV, j, Ing; H15F

pl(;l) >0, Vn=n;.

o BRRATIL). A L 15y, > 0, WARF .

ORI SRR (SCBHE)



EH (EFLL.8.5. i [ B
BAXART Y, EFR, A, REPHAT. AL, Y,

limy, 00 X |[Pu(Xpn = 1) —m| = 0.

o UEMAH % #4 (coupling).
o {Z, = (W,,Y,)}: K&, HRME. ¥)Hm:
S=8x%5, T6jke = PikPic-
o Step 1 ~ 3. {Z,} Anl%). FERH. (IE)H &:
TEZ;')(W) = pgz)pgz) >0, Vn=ngvnjg
T=mxm ie 7;;=mm;, V(i,j)eS.

@ Step 4. P(t <) =1:

T=inf{n>0: W, =Y,} =1p.

LR (SEIRTE) h HilfE#: B RTRY



o Step 5. P(W, =j,7<n) =P, =j7<n):

vOo<m<n,ies:
PW, =j,7=m,Zy = (i,1))

P, %) Py (Wa = j) = P(s, %) Py (Y = J)
P, =j,7 =m,Zy = (i,1)).

o Step 6. Pi(Xpn = j) — mj = Puxr (Wi = j) — Puxr (Yo = j):

|x| =|P(W,, = j,7 >n)— P(Y, =j,7 >n)|

<2P(r > n) — 0.




%11.8.6. Wright-Fisherf&Z. N A~ N\, F£&: “17 580 “0” & A&
RMOTARIE— NIFFBENLIRBEE L. X, = Bin RESIMALL
K EXy = N0 jP(Xn = j) fEn — oo I HIHRIR.

) %‘Xn = ’i, }I—lan—i-l ~ B(N? pi)? C 1 <— 0 O
: : 1—u v 1-
S, gy = (1— u)h + 0. )

o AWZy, IEHIR. JEHM, EX, _’ZJ oI
© A=352mipij = 2 M2y piy = 2 milN ps

:Zlm[(l—u)i+v(N—;)v]v:(1_u_v)A+vN'
e A=_LN.

u+1
ou=v=3 p =3 Xi,Xo,...1id, = B(N,1/2).

CRLFIBEALRL Y (SE36FE)



ERTH, BHE, FAB, Wp — 0, Vi j.

o Claim 1. Ve > 0, IM f#15Vn, 7£

(n)  (n+1) (n+M)
7,;1 7pz;1 77p2;1

ARl ﬁfﬂpg;*m <e.
o Claim 2. ¥n » 1 #f, |p2-j ngm | <e, V1<m< M.
(n)

o Claims = i

<2, n>» 1.




UEAAClaim 1. 3M 1§ﬁqnln{p” ,p(nH), e ,ngJrM } <e, Vn.

o Eio;= Pi(0; > 1)+ Pi(0; > 2) +... = X2 Pi(oy > ) = .
B Ait5 Zz 0 01>1)>%
. n+M
o {Xn+1\/1 :]} z(7+ )PJ(UJ > 0)
{X’rl#l\/]fl T ijTH-M 7= ]} pE]’LJr]\[ l)P( j > 1)
{Xnsm—2 = J, Xn+ -1, Xnm # j}: Z%MM Q)Pj(Uj > 2)
{Xn:j7Xn+17"'7Xn+M7éj}: pz(J)P(U]>M)

{Xns . Xnym # 5}
o JRilEyk: #ix =e, MY RHS > & x + > 1, FJ5!




WERH, Claim 2. Hn » 1 [, |p(n —pl;Hm | <e,Vi<m< M.

o {Z, = (W,,Y,)} Aur¢y.
THIEL {Z,} HEHIR. W

(), (n) _ ~(n)
Pij Py = PiiyGig) — O

[+ Hﬂ:/]:[ {Z } l% EXH] = 1{3751} j ES

% :|Pu><qu(Wn =J)— Puxme(Yn =7

2P, pm (T > 1) — 0.




SV S 2 PN 3
o IEHiR: p (’?) — ;.
o FHIRMAEHIE: pl) — 0.
o P(X, =7)—

ZHZPZ] + Z/%pzj ¥ ZNZ*"‘E ~ZM1*+25

€D ¢ D €D

hilfE#: SR (ks



EH (EP1.8.2)

BARRTLH. A4, HER—WGEEY] ARS th—Ai5
81D, D1, Da—y (£ AMER L Dpayy = Dy), 73
oVr>0ieD,, s3>0,
Zjen,,Pij =1L
oV r>0,ijeD,, 3N >0 1%/ i
Dy
P9 >0, ¥n > N. ? :

o EHAHId WA N E W . AR MR = 1.
o d>1M: P="P!EFGAD, AL, £
P IE(Z. JF)Wikiff P IE(ZE. 3F)#ik.

CRLFIBEALRL Y (SE36FE)



ISY RN NS
o IEWIR, ARFH:

o IR, JHH:

(nd+s)
z;l Y — dn;
pgﬂ)—>0, m#nd+s, 1€ Dy, j€ Dy
o EFHIR
p —o0, Y pl = o,
n
o Rk

pg?) -0, H sz(;) < 0.

hilfE#: SR (ks



§1.1 >J 5. SRR A A DR BT IR IR ER ST
SRR ) (90) R X I

. 1/2
00 —> 01
= P(X = 10) ~|—P(X = 11).
o ik [fj: limy, p, = w10 + 11 1/3 {3
e 1w = tmo,
4/ \Y - 10 |«— 11 D
371'01 = ZTFH, 1/4 3/4
10 = 701

o T W L Lo
= e (1{Xn—10} + 1yx,—o01}) = mi0 + 11

HilfEH: |mRECERK



I IRBE SRR IK H 7% (Markov chain Monte Carlo, MCMC).

o Hp: BHlX ~ .
o FHAH: Mt Lhr ARG AT (M Ty IREE FE RS HEEP.
o M NWMEL, IEARTF=Hdn, ..., in.
o it X =i, (WRIEIEH).
o MbHd #1: ZEP =l + (1 —¢)P.
7l =7 =71 AP KR,

hilfE: mRECR



%:(Lawler $5§7.3) &M = {M = (m;j)nxn : mij = 0 81},

M={MeM: #m;; =1 MWm;y1; =m; +1 = 0}.
BAUAR MM (2 5 53 A i “BEALAZ B

o [M| =2V |M|~ N
o fiIN: M = 0.
o A (G, 5), thAEm,; HEIM.

#Me M MFM R E&M.
o %Efn KJEft: M.
o M~ M: (LA JCHEARR. Wi, p = .

Paane = 1 — 52 x MIFIEJEL

HilfEH: |mRECERK



§1.9 UKSIGH
o BAEIE: dry(u,v) = |p—v| =52 —vil.

1111

o = p(A) —v(A) = v(A) — p(A) = supscg |u(A) — v(A)].

° = Xwg?ng(X #Y) = inf E1(xsy}.

o dy(p,v) :=inf Ep(X,Y) = sup (Euf —Euf).
o [f(@)—fW)|<e(@.y)

REFIBRLE ) (SEBGBE) B2 URAIT A il 1 &



o [P —vP| < |u—vl.
LHS = %Z] |20 miDij — Do; ViDij|
= %Zg i lwi — vilpi; = RHS.
o Ry ~ p. Vo ~ v ffSRHS = P(Xp # Yp). HX

(i) (kok) = Piks  T(ig)(k,t) = PikPjes Vi 7 J-

WLHS < P(X; # Y1) < P(Xo # ).
o ||uP” — | < Ce™P", ¥n = 0.




§1.10 — 4k fa] L BEHLIF 3 (SRW)

1. Bk,
Sp=&+-+&, PE=1)=PE¢=-1)=1

B (Ar1.10.1, 5T EE)
PO(Ti <n’Sn = Z+]) = PO(Ti < nas’n :l_])

o filn LHIE: {r, <n, S, =i+j} o {n<n,S,=1i—j}




QT =N %Eal—l_—/lsnz’l, S1, ..., 8- # 1.
o {S, =i} —{m =n}={r<n,S, =i}




Ballot & #: {i%¢ < 1, BBAP(r; = n) = LP(S, =1), Vi > 1.

o n WHIE: w, 0w, 0w, 03w; 04w, 0w, 85w, 07 w.

::7_{:/_7 A

N
° P(ry=n) _  nP(m=n) _  dpi+-ipN  _ i
P(Sn=1) — n(pi+-+pn) ~ nlpi++pn) 0

pr: owr Bwr P BPwr 0w Pwr wr 0Tw

p2 w2 (9(,02 92w2 93(,02 940.)2 (950.)2 (96(,02 97w2

pyn: wy Owy PPwun Bwuny Olwy Pwy Own Twy

JAT Jy HilfE#: RESD



o #Ei£1.10.3. P(r1 > 2n—1) = P(S, = 0)

P

—~

71 < 2n) = P(Sy, = 2) + P(S2, <0) = P(|Sgn| > 2).

o #Ei1.10.3. Py(m < o) =1, Eory = 0. (FHIR).
Ay

o fimdl.10.6. 7, = 7'1(1) e + Tl(i).

-3

T3~ T, =17




limy, o0 Po(S, # 0,V dn <r<n)= %arcsin V.

o &m = [dn]. Wx =3, P(Sy =i)P;(10 > n—m).
0 1—x=> P(Sy=1)P(r <n—m).
o M5{S,} MALMSRW {T,,}:

Po(ri <n—m) = P(Th—m =1) + P(|Them| > |i])-

0 1—x=~> P(Sy, =10)P(|Th-—m| > i]) = P(|Th—m| > |Sml)-
o + = P(|Ty—pm| < |Sm|) — 2 arcsin v/6:

To—m Sim w V6

HilfE#: B RTRY



3. Wald%§ .

OTZZT_Z'/\TJ'. —i 0 f
0 ‘ i J N=i+j
o Py(Sr =j)=PF(rn <70) = %

) E()ST =0:

EyS- :j'PO(ST :]) +(_i) 'PO(ST S _i) = 0.

) E(JT = ESﬁ
FG2 — 2. 2 .
ST J i+7 ¢ i+j v

Eot = Ei(1o ATN) = Z;\Ll EV;=1i-j.

o Tl ES, =0, £S? =n, Eyr* < oo (5#1.10.9).




Sp=E 4 +&n

SEH (Wald 43\, E#1.10.10)

Bkt 2{S,} 158, E|¢|, Er < o, I AES, = B¢ - Er.

° Sr= 22:1 §n = Zle fnl{r>n}~
) {T <n-— 1} € O'(Sl,”~ aSn—l) = U(gl,...,fn_l).
i |ST| < Zle ‘fn‘l{rzn}a

[06]
E|S;| = Y El¢.|Po(r = n) = Eg - El¢] < o0,

n=1

o [AI,

[o0]

HilfEH: |mRECERK



EH (Wald 55 %550, F#1.10.10)

Bikr &{S,} ¥, Er <o, B¢ =0, E€? < 0, &M 1%

M,V¥n<rt. R4, ES2 = Er - E£.

IL<

© SraN =2 1 &nlprsny = S0 625 S,

S2 = 21 21 sy + 2 X cnemen Enbmlirzmy = S2.
ES? .\ = Eo(r A N)- EE2.

Ko, BTbAE)S?, v — ES2.

NAEEy(T A N)— EyT.

©

©

©

©

HilfEH: |mRECERK



Fh 78 AR
o {Sn} 2 E(Shi1|Fn) = Sn.
o {SZ} &N
E(Sy411F0) = B(S; + 2604180 + 61| Fn) = Sa+1 2 5.

o {S2 —n} A&k

o EFEEHL: {M,} 2, T 2T
EE|M,| < o BE|M,|1g2,y — 0, WEM, = EM,.

° {Sn} |ST| <N, E|Sn|1{7>n} < NP(T > n) — 0.
@ {52 —n}): |S2—7|<N?+1,
E|S'r2l - n|1{7'>'n} < E(N2 + 7-)1{7->n} — 0.

CREFTBMLILRY) (SE3HE)



o W& apy1 = E(S2,,|Fn) — 5. =EeF,
o FH{S2} MDoob 73 f#:

S2 = M, + A,

Hep, A, =a1+...tam =m, My =82 — Ay, {M,} /&8t




©

{M,, = S* — 6nS2 + 3n? + 2n} EHL

o T=T7 AT BT? <0,

©

E|M,| <

| M| < it + 57 + 372 + 27,

©

E 4“[,,‘1{T>”} — 0:

E|My |1y < E(i* 4+ 57i% 4+ 37 4 27) 1,2, — 0.
o EM, = EM, = 0:

it —6ET-i* + 3E7% + 217 =0

©

B, Br? = (5t —2i%), Var(r) =

wlw

2(2 — 1).

hilfE: mRECR



§1.11 43 323 #2 (Branching process)

o {&niin =00 > 1} 1id.
TR P(E=k) =pp, ke Zy. (F¥p1 # 1)

e Xo=1, X1 =%, Xnt1 =&+ ... +&nx,-
X,=0= X1 =0.

o N XMT (GW #, Galton-Watson tree):
§="%mn =4
§11=2,82=0,&3=1, &4 =3;
§o1 =3, €22 =0, 23 = 5,
§20 =0, 25 = 2, 26 = 3;
§31 =3, &5 =4, {313 =5,
€3, =2,i=3,7,11, ......

HilfEH: |mRECERK



M ig_i'fﬁéél:ml X'n,—i—l = 571,1 + 4+ £7I,A\’,1-
E(Xp41|Fn) = E(o+|Fp) = mXy, m = EC.

o {M, = 2=} #L
@ EX, =m". Hm <1,

P(X,>1)< EX, — 0.

o KUWIH]: 79 = inf{n > 0: X,, = 0}.
RLAHEZR: p = Py (19 < 0).
o Ari1.11.2. #m < 1, N

P(rp>n)—-0 = p=1

hilfE: mRECR



o HEAREEMIL X,y = X\ + ..+ X9,

@ T“="T) v...vTe
p = P(|T| < o)
= P(|T1|,...,|Te] < )
:kakpk'




o & MFFRREL f(s) = fe(s) = Es* = 3, pas™
0 0<s<1=0<f(s)<1.
o po = f(0), m =2 kpr = f'(1).
o f"(s) = 0.
o X, HIBEeR%L:
P () = Bt = S0 P(Xy = K)B(s5 X, = )
= Yito P(Xn = k) f(5)* = fx.(f(s))-

fxa(s) = f™(s).




ﬁ%ﬂlllS P = Pl(To < OO)
IS = f(s) HI/NARSURE.

p<lem>1.

@ p=lim, P(r) < n)

HilfEH: |mRECERK



FHAZ (8 X 1.11.5): m =Y, kpk, p = Pi(19 < ).
o IR(F)I
o Pr(limy_op X, = 0) = 1.

mAm < 1: p=1.

o IfFtm=1: p=1.
o Py(liy o Xn = 0) = 1.
o HH()IEF: m>1: p< 1.
o p=Pi(limy o0 Xn = 0) < L.

o 1—p="P(lim,en X, =0)>0.

ITH hilfE: mRECR



#hFEEIIRL: m > 1, \-biazed RW.

T~ P() = P(IIT| = 00): 17 =
P =202 opk+€ck+e(1 —p)"
@ A-biazed RW:

N n
P 1 = A

©

1 1
L= —— .t _. .
Rx — xyar(Y AARE I

Ry = w0 iff R = o, Vi.
o x=P(Ry=o0) = Y fpya* = f(x).

o 4hik: P(Ry = 0) =1 8K0. (o = 0= o = 0.)
o T Fi\-biazed RW #iRiff A = 1.

hilfE: mRECR



ANFEEITR2: m > 1, X, — oo WIS,

o FEfEM, = X2 2% W >0, HEW < 1.

m"

e PWeTyuTy)=1,T=TouT; uTyxuTy,

To={T : W(T) := lim,, 22 = 0}.

Xns1 _ 1 (X x{&
Mo = L (S 4 M),

OWZ%(Wl—l-...%-Wg). ;"
W =0iff W, =0, Vi. ) S ;

o P(W =10)=mpy+ Zleka(W - o)k
—[J:I:H P(Wl) =1 E‘Zp

o P(Ty) =1—p 0. fE{|T| = o0} F, W fHIE 8= 0.

HilfEH: |mRECERK




W TR it (T, @) spine.

—_

= P4+ 3 X P2poP1P3 * 3 X P3PoP5POPOD3 -

o P([T]3 = [T13,[®]3 = [¢]3) = #P([T]:s = [T13)
o P([T]5 = [T]3) = T3 x L5 P([T]s = [T]5).
o I [A]n = [T]n) = P([T], = [T]n) x ,T{,ﬁ,-

P(Ty) > 0iff P(T3) >0;  P(Tg) = 0.

HilfE: |REERK



P(-) MR R4 S0
o P(Y =k) =prt1.
© Zny1 =&+ ...+ &z, + Yoii1.
o {Zz} RE(|Y) FHL

0 Z, =20+ 2P +.. .+ 2",

o E(Z,|Y)
—m" Y+ .. 4+mY, 1 +Y,.

oE(%Df:gj’):%%—..A—%.

o EIn"Y <0 (3o kppInk < o0):
a.s. .
Silink < o= W =lim, B FFEAAR P(T.) = 1.

mn
e ElnTY = o0 = limsup, % = 00, a.8.. ]5(’]I‘+) = 0.

HilfEH: |mRECERK



#NFRAIIRS. 3 3 FENLIE S (BRW)

® i, 1.1.d., e.g. P(n==1) =3

@ Sy =Ny + ...+ N, veT,.
o M, = maxyer, Sy. EEEH:

M, +1 = max (n; + M(Z))

1<i<¢
o Vi=e"+...+€% p=EV.
° LV =Yer, e,
W\U{X—Z} WL EV, =
o EV,, = m™EeS@n),
o M,/n S o* > 0. Bl: € =d, z* AT Va > 0,
P(Me > )y <d" - P(S, > ny) < (d- Eet1- y))n.

CRLBALERE) (STHBE)



&E=d.

e ES, Sy, =|w| =n:

Swy =m 4w+ 2 »
Sw, = * + Zj ;-

o ZENIN B LI % \”
WAV 20 F A PR i i

G = B S5 L0y

Gwl,wz = Gw,wz — Gwz,w = wa = Qnp.

)

® ap = (d—l— 1)TL.




