
 
1ÊÙ!4�½n

§5.1 Bernoulli Á�|Ü�4�½n

b�X “ X1, X2, ¨ ¨ ¨ ÕáÓ©Ù(i.i.d.),

P pX “ 1q “ p, P pX “ 0q “ q “ 1´ p.

Sn “ X1 ` ¨ ¨ ¨ `Xn.

P pSn “ kq “ Cknp
kqn´k, k “ 0, 1, ¨ ¨ ¨ , n.
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ªÇ ξn “
1
nSn “ X̄:

ESn “ np, varpSnq “ npq.

Eξn “ p, varpξnq “
n ¨ varpXq

n2
“

1

n
varpXq “

1

n
pq.

(1713c) Bernoulli �ê½Æ(5.1.14):

P

¨

˝

ˇ

ˇ

ˇ

ˇ

Sn
n
´ p

ˇ

ˇ

ˇ

ˇ

ě ε

:::::::::::

˛

‚ ď
1

ε2
var

ˆ

Sn
n

˙

“
1

ε2
¨

varpXq

n
Ñ 0.

XJ@ε ą 0 Ñk

lim
nÑ8

P p|ξn ´ ξ| ě εq “ 0.

@o, ¡ξn �VÇÂñ�ξ, P�ξn
P
Ñ ξ. (½Â5.2.3)
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S˚n “
Sn´np?
npq : x “ ε{

?
pq,

P

ˆˇ

ˇ

ˇ

ˇ

Sn ´ np
?
n

ˇ

ˇ

ˇ

ˇ

ě ε

˙

“ P p|S˚n| ě xq ď
1

x2
, @x ą 0.

(1733, 1778) De Moivre-Laplace ¥%4�½n(½n5.1.1):

P pa ă S˚n ď bq Ñ

ż b

a

1
?

2π
e´

x2

2 dx, @a ă b.

xk “
k´np
?
npq , K “

`

np` a
?
npq, np` b

?
npq

‰

, ∆x “ 1?
npq .

P pSn “ kq

pZpxkq∆x
“

P pSn “ kq
1?
2π
e´

1
2
x2k 1?

npq

K
Ñ 1.

?�Ú,

lim
n

ř

kPK P pSn “ kq
şb
a

1?
2π
e´

x2

2 dx
“ lim

n

ř

kPK P pSn “ kq
ř

kPK pZpxkq∆x
“ 1.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

a ��´8; b ��8.

P pS˚n ď xq Ñ

ż x

´8

1
?

2π
e´

z2

2 dz “ Φpxq, @x P R.

b�ξ „ Np0, 1q. XJ@x Ñk

lim
nÑ8

P pξn ď xq “ P pξ ď xq.

@o, ¡ξn �©ÙÂñuξ, P�ξn
d
Ñ ξ.
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§5.2 ��VÇÂñ, §5.1 & §5.3 �f�ê½Æ

XJ@ε ą 0 Ñk

lim
nÑ8

P p|ξn ´ ξ| ě εq “ 0.

@o, ¡ξn �VÇÂñ�ξ, P�ξn
P
Ñ ξ. (½Â5.2.3)

XJ

lim
nÑ8

E|ξn ´ ξ|
r “ 0.

@o, ¡ξn r �(²þ)Âñ�ξ, P�ξn
r
Ñ ξ. (½Â5.2.4)
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ξn
r
Ñ ξ ñ ξn

P
Ñ ξ. (½n5.2.8)

P p|ξn ´ ξ| ě εq ď
1

εr
E|ξn ´ ξ|

r.

“ξn
P
Ñ ξ ñ ξn

r
Ñ ξ” Ø¤á. (~5.2.4)

Ω “ p0, 1s, AÛV..

ξn “ n
1
r ˆ 1p0, 1

n
s,

ξ ” 0.

 

ξn
P
Ñ ξ & E|ξn|

r Ñ E|ξ|r ñ ξn
r
Ñ ξ.

(y²Ø�¦)

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

f�ê½Æ(Weak Law of Large Numbers, WLLN)/ª:

eX1, X2, ¨ ¨ ¨ ÷v ::::
***, K

Sn
bn
´ an

P
Ñ 0.

WLLN �y²�{:

P

ˆ
ˇ

ˇ

ˇ

ˇ

Sn
bn
´ an

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď
1

εr
E

ˇ

ˇ

ˇ

ˇ

Sn
bn
´ an

ˇ

ˇ

ˇ

ˇ

r

, r ą 0.

Chebyshev’s WLLN: üüØ�', varpXiq ďM , @i, K

Sn ´ ESn
n

P
Ñ 0. p5.1.12q
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Markov’s WLLN: varpSnq “ opn2q, K

Sn ´ ESn
n

P
Ñ 0. p5.1.12q

qeESn
n Ñ a, KSn

n
P
Ñ a.

SKÊ!26(4).

ξn
P
Ñ ξ, ηn

P
Ñ η ñ ξn ` ηn

P
Ñ ξ ` η.

y²: @ε ą 0,

P
´

ˇ

ˇpξn ` ηnq ´ pξ ` ηq
ˇ

ˇ ě ε
¯

ďP
´

|ξn ´ ξ| ě
ε

2

¯

` P
´

|ηn ´ η| ě
ε

2

¯

.

Bernoulli’s WLLN (5.1.14), Poisson’s WLLN (5.1.16).
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SKÊ!44. f : r0, 1s Ñ R ëY. K�3õ�ªfn ¦�fn
r0,1s
Ñ f .

�X1, X2, ¨ ¨ ¨ i.i.d., P pX1 “ 1q “ 1´ P pX1 “ 0q “ x. K

LLN :
Sn
n
Ñ xñ f

ˆ

Sn
n

˙

« fpxqp�*q.

�fn:

fnpxq “ Ef

ˆ

Sn
n

˙

“

n
ÿ

k“0

f

ˆ

k

n

˙

Cknx
kp1´ xqn´k.

@ε ą 0, Dδ ¦�

e |y ´ z| ă δ, K |fpyq ´ fpzq| ď
1

2
ε.
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-An “
 ˇ

ˇ

Sn
n ´ x

ˇ

ˇ ě δ
(

“ t|Sn ´ nx| ě nδu. K

fnpxq ´ fpxq “ E

ˆ

f

ˆ

Sn
n

˙

´ fpxq

˙

`

1An ` 1Ac
n

˘

.

�C “ 2 max
xPr0,1s

|fpxq|, K

|fnpxq ´ fpxq| ď CP pAnq `
1

2
ε.

σ2 “ xp1´ xq ď 1
4 : �n ě N �,

|fnpxq ´ fpxq| ďC
nσ2

n2δ2
`

1

2
ε

ď
C

4nδ2
`

1

2
ε ď ε, @x P r0, 1s.
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k.Âñ½n: b�ξn
P
Ñ ξ, �P p|ξn| ďMq “ 1, @n. @o,

lim
nÑ8

Eξn “ Eξ.

PAn “ t|ξn ´ ξ| ą εu.

E|ξn ´ ξ| “E|ξn ´ ξ| ¨ 1An ` E|ξn ´ ξ| ¨ 1Ac
n

ď2M ¨ P pAnq ` ε.

ξn
1
ÝÑ ξ:

lim sup
nÑ8

E|ξn ´ ξ| ď ε, @ε ą 0.

|Eξn ´ Eξ| ď E|ξn ´ ξ| Ñ 0.
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½n5.3.1. �X “ X1, X2, ¨ ¨ ¨ i.i.d., E|X| ă 8, KSn
n

P
Ñ EX.

E|X| ă 8 ñ limxÑ8 xP p|X| ą xq “ 0.

x

2
P p|X| ą xq ď

ż x

x{2
P p|X| ą yqdy

xÑ8
ÝÑ 0.

Sn
n ´ EX ¨ 1t|X|ďnu

P
Ñ 0. (��¡~*)

µn “ EX ¨ 1t|X|ďnu Ñ EX:

E|X| ¨ 1t|X|ąnu “

ż 8

0
P p|X| ¨ 1t|X|ąnu ą yqdy

“

ż 8

0
P p|X| ą y _ nqdy

“

ż n

0
P p|X| ą nqdy `

ż 8

n
P p|X| ą yqdy Ñ 0.
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~˚. b�X1, X2, ¨ ¨ ¨ i.i.d., limxÑ8 xP p|X| ą xq “ 0, K

Sn
n
´ EX ¨ 1t|X|ďnu

P
Ñ 0.

�ä:

Tn “X1 ¨ 1t|X1|ďnu ` ¨ ¨ ¨ `Xn ¨ 1t|Xn|ďnu.

K, P pSn ‰ Tnq ďnP
`

X ‰ X ¨ 1t|X|ďnu
˘

“ nP p|X| ą nq Ñ 0.

�,

P

ˆˇ

ˇ

ˇ

ˇ

Sn
n
´ µn

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď P pSn ‰ Tnq ` P

ˆˇ

ˇ

ˇ

ˇ

Tn
n
´ µn

ˇ

ˇ

ˇ

ˇ

ě ε

˙

.
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varpX ¨ 1t|X|ďnuq ď EX2 ¨ 1t|X|ďnu “ opnq:

EX2 ¨ 1t|X|ďnu “

ż 8

0
P
`

X21t|X|ďnuą x
˘

dx

“

ż n2

0
P
`?
x ă|X| ď n

˘

dx

ď

ż n

0
P py ă|X|q ¨ 2y
::::::::::::::

dy.

P p|Tnn ´ µn| ě εq Ñ 0:

P

ˆ
ˇ

ˇ

ˇ

ˇ

Tn
n
´ µn

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď
1

ε2
varpTnq

n2
“

1

ε2
varpX ¨ 1t|X|ďnuq

n
Ñ 0.
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~˚(SK�38, SKo6). b�kn « , 8à�m�Sn, K

Sn
n lnn

P
Ñ 1.

Sn “ X1 ` ¨ ¨ ¨ `Xn:

Xk „ Gppkq, pk “
n´ pk ´ 1q

n
.

eX „ Gppq§K

EX “
1

p
, varpXq “

1´ p

p2
ď

1

p2
.

u´,

ESn “ n
n
ÿ

`“1

1

`
« n lnn, varpSnq ď n2

n
ÿ

`“1

1

`2
ď Cn2.
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ESn
n lnn Ñ 1, varpSnq ď Cn2:

P

ˆ
ˇ

ˇ

ˇ

ˇ

Sn ´ ESn
n lnn

ˇ

ˇ

ˇ

ˇ

ě ε

˙

ď
varpSnq

ε2n2plnnq2
Ñ 0.

Sn´ESn
n lnn

P
Ñ 0, �

Sn
n lnn

P
Ñ 1.

8à����m: Tn “ X1 ` ¨ ¨ ¨ `Xn{2.

ETn « n
n
ÿ

`“n{2

1

`
« n ln 2, varpTnq ď n2

n
ÿ

`“n{2

1

`2
ď δnn

2.

�,P

ˆ
ˇ

ˇ

ˇ

ˇ

Tn ´ ETn
n ln 2

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď
δnn

2

εn2pln 2q2
Ñ 0,

Tn
n ln 2

P
Ñ 1.
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A�7,Âñ.

§5.2 �A�7,Âñ!§5.4 r�ê½Æ

XJ

P

˜

lim
nÑ8

ξn “ ξ
::::::::::

¸

“ 1.

@o, ¡ξn A�7,Âñ�ξ, P�ξn
a.s.
Ñ ξ. (½Â5.2.5)

A
:
“ tω : limnÑ8 ξnpωq “ ξpωqu.

limnÑ8 ξnpωq “ ξpωq Ø¤á:

Dε ą 0, @N ě 1, Dn ě N ¦� |ξnpωq ´ ξpωq| ą ε.

Dk ě 1, @N ě 1, Dn ě N ¦� |ξnpωq ´ ξpωq| ą
1

k
.
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-An,ε “ t|ξn ´ ξ| ą εu, K

!

lim
nÑ8

ξn “ ξ
)c
“

ď

εą0

č

Ně1

ď

něN

An,ε

“
ď

kě1

č

Ně1

ď

něN

An, 1
k
.

�εŒ 0 �,

Aε :“
č

Ně1

ď

něN

An,ε Õ,

‹‹ “
ď

εą0

Aε “
ď

kě1

A 1
k
“ lim

kÑ8
A 1

k
.

(Ø:

ξn
a.s.
Ñ ξ iff P pAεq “ 0,@ε ą 0 iff P

´

A 1
k

¯

“ 0,@k ě 1.
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é?¿¯��A1, A2, ¨ ¨ ¨ , -

tAn i.o.u “ lim sup
nÑ8

An :“
č

Ně1

ď

něN

An.

Borel-CantelliÚn(Ún5.4.1): -s “
ř8
n“1 P pAnq.

(1) es ă 8, KP pAn i.o.q “ 0.

(2) es “ 8, �A1, A2, ¨ ¨ ¨ �pÕá, KP pAn i.o.q “ 1.

Ť

něN

An Œ: (1´ p ď e´p,)

P pAn i.o.q “ lim
NÑ8

P

˜

ď

něN

An

¸

.

ź

něN

p1´ P pAnqq ď e´
ř

něN P pAnq “ 0.
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o(:

ξn
a.s.
Ñ ξ �½Â9�d^�:

P
´!

ω : lim
nÑ8

ξnpωq “ ξpωq
)¯

“ 1. (½Â!A^!�y)

P pAn,ε i.o.q “ 0, @ε ą 0; (�y)

P
´

An, 1
k

i.o.
¯

“ 0, @k ě 1;

P

˜

ď

něN

An,ε

¸

Œ 0pN Ñ8q, @ε ą 0.

Ù¥, An,ε “ t|ξn ´ ξ| ą εu.

ξn
a.s.
Ñ ξ �¿©^�:

8
ÿ

n“1

P pAn,εq ă 8, @ε ą 0.
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A�7,Âñ�Ù§Âñ.

ξn
a.s.
Ñ ξ ñ ξn

P
Ñ ξ. (½n5.4.1)

P

˜

ď

něN

An,ε

¸

ě P pAN,εq,

An,ε “ t|ξn ´ ξ| ą εu.

/ξn
P½r
ÝÑ ξ ñ ξn

a.s.
Ñ ξ0Ø¤á.

(~5.4.1)

 

/ξn
a.s.
Ñ ξ ñ ξn

r
Ñ ξ0Ø¤á.

(~5.2.4)
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eξn
P
Ñ ξ, K�3f�tnku ¦�ξnk

a.s.
Ñ ξ.

(1) Dn1 ě 1 ¦�

P p|ξn ´ ξ| ą 1q ă
1

2
, @n ě n1;

(2) Dnm ą nm´1 ¦�

P

ˆ

|ξn ´ ξ| ą
1

m

˙

ă
1

2m
, @n ě nm.

(3) @ε, Dm ¦� 1
m ă ε. �k ě m �, 1

k ă ε, nk ě nm,

P p|ξnk
´ ξ| ą εq ď P

ˆ

|ξnk
´ ξ| ą

1

k

˙

ă
1

2k
.

(4)
ř

k P pAk,εq ă 8 ñ P pAk,ε, i.o.q “ 0.
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 ξn
P
Ñ ξ iff @tnku, Dtnkiu ¦�ξnki

a.s.
Ñ ξ.

ùñ: ®y

ðù: �y{: ÄK,

Dε, δ ą 0, n1 ă n2 ă ¨ ¨ ¨ ¦� P p|ξnk
´ ξ| ą εq ą δ.

éutξnk
, k ě 1u, Ø�3Âñf�:

ÄKξnki

a.s.
Ñ ξ,

u´ξnki

P
Ñ ξ. �P

´

|ξnki
´ ξ| ą ε

¯

ą δ gñ!

o(: ξn
a.s.,r
ÝÑ η ñ ξn

P
Ñ η, ��Ø¤á.
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�«���SLLN.

r�ê½Æ(Strong Law of Large Numbers, SLLN)/ª:

eX1, X2, ¨ ¨ ¨ ÷v :::::
˚ ˚ ˚, K

Sn
bn
´ an

a.s.
Ñ 0. p5.4.28q
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 ½n ((Borel-)Cantelli’s SLLN, ½n5.4.2, SKÊ!46)

eX1, X2, ¨ ¨ ¨ �pÕá, EpXi ´ EXiq
4 ďM , @i, K

Sn ´ ESn
n

a.s.
Ñ 0.

Ø��EXi “ 0. An “
 

|Sn
n | ě ε

(

.  y
ř

n P pAnq ă 8.

òyES4
n ď 3n2M , @n. u´,

P pAnq “ P
`

S4
n ě pnεq

4
˘

ď
1

n4ε4
ES4

n ď
3M

ε4
¨

1

n2
.
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 (1) ES4
n “

řn
i,j,k,`“1EXiXjXkX`,

EX4
r , EX

3
rXs, EX

2
rX

2
s , EX

2
rXsXt, EXrXsXtXu.

(2) E‹ “ 0, EX4
r ďM ,

EX2
rX

2
s “ EX2

r ˆ EX
2
s ď

a

EX4
r

a

EX4
s ďM.

(3) Ïd,

ES4
n ď nM ` C2

nC
2
4M ď 3n2M.
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½n

eX “ X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, EX2 ă 8, K

1

n
Sn

a.s.
Ñ EX.

Ø��EX “ 0, EX2 “ 1. -An “ t|
Sn
n | ą εu. K

P pAnq ď
1

ε2
E

ˆ

Sn
n

˙2

“
1

ε2
nEX2

n2
“

1

ε2
¨

1

n
.

Sm2

m2

a.s.
Ñ 0:

ÿ

m

P pAm2q ă 8 ñ P pAm2 i.o.q “ 1.
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|Sn| ď |Sm2 | ` Tm, @m2 ď n ă pm` 1q2 “ m2 ` 2m` 1.

Tm :“ max
1ďkď2m

|S
pmq
k |,

Ù¥, S
pmq
k “Xm2`1 ` ¨ ¨ ¨ `Xm2`k.

Tm
m2

a.s.
Ñ 0. u´Sn

n
a.s.
Ñ 0.

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

S
pmq
k

m2

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸

ď
1

ε2
k

m4
,

ñP

ˆ

|Tm|

m2
ą ε

˙

ď 2m ¨
1

ε2
2m

m4
“

4

ε2
¨

1

m2
.
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½n (Kolmogorov’s SLLN, ½n5.4.4)

b�X “ X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, E|X| ă 8, K

Sn
n

a.s.
Ñ EX.

�m²þ“ �m²þ, (Ï"�¹Â).

eX1, X2, ¨ ¨ ¨ Õá, �Sn
n

a.s.
Ñ Y , KY òz.

ei.i.d. �Sn
n

a.s.
Ñ a P R, Ka “ EX.

(1) 3A “ tlimn
Sn
n Du þ,

Sn´1
n´ 1

´
Sn
n
“

Sn´1
pn´ 1qn

´
Xn

n
, �

Xn

n
Ñ 0.

(2) SKÊ!45. b�i.i.d. K

Xn

n
a.s.
Ñ 0 iff E|X| ă 8.
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½n

b�X “ X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, EX “ 8, K

Sn
n

a.s.
Ñ 8.

X “ X` ´X´. Ø��X ě 0.

�½M ą 0, -Tn “ X1 ^M ` ¨ ¨ ¨ `Xn ^M .

Tn
n

a.s.
Ñ EpX ^Mq.

Sn ě Tn: @M ą 0,

lim inf
nÑ8

Sn
n
ě EpX ^Mq, a.s.

=, ΩM “ t‹‹u, KP pΩM q “ 1.
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P pΩM q “ 1. -Ω̂ “

Ş8
M“1 ΩM . KP pΩ̂q “ 1, �3Ω̂ þ,

lim inf
nÑ8

Sn
n
ě EpX ^Mq, @M.

EpX ^Mq Ñ 8:

EpX ^Mq “

ż 8

0
P pX ^M ą xqdx

“

ż M

0
P pX ą xqdxÑ8.
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 i.i.d. S�o(:

EX k¿Â, K

Sn
n

a.s.
Ñ EX.

EX˘ “ 8: �Ü©Ù(~3.3.5),

Sn
n

d
“ X1.
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SLLN�A^.

~5.3.1. ��þ�& ����.

êâ: X1, X2, ¨ ¨ ¨ ÕáÓ©Ù.

��þ�:

X̄ “
1

n
Sn

a.s.
Ñ EX.

����: 1
n´1

řn
i“1pXi ´ X̄q

2 «

1

n

n
ÿ

i“1

pXi ´ X̄q
2 “

1

n

n
ÿ

i“1

X2
i ´ X̄

2

a.s.
ÑEX2 ´ pEXq2 “ varpXq.
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 ~5.3.2.
ş1
0 fpxqdx “ EfpUq.

SLLN:

1

n

n
ÿ

i“1

fpUiq
a.s.
Ñ

ż 1

0
fpxqdx.

p�:

ż 1

0
¨ ¨ ¨

ż 1

0
fpx1, ¨ ¨ ¨ , xnqd~x “ EfpU1, ¨ ¨ ¨ , Unq.
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SKÊ!50. b�f, g : r0, 1s Ñ R, 0 ď f ă Cg. ¦

lim
nÑ8

ż 1

0
¨ ¨ ¨

ż 1

0

fpx1q ` ¨ ¨ ¨ ` fpxnq

gpx1q ` ¨ ¨ ¨ ` gpxnq
dx1 ¨ ¨ ¨ dxn.

PXi “ fpUiq, Yi “ gpUiq; Ü©Ú: Sn, Tn. -

Wn “
Sn
Tn
. 2grN: EWn ‰

ESn
ETn

.

SLLN:

Wn “
Sn{n

Tn{n
a.s.
Ñ

EX

EY
“

ş1
0 fpxqdx
ş1
0 gpxqdx

“ w.

k.Âñ½n:

EWn Ñ Ew “ w.
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§5.2 ��©ÙÂñ, §5.3 �¥%4�½n

�­�Âñ.

~5.2.1: ξn “
1
n , ξ “ 0.

Fξnp0q “ 0, Fξp0q “ 1.
 

XJ@x P CpFξq Ñk

lim
nÑ8

Fξnpxq “ Fξpxq.

@o, ¡ξn �©ÙÂñuξ, P�ξn
d
Ñ ξ. (½Â5.2.2 & 5.2.1)

RzCpFξq �ê.
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�©ÙÂñ��VÇÂñ.

ξn
P
Ñ ξ ñ ξn

d
Ñ ξ. (½n5.2.6)

(1) P pX ď xq “ P pX ď x, Y ď xq ` P pX ď x ă Y q:

|P pX ď xq ´ P pY ď xq| ď P pX ď x ă Y q ` P pY ď x ă Xq.

(2) e|X ´ Y | ă ε �X ď x ă Y , Kx ă Y ă x` ε:

|P pX ď xq ´ P pY ď xq| ď P p|X ´ Y | ě εq ` P p|Y ´ x| ă εq.

(3) |Fξnpxq ´ Fξpxq| ď P p|ξn ´ ξ| ě εq ` P p|ξ ´ x| ă εq.
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/ξn
d
Ñ ξ ñ ξn

P
Ñ ξ0Ø¤á. (~5.2.3)

ξn
d
Ñ C ñ ξn

P
Ñ C. (½n5.2.7)

~, C “ 0:

P p|ξn| ď εq ě Fξnpεq ´ Fξnp´εq Ñ Fξpεq ´ Fξp´εq “ 1.

ξn
d
Ñ ξ ñ ξ̂n

a.s.
Ñ ξ̂, Ù¥

ξ̂n :“ F´1ξn
pUq

d
“ ξn, ξ̂ :“ F´1ξ pUq

d
“ ξ.

(y²Ø�¦)

k.Âñ½n: ξn k.,
d
Ñ ξ, KEξn Ñ Eξ.
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�©ÙÂñ��d^�.

ξn
d
Ñ ξ iff Efpξnq Ñ Efpξq, @f P F.

F1: f “ 1p´8,bs, Ù¥b P CpFξq. (½Â)

F11: f “ 1p´8,bs, Ù¥b P CpFξq �,Èf8.

F2: f “ 1pa,bs, Ù¥, a, b P CpFξq.

F12: �F¼ê

f “
n
ÿ

i“1

λi ¨ 1pai,bis,

Ù¥, ai, bi P CpFξq, 1 ď i ď n.
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F3: f : RÑ R k.ëY. ñ: (b�
d
Ñ, ½n5.2.2 & 5.2.3).

(1) �a ¦�˘a P CpFξq,

P p|ξ| ě aq ď εñ P p|ξn| ě aq ď 2ε, @n ě N.

(2) ��F¼êg:

|fpxq ´ gpxq| ď ε, @|x| ď a; gpxq “ 0, |x| ą a.

(3) Efpξnq ¨ 1t|ξn|ďau ´ Efpξq ¨ 1t|ξ|ďau “ rn ` sn ` tn:

rn “‹ ´ Egpξnq ¨ 1t|ξn|ďau, tn “ Egpξq ¨ 1t|ξ|ďau ´ ‹,

sn “Egpξnq ¨ 1t|ξn|ďau ´ Egpξq ¨ 1t|ξ|ďau “ Egpξnq ´ Egpξq.

(4) |Efpξnq ´ Efpξq| ď 3Mε` ε` ε` |sn|.
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F3: f : RÑ R k.ëY. ð:

(1) g ď 1p´8,xs ď f .  

𝑥 𝑥 + 𝜀 𝑥 − 𝜀 (2) 1p´8,xs ď f :

Fξnpxq ď Efpξnq Ñ Efpξq ď Fξpx` εq.

(3) g ď 1p´8,xs:

Fξnpxq ě Egpξnq Ñ Egpξq ě Fξpx´ εq.

(4) x P CpFξq:

lim
εŒ0

Fξpx` εq “ lim
εŒ0

Fξpx´ εq “ Fξpxq.
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F4: f “ n�¼ê

cosptxq, sinptxq, t P R.

½n5.2.4 & 5.2.5 (y²Ø�¦).

ξn
d
Ñ ξ iff A�¼êÂñ : fξnptq Ñ fξptq, @t.

½n5.2.5, §4.5 ëY5½n: e

fξnptq Ñ fptq, @t, �f 3t “ 0 ëY.

K, f ´A�¼ê, ξn �©ÙÂñ. (y²Ø�¦)
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4�½n.

SKÊ!35. �δn :“ max
1ďkďn

p
pnq
k Ñ 0, λn :“

řn
k“1 p

pnq
k Ñ λ �,

Bpn, ~pqpnq :“Bp1, p
pnq
1 q ˚ ¨ ¨ ¨ ˚Bp1, ppnqn q

d
Ñ P pλq.

Bpn, ~ppnqq �A�¼ê:

fnptq “
n
ź

k“1

`

p1´ p
pnq
k q ` p

pnq
k eit

˘

“

n
ź

k“1

p1` p
pnq
k zq, Ù¥z “ eit ´ 1.

P pλnq Ñ P pλq: -gnptq L«P pλnq �A�¼ê, K

gnptq “
n
ź

k“1

ep
pnq
k z “ eλnz Ñ eλz.
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ak “ 1` p
pnq
k z, bk “ ep

pnq
k z,

}ak} “}1` p
pnq
k z} “ }p1´ p

pnq
k q ¨ 1` p

pnq
k ¨ eit} ď 1.

}bk} “}e
p
pnq
k z} “ }ep

pnq
k pcos t´1q`ip

pnq
k sin t} “ ep

pnq
k pcos t´1q ď 1.

fnptq “
śn
k“1 ak, gnptq “

śn
k“1 bk, �

}fnptq ´ gnptq} ď
n
ÿ

k“1

}ak ´ bk}. p5.5.13q

8B{:

}

n
ź

k“1

ak ´
n´1
ź

k“1

ak ˆ bn} ď 1ˆ }an ´ bn};

}

n´1
ź

k“1

ak ˆ bn ´
n´1
ź

k“1

bk ˆ bn} ď }
n´1
ź

k“1

ak ´
n´1
ź

k“1

bk} ˆ 1.
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Ps “ p

pnq
k z, Kak “ 1` s, bk “ es, �}ak ´ bk} ď }s}

2:

}ak ´ bk} “}
8
ÿ

`“2

s`

`!
} ď

8
ÿ

`“2

}s}`

`!
ď

8
ÿ

`“2

}s}2

`!

ď }s}2pe´ 2q ď pp
pnq
k q2}z}2.

5: ±þ��O¿Ø°[.

�,

}fnptq ´ gnptq} ď
n
ÿ

k“1

δnp
pnq
k }z}2 ď 4δnλn Ñ 0.
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½n5.3.1. �X “ X1, X2, ¨ ¨ ¨ i.i.d., E|X| ă 8, KSn
n

P
Ñ EX.

y² �{II

Ø��EX “ 0. �Iy

fnptq “ fSn
n
ptq Ñ 1 “ eitˆ0.

Pf “ fX . u´

fnptq “ E exp

"

it
X1 ` ¨ ¨ ¨ `Xn

n

*

“

´

Eei
t
n
X
¯n
“ f

ˆ

t

n

˙n

.

5: �âk.Âñ½n, Eei
t
n
X Ñ eiˆ0 “ 1.

 �OÂñ�Ý.
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eis “ 1` is` δpsq, }δpsq} ď min
 

2|s|, 12s
2
(

. (Ún5.5.1)

fp tnq:

E

ˆ

1` i
t

n
X ` δ

ˆ

t

n
X

˙˙

“ 1` 0` Eδ

ˆ

t

n
X

˙

.

}Eδp tnXq} “ op 1nq:

›

›

›

›

Eδ

ˆ

t

n
X

˙›

›

›

›

“E

›

›

›

›

δ

ˆ

t

n
X

˙›

›

›

›

¨ 1t|X|ąMu ` E

›

›

›

›

δ

ˆ

t

n
X

˙›

›

›

›

¨ 1t|X|ďMu

ď
2t

n
E|X|1t|X|ąMu `

t2

2n2
M2.

fp tnq
n “ p1` op 1nqq

n Ñ 1.

1
nSn

d,P
Ñ 0.
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½n (Lindeberg-Levy ¥%4�½n, ½n5.4.4)

b�X1, X2, ¨ ¨ ¨ ÕáÓ©Ù. 0 ă varpXq ă 8. K

S˚n
d
Ñ Z „ Np0, 1q.

Ø��EX “ 0, EX2 “ 1. Pf “ fX1 , K

fS˚n ptq “ E exp

"

it
Sn
?
n

*

“ f

ˆ

t
?
n

˙n

.

(Ps “ t?
n

.)  y

fpsq “EeisX “ 1´
1

2
s2 ` ops2q.

u´ fS˚n ptq “p1´
t2

2n
` op

1

n
qqn Ñ e´t

2{2.
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Ún5.5.1. (Py “ sX.)

|eiy ´ 1| ď |y|, |eiy ´ 1´ iy| ď |y|2

2 p5.5.10q,

|eiy ´ 1´ iy ` y2

2 | ď
|y|3

6 p5.5.11q.

eiy “ 1` iy ` 1
2piyq

2 ` ϕpyq.

ϕpyq “eiy ´ 1´ iy ´
1

2
piyq2

“

ż y

0
ieizdz ´

ż y

0
i ¨ 1dz ´

1

2
piyq2

“

ż y

0
i

ż z

0
ieiwdwdz ´

ż y

0

ż z

0
i2dwdz

“

ż y

0

ż z

0
i2peiw ´ 1qdwdz “

ż y

0

ż z

0

ż w

0
i3eiududwdz.

}ϕpyq} ďy2; }ϕpyq} ď |y|3

6 :

ϕpyq “

ż y

0

ż z

0
i2peiw ´ 1qdwdz “

ż y

0

ż z

0

ż w

0
i3eiududwdz.
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�y “ sX. K

eisX “1` isX `
1

2
pisXq2 ` ϕpsXq,

fpsq “ EeisX “1` 0´
1

2
s2 ` EϕpsXq.

d}ϕpyq} ď y2, }ϕpyq} ď |y|3

6 �íÑ}EϕpsXq} “ ops2q:

}EϕpsXq} ďE}ϕpsXq} ¨ 1t|X|ąMu ` E}ϕpsXq} ¨ 1t|X|ďMu

ďEpsXq2 ¨ 1t|X|ąMu ` E
|sX|3

6
¨ 1t|X|ďMu

ďs2EX2 ¨ 1t|X|ąMu ` |s|
3 ¨
M3

6
.

5:

fpsq “ 1´
1

2
s2 ` EϕpsXq “ 1´

1

2
s2 ` ops2q.
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 �½t. �s “ t?
n

, -nÑ8. K

fp
t
?
n
q “ 1´

t2

2n
` εn,

Ù¥, εn :“ Eϕ

ˆ

t
?
n
X

˙

“ op
t2
?
n2
q “ op

1

n
q.

S˚n
d
Ñ Z „ Np0, 1q:

fS˚n ptq “ f

ˆ

t
?
n

˙n

“

ˆ

1´
t2

2n
` εn

˙n

Ñ e´
t2

2 .
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¥%4�½n(Central Limit Theorem, CLT)/ª:

eX1, X2, ¨ ¨ ¨ ÷v ::::
***, K

S˚n
d
Ñ Z „ Np0, 1q. (5.1.11)

Lindeberg-Levy ��:
::::
*** = “i.i.d., 0 ă varpXq ă 8”.

1?
n
pSn ´ ESnq

d
Ñ σZ „ Np0, σ2q.

e ~X “ ~X1, ~X2, ¨ ¨ ¨ i.i.d., ~µ “ E ~X, Σ “ pcovpXi, Xjqq. K

1?
n
p~Sn ´ n~µq

d
Ñ
?

Σ~Z „ Np~0,Σq.

Berry-Esseen’s bound: b�E|X|3 ă 8. @o,

|FS˚n pxq ´ Φpxq| ď 3E|X˚|3
?
n

, @x.

(
)=�.)
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CLT�A^.

~: ²�©Ù¼ê.

SLLN: Fnpxq “
1

n

n
ÿ

i“1

1tXiďxu
a.s.
Ñ F pxq.

CLT:

?
n
`

Fnpxq ´ F pxq
˘ d
Ñ

b

F pxq
`

1´ F pxq
˘

Z

„N
´

0, F pxq
`

1´ F pxq
˘

¯

.

(
)=�) Dn “ maxx |Fnpxq ´ F pxq|:

?
nDn

d
Ñ ξ, Fξpxq “

8
ÿ

k“´8

p´1qke´2k
2x2 , @x ą 0.
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~5.3.4. X1, X2, ¨ ¨ ¨ i.i.d., „ Up0, 1q.

òS˚n /À�0„ Np0, 1q:

P pSn ď xq “ P pS˚n ď x˚q « Φpx˚q “ p, x˚ “ x´ESn?
varpSnq

.

n, x, p ÷v'Xª:

P pSn ď xq “ p.
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~5.3.5. 3CqO�¥�35 �ê. �Ä104 �ê, Cq��Ú

�ý��Ú�Ø�Ø�L10´3 �VÇ.

Cq��ý��Ø�X „ Up´0.5ˆ 10´5, 0.5ˆ 10´5q.

n “ 104, x “ 10´3, ¦p.

8I:

P p|Sn| ď 10´3q “ P p|S˚n| ď x˚q “ p,

Ù¥, x˚ “ 10´3
?
n¨varpXq

“ 10´3

?
104¨10´5

b

1
12

“ 2
?

3 “ 3.46 ¨ ¨ ¨ .

�L: Φp3.46q “ 99.97299%,

�p ě 2Φp3.46q ´ 1 “ 99.94598%.
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~2.4.4. <Æ�x. k�Çp “ 0.005, ë�ên “ 104. ��:

P pk�<ê “ 40q, P pk�<ê ď 70q.

P pAq “ C40
10000p

40q9960“0.0214.

x˚ “ x´np
?
npq :

P pAq « ϕp40˚q
1

?
npq

“0.0207.

ëY?�: P pAq “ P p39.5 ď Sn ď 40.5q,

x1 “ 39.5˚ « ´1.49, x2 “ 40.5˚ « ´1.35:

P pAq “P p39.5 ď Sn ď 40.5q “ P px1 ď S˚n ď x2q

«0.93189´ 0.91149 “ 0.0204.

ëY?�: P pBq “ P pp´0.5q˚ ď S˚n ď p70.5q˚q « 0.998193.

XJØëY?�: P p0˚ ď Sn ď 70˚q « 0.997744.
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~2.4.6. �mk200��K, z��õÇ�1 Z�, mÄªÇ

�60%. �¦�~)��rº���99.9%, ¯: Iõ�Z�>å?

®�n “ 200, p “ 99.9%, ¦x.

P pX “ 1q “ 1´ P pX “ 0q “ 0.6. n “ 200. p “ 99.9%.

8I: x˚ “ x´200˚0.6?
200˚0.6˚0.4

,

P pSn ď xq “ P pS˚n ď x˚q ě 99.9% “ p.

�L: Φp3.09q “ 99.8999%, Φp3.1q “ 99.90324%.

‹ ě 3.1, x ě 120` 3.1
?

48 P p141, 142q. I142 Z�.
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~5.1.2.  ~�½|ÓkÇ�15%. ��yN�(J�ý¢��

Ø�Ø�L0.01 �VÇ���95%. ��IN�õ�<?

®�x “ 0.01, p “ 0.95, ¦n.

P pX “ 1q “ 1´ P pX “ 0q “ q “ 0.15. 8I:

P

ˆˇ

ˇ

ˇ

ˇ

Sn
n
´ q

ˇ

ˇ

ˇ

ˇ

ď 0.01

˙

ě 0.95.

P

˜

|S˚n| ď
0.01

?
n

a

qp1´ qq
“ x˚

¸

ě 0.95.

Φpx˚q ě 1
2p1` 0.95q “ 0.975, �L�x˚ ě 1.96.

n ě 1962qp1´ qq, ��N�4899 <.

eq ��, Kn ě 1962 max
q
qp1´ qq “ 1962 ¨ 14 “ 9604.
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�i.i.d.�/�CLT.

§5.5 ¥%4�½n

ïÄé�:

S˚n “
n
ÿ

k“1

Xk ´ µ
a

varpSnq
“

n
ÿ

k“1

Yk
iid �
“

n
ÿ

k“1

1
?
n
X˚k .

b�X1, X2, ¨ ¨ ¨ �pÕá, EXk “ µk, varpXkq “ σ2k. P

B2
n “

n
ÿ

k“1

σ2k.

8I:

S˚n “
Sn ´

řn
k“1 µk

Bn
“

n
ÿ

k“1

Xk ´ µk
Bn

d
Ñ Z „ Np0, 1q.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

S˚n “
n
ÿ

k“1

Yk, Ù¥, Yk :“
Xk ´ µk
Bn

.

Lindeberg ^� (5.5.2):

n
ÿ

k“1

EYk
2 ¨ 1t|Yk|ąεu Ñ 0, @ε ą 0.

Lindeberg ^�ùñ P pmax1ďkďnYk ą εq Ñ 0 pnÑ8q.

Feller ^� (5.5.3): max1ďkďn σk
Bn

Ñ 0.

max1ďkďn σk
Bn

Ñ 0 iff Bn Ñ8 �
σn
Bn

Ñ 0. (½n5.5.1)

Lindeberg-Feller CLT (½n5.5.2):

p5.5.2q iff S˚n
d
Ñ Z „ Np0, 1q � p5.5.3q.
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