
 

êÆÏ"(expectation)�¹Â: þ�(mean)

1oÙ!êiA��A�¼ê

§4.1 êÆÏ"

¹Â: ²þ�.

�m²þ: �þ*ÿ���â²þ.

X �(Õá�)*ÿ�a1, a2, ¨ ¨ ¨ , an, Ù²þ��

1

n
pa1 ` ¨ ¨ ¨ ` anq.
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�m²þ: ¤k�U��\�²þ(oÚ).

b�X �lÑ., ©Ù��P pX “ xkq “ pk, @k. @o,

a1 ` ¨ ¨ ¨ ` an “
ÿ

k

xknk,

nk “ |tm : 1 ď m ď n, am “ xku|.

�âVÇ�ªÇ¹Â:

nk
n
«pk,

Ïd,
1

n
pa1 ` ¨ ¨ ¨ ` anq «

ÿ

k

xkpk.
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lÑ.

e
ř

k |xk|pk ă 8, K¡

ÿ

k

xkpk

�X �(êÆ)Ï", P�EX. (Ï"�3, ½Â4.1.1.)

e
ř

k |xk|pk “ 8, K`X �Ï"Ø�3. ~4.1.5.

xk “ p´1qk
2k

k
, pk “

1

2k
, k ě 1.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 
P

x` “ x_ 0, x´ “ p´xq _ 0.

e
ř

k x
˘
k pk ��Âñ
,��uÑ, �¡EX “

ř

k xkpk

�X �Ï". (Ï"Ø�3).

©Ù�êiA�: eX
d
“ Y , KEX “ EY .

­%:
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~4.1.1. Bernoulli ©Ù. E1A “ P pAq.

 

𝑝 

1 − 𝑝 

1 − 𝑝 

𝑝 

~4.1.3. Ñt©Ù.

(1) X ě 0, EX k¿Â.

(2) xk “ k:

kpk “ k ¨
λk

k!
e´λ “ λ

λk´1

pk ´ 1q!
e´λ “ λpk´1, k ě 1.

(3) O�:

EX “

8
ÿ

k“0

k ¨ pk “
8
ÿ

`“0

λ
λ`

`!
e´λ “ λ.
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SKo!7. X ��K�ê:

EX “

8
ÿ

n“1

P pX ě nq “
8
ÿ

n“0

P pX ą nq.

y²:

EX “

8
ÿ

k“1

kpk “
8
ÿ

k“1

k
ÿ

n“1

pk “
8
ÿ

n“1

8
ÿ

k“n

pk.

~4.1.4. AÛ©Ù. P pX ą nq “ qn, @n ě 0.

EX “

8
ÿ

n“0

qn “
q0

1´ q
“

1

p
.
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ëY..

lÑ%C: x0 ă x1 ă ¨ ¨ ¨ ă xn,

ÿ

i

xippxiq
::::::

∆xi Ñ

ż

xppxq
:::::

dx.

e
ş

|x|ppxqdx ă 8, K¡

ż

xppxqdx

�X �(êÆ)Ï", P�EX. (Ï"�3, ½Â4.1.2.)
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ş

x˘ppxqdx ØÓ��8 �,

EX “

ż

xppxqdx.

~4.1.13. �Ü©Ù, EX Ã¿Â.

ppxq “
1

π
¨

1

1` x2
.
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eX ě 0, K

EX “

ż 8

0
Gpxqdx.

y²:

EX “

ż 8

0
xppxqdx “ ´xGpxq|80 `

ż 8

0
Gpxqdx,

Ù¥, aGpaq ď

ż 8

a
yppyqdy.

~4.1.12. X „ Exppλq.

ż 8

0
P pX ą xqdx “

ż 8

0
e´λxdx “

1

λ
.
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���/.

kb�X ě 0. �N �: Y “ 1
n rnXs.

 

�*: |X ´ Y | ď 1
n , Ïd|EX ´ EY | ď 1

n .

O�EY :

EY “
8
ÿ

k“1

1

n
P

ˆ

Y ě
k

n

˙

“

8
ÿ

`“0

1

n
P

ˆ

X ą
`

n

˙

Ñ

ż 8

0
Gpxqdx.
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½ö�N �: Ŷ “ Y ´ 1
n .

 

EŶ “
8
ÿ

k“0

k

n

ˆ

F

ˆ

k ` 1

n

˙

´ F

ˆ

k

n

˙˙

Ñ

ż 8

0
xdF pxq.

���X:
ş

xdF pxq.
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 Lebesgue-Stieltjes È©: ∆ “ maxi ∆xi.

ż

xdF pxq :“ lim
∆Ñ0

ÿ

i

xi pF pxi`1q ´ F pxiqq .

e
ş

|x|dF pxq ă 8, K¡

ż

xdF pxq

�X �Ï", P�EX. (Ï"�3, ½Â4.1.3.)

½Â�lÑ.!ëY.���.
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X ě 0, K

EX “

ż 8

0
P pX ą xqdx.

eEX˘ Ø��8, KEX :“ EX` ´ EX´. (Ï"k¿Â)

Ï"�3:

EX˘ ă 8 iff E|X| ă 8 iff

ż

|x|dF pxq.

eX k.(i.e., P p|X| ďMq “ 1), KÏ"�3.

Ï"´©Ù�êiA�.
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êÆÏ"�5�

X ” c, KEX “ c.

üN5:

eX ě Y , KEX ě EY .

�5:

EpaXq “ aEX, EpX ` Y q “ EX ` EY.

eX ě 0 �EX “ 0, KX “ 0.

(1) P pX ą 1
n q “ 0:

0 “ EX ě EX1tXą 1
n u
ě E

1

n
¨ 1tXą 1

n u
“

1

n
P

ˆ

X ą
1

n

˙

.

(2) P pX ą 0q “ limn P
`

X ą 1
n

˘

“ 0.
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eX ě 0 �EX ă 8, K

lim
xÑ8

xGpxq “ lim
xÑ8

EX ¨ 1tXąxu “ 0.

(1) xGpxq:

ď 2

ż x

x{2

Gpyqdy ď 2

ż 8

x{2

Gpyqdy Ñ 0.

(2) EX ¨ 1tXąxu:

“

ż 8

0

P p˚˚ ą yqdy “

ż 8

0

P pX ą x,X ą yqdy

“

ż x

0

P pX ą xqdy `

ż 8

x

P pX ą yqdy.
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X ě 0, K

lim
xÑ8

EX ¨ 1tXďxu Ñ EX.

(1) EX ă 8: EX ¨ 1tXąxu Ñ 0.

(2) EX “ 8: @M ,

EX ¨ 1tXďxu ě

ż M

0

P py ă X ď xqdy

ě

ż M

0

P pX ą yqdy ´MP pX ą xq

Ñ

ż M

0

P pX ą yqdy. pxÑ8q.

-M Ñ8, �

lim
xÑ8

EX ¨ 1tXďxu “ 8.
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¼ê�Ï": Y “ fpXq, KEY “
ş

fpxqdFXpxq. (½n4.1.1§


))

lÑ.:

EfpXq “
ÿ

k

fpxkqpk. p4.1.18q

ëY.:

EfpXq “

ż

fpxqppxqdx. p4.1.20q

p�:

Efp ~Xq “
ÿ

k

fp~xkqpk, Efp ~Xq “

ż

fp~xqpp~xqd~x.
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�pÕáK

EpXY q “ pEXqpEY q.

~. X, Y �pÕá�´ëY., K

EXY “

ĳ

xypXpxqpY pyqdxdy.

JensenØ�ª(4.3.7):

é?¿à¼êϕ,

EϕpXq ě ϕpEXq.

~. EX2 ě pEXq2.

 

𝐸𝜑(𝑋) 

𝜑(𝐸𝑋) 

𝐸𝑋 
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 ~4.1.11. X „ Npµ, σ2q, Kµ “ EX.

Z „ Np0, 1q, Ï"�3, Z
d
“ ´Z, K

EZ “ Ep´Zq “ ´EZ ñ EZ “ 0.

Z :“ X´µ
σ „ Np0, 1q.

EX “ Epµ` σZq “ µ.

��/, eX ´ µ
d
“ µ´X �E|X| ă 8, KEX “ µ.
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~4.1.16. �Åê8�Ï".

X “ 1A1 ` ¨ ¨ ¨ ` 1An , KEX “
ř

i P pAiq.

X „ Bpn, pq ½X „ HpN,M,nq, EX “ np, (p “ M
N ).

X “ X1 ` ¨ ¨ ¨ `Xn, Xi „ Bp1, pq.

��¯K(~1.5.6) n µ&, n �&µ, ²þCé1 µ.

~. 3kN �º:���ã¥, z^>Õá±VÇp æù,

1´ p æ7, ��X �ÓÚn�/.

EX “ C3
N pp

3 ` p1´ pq3q.
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^�Ï"

b�E|Y | ă 8.

pX,Y q ´lÑ/ëY.:

ϕpxq :“
ÿ

j

yjP pY “ yj |X “ xq,

ż

ypY |Xpy|xqdy.

p ~X, Y q ´lÑ/ëY., EpY | ~Xq “ ϕp ~Xq,

ϕp~xq “
ÿ

j

yjP pY “ yj | ~X “ ~xq,

ż

ypY | ~Xpy|~xqdy.

Y 'uX �^�Ï": EpY |Xq :“ ϕpXq.

^�Ï"��5:

E
`

apXq ` bpXqY |X
˘

“ apXq ` bpXqEpY |Xq.
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­Ï"úª: EY “ EEpY |Xq “ EϕpXq. (4.2.59)

lÑ.:

EϕpXq “
ÿ

i

ϕpxiqP pX “ xiq

“
ÿ

i,j

yjP pX “ xi, Y “ yjq “ EY.

ëY.:

EϕpXq “

ż

ϕpxqpXpxqdx “

ĳ

ypX,Y px, yqdxdy “ EY.

E
´

EpY | ~X, ~W q
ˇ

ˇ

ˇ

~W
¯

“ EpY | ~W q.

Ê “ Ep¨| ~W q, EpY | ~X, ~W q “ ÊpY | ~Xq.
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SK�!43. z�ÁÎÕá/±VÇp Èz�rÁ.

ÁÎêX �Ï"�3, Y “ rÁê. ¦EY .

LpY |X “ nq “ Bpn, pq:

EpY |X “ nq “ npñ EpY |Xq “ Xp.

EY “ EEpY |Xq “ pEX.

ξ “ ξ1, ξ2, ¨ ¨ ¨ i.i.d., X �§�Õá, Ï"Ñ�3.

Y “ ξ1 ` ¨ ¨ ¨ ` ξX ñ EY “ pEXq ¨ pEξq.

y: L
`

Y |X “ n
˘

“ L
`

ξ1 ` ¨ ¨ ¨ ` ξn
˘

.
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~(Polya �f). �Ðkb �ç¥, r �ù¥. zg���, �£¿

�\c �ÓÚ¥. Bn “ “1n �´ç¥”, KP pBnq “
b
b`r .

PXn “ “n g��¥ç¥ê”, Yn “
Xn

b`r`nc .

K

P pBn`1|Xn “ iq “
i

b` r ` nc
“: yi.

l
,

P pBn`1q “
ÿ

i

P pXn “ iqP pBn`1|Xn “ iq

“
ÿ

i

P pYn “ yiqyi “ EYn.
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 Xn`1 “ Xn ` c ¨ 1Bn`1
:::::::

:

EpXn`1|Xnq “Xn ` c ¨ Yn “ Ynpb` r ` pn` 1qcq,

EpYn`1|Xnq “Yn.

u´,

EYn`1 “ EYn “ ¨ ¨ ¨ “ EY0 “
b

b` r
.

P pBn`1q “ EYn “
b
b`r , @n ě 0.
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~. b�U1, U2, ¨ ¨ ¨ i.i.d. „ Up0, 1q. PSn “ U1 ` ¨ ¨ ¨ ` Un.

¦EX, Ù¥

X :“ inftn : Sn ě 1u.

-Xa :“ inftn : Sn ě au. Pfpaq “ EXa. �¦fp1q.

©ÛXa. PX̂b :“ inftn´ 1 : U2 ` ¨ ¨ ¨ ` Un ě bu, K

Xa “ 1tU1ěau ` 1tU1ăaup1` X̂a´U1q “ 1` 1tU1ăau ¨ X̂a´U1 .

X̂b �U1 �pÕá, �X̂b
d
“ Xb. Ïd,

Er1tU1ăau ¨ X̂a´U1 |U1 “ xs “ Ep1txăau ¨ X̂a´xq “ 1txăau ¨ fpa´ xq.
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 fpaq “ 1`
şa
0 fpyqdy, 0 ă a ď 1:

Ep1tU1ăau ¨ fpa´ U1qq “

ż a

0
fpa´ xqdx.

fpaq “ ea:

f 1paq “ fpaq ñ pln fpaqq1 “ 1 ñ fpaq “ Cea.

Ï�fp0q “ 1, ¤±C “ 1.

EX “ fp1q “ e.
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��

§4.2 ��!�'Xê!Ý

b�E|X| ă 8. e

EpX ´ EXq2

k�, K¡§�X ���(variance), P�varpXq ½DpXq.

¡

σX :“
a

varpXq

�X �IO�/þ��(standard deviation). (½Â4.2.1)

Ý(moment): EXk, EpX ´ EXqk, EeaX . (½Â4.2.5)
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O�úª: b�E|X| ă 8,

pX ´ EXq2 “X2 ´ 2pEXq ¨X ` pEXq2,

varpXq “EX2 ´ pEXq2.

��k�: EX2 ă 8.

��uÑ: E|X| ă 8, �EX2 “ 8

varpXq “ EpX ´ EXq2 “ 8.

��´©Ù�êiA�: eX
d
“ Y KvarpXq “ varpY q.

¹Â: �­�©Ñ§Ý.

e varpXq “ 0, K X “ EX.
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�5C�:

varpa` bXq “ EpbX ´ bEXq2 “ b2varpXq.

IOz:

X˚ “
X ´ µ

σ
, EX˚ “ 0, varpX˚q “ 1.
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~4.2.1. & ~4.2.2.

X „ Bp1, pq, X2 “ X,

varpXq “ p´ p2 “ pq.

Y
d
“ 1A1 ` ¨ ¨ ¨ ` 1An .

(1) Y 2 “
ř

i,j 1Ai ¨ 1Aj “
ř

i,j 1AiAj ,

(2) EY 2 “
ř

i,j P pAiAjq.

varpY q “
ÿ

i,j

P pAiAjq ´

˜

ÿ

i

P pAiq

¸2

.

(3) ?�Ú, b�A1, ¨ ¨ ¨ , An üüÕá. Ppi “ P pAiq K

varpY q “
ÿ

i

pi`
ÿ

i‰j

pipj´
ÿ

i,j

pipj “
ÿ

i

pip1´piq “
ÿ

i

varp1Aiq.
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~4.2.3. X „ P pλq.

EX “
ř8
k“1 k

λk

k! e
´λ “

ř8
k“1 λ

λk´1

pk´1q!e
´λ “ λ.

varpXq “ EX2 ´ pEXq2.

(1) EXpX ´ 1q:

8
ÿ

k“0

kpk ´ 1q
λk

k!
e´λ “

8
ÿ

`“0

λ2
λ`

`!
e´λ “ λ2.

(2) ‹‹ “ EXpX ´ 1q ` EX “ λ2 ` λ,

varpXq “ ‹‹ ´ λ2 “ λ.
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~4.2.4. X „ Upa, bq.

U „ Up0, 1q:

EU2 “

ż 1

0
x2dx “

1

3
, varpUq “

1

12
.

X „ Upa, bq,

U “
X ´ a

b´ a
„ Up0, 1q.

varpXq:

varpa` pb´ aqUq “
pb´ aq2

12
.
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 ~4.2.5. X „ Npµ, σ2q.

IO��©Ù. Z :“ X˚ “ X´µ
σ „ Np0, 1q.

��Ý:

EZ2 “
2
?

2π

ż 8

0
x2e´

x2

2 dx “ ´
2
?

2π

ż 8

0
xde´

x2

2

“
2
?

2π

ż 8

0
e´

x2

2 dx “ 1.

varpXq “ varpµ` σZq “ σ2varpZq “ σ2.
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Chebyshev’s Ø�ª (4.2.10):

P p|X ´ EX| ě εq ď
varpXq

ε2
, @ε ą 0.

y²E|:

P pAq “ E1A.

éY ě 1A, ÷veª, u´P pAq ď EY .

Y ě 0; Y |A ě 1.

~. Y “ pX´EXq2

ε2
; Y “ |X´EX|r

εr . (Markov Ø�ª)(5.2.22)

~. eX ě 0, KP pX ě Cq ď EX{C.

~. P pX ě Cq ď EeapX´Cq, Ù¥a ą 0.
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���!�'Xê

b�EX2, EY 2 ă 8. (½Â4.2.3) ¡

EpX ´ EXqpY ´ EY q.

�X, Y ����(covariance), P�covpX,Y q ½σX,Y .

Ú���:

varpX ` Y q “E
´

pX ` Y q ´ pEX ` EY q
¯2

“varpXq ` varpY q ` 2EpX ´ EXqpY ´ EY q.

�pÕáK varpX ` Y q “ varpXq ` varpY q.
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O�:

pX ´ EXqpY ´ EY q

“XY ´ pEXq ¨ Y ´X ¨ pEY q ` pEXq ¨ pEY q.

u´,

covpX,Y q “ EXY ´ EXEY.

é¡!V�5¼ê, X̃ “ aX ` c, Ỹ “ bY ` dµ

covpX̃, Ỹ q “ ab ¨ covpX,Y q.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

Cauchy-Schwarz’s Ø�ª (½n4.2.1):

pEXY q2 ď EX2EY 2.

Ø��0 ă EX2, EY 2 ă 8. Ï"�3: |XY | ď 1
2pX

2` Y 2q.

�g¼ê:

fptq “ EptX ` Y q2 “ pEX2qt2 ` 2pEXY qt` EY 2 ě 0.

�Ò¤á iff fpt0q “ 0 iff Y “ ´t0X.

t0 “ ´
EXY

EX2
, fpt0q “

EX2EY 2 ´ pEXY q2

EX2
.

Hölder’s Ø�ª: 0 ă k, ` ă 8, 1
k `

1
` “ 1,

EXY ď pE|X|kq1{kpE|Y |`q1{`.
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b�0 ă σ2
X , σ

2
Y ă 8. ¡

ρX,Y :“
σX,Y
σXσY

“
covpX,Y q

a

varpXqvarpY q
.

�X, Y �(�5)�'Xê, {P�ρ. (½Â4.2.3)

eX̃ “ aX ` c, Ỹ “ bY ` d, K

ρX̃,Ỹ “ ρX,Y (ab ą 0) ½´ρX,Y (ab ă 0).

ρX,Y “ ρX˚,Y ˚ “ covpX˚, Y ˚q “ EX˚Y ˚.

|ρ| ď 1:

ρ “ 1 iff Y ˚ “ X˚ iff Y “ aX ` b, a ą 0;

ρ “ ´1 iff Y ˚ “ ´X˚ iff Y “ aX ` b, a ă 0.

ρ “ EX˚Y ˚ “ xX˚, Y ˚y “ cos θ.
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Ø!�!K�':

covpX,Y q “ 0, ą 0, ă 0.

���!K�' (½Â4.2.4):

ρ “ 1, ´1.

ÕáK�5Ø�'.

��Ø,! ~:

X „ Np0, 1q, Y “ X2.
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~4.2.8. U „ Up0, 2πq. X “ cosU , Y “ cospU ` aq.

Y “ cos Û
d
“ X, Û „ Up0, 2πq.

Ï"!��: EX “ 0, EX2 “ 1
2 .

EX2 “
1

2π

ż 2π

0
cos2 θdθ “

1

2

���!�'Xê. ρX,Y “ cos a:

covpX,Y q “EXY “
1

2π

ż 2π

0
cos θ cospθ ` aqdθ “

1

2
cos a.

a “ 0: Y “ X, ρ “ 1, ����'.

a “ π: Y “ ´X, ρ “ ´1, ��K�'.

a “ π
2 ½

3π
2 : ρ “ 0, Ø�', �´ØÕá.
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~. b�A, B ´(�ÿ)¯�.

A, B Ø!�!K�': P pABq “!ą!ă P pAqP pBq.

covp1A, 1Bq “ E1A1B ´ E1AE1B “ P pABq ´ P pAqP pBq.

A, B Ø�' iff A �B �pÕá. (5�4.2.5)

~. A “/�¬�´g¬0, B “/�¬�´g¬0.

�£Ä�, Ø�'(Õá) vs Ø�£Ä�, K�'.

|P pABq ´ P pAqP pBq| ď 1
4 . (4.2.31), SK�45.

ρA,B :“
P pABq ´ P pAqP pBq

a

P pAqp1´ P pAqq ¨
a

P pBqp1´ P pBqq
. p4.2.30q
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~. ����. �pX,Y q �ÝXe, KρX,Y “ ρ (4.2.28).

ppx, yq “
1

2πσ1σ2

a

1´ ρ2
e
´ 1

2p1´ρ2q
pu2´2ρuv`v2q

,

Ù¥, u “ x´µ1
σ1

, v “ y´µ2
σ2

.

d½n3.2.1, X „ Npµ1, σ
2
1q, Y „ Npµ2, σ

2
2q.

�U :“ X˚, V :“ Y ˚ ��Ý�p̂pu, vq.

ρX,Y “ EX˚Y ˚ “ ρ. (4.2.28)

“

ĳ

u ¨ v ¨ p̂pu, vqdudv

“

ż ż

u ¨ v ¨
1

?
2π
?

2π
a

1´ ρ2
e
´ 1

2p1´ρ2q
ppu´ρvq2`p1´ρ2qv2q

dudv

“

ż

ρv ¨ v ¨
1
?

2π
e´

v2

2 dv “ ρEZ2 “ ρ.
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b�pX,Y q Ñl����©Ù. K

X,Y Ø�'(ρ “ 0) iff �pÕá(pX,Y px, yq “ pXpxq ¨ pY pyq).

~4.2.9. X,Y „ Np0, 1q, ρX,Y “ 0, �ØÕá.

ppx, yq “ppxqppyq `
1

2π
e´π

2
gpxqgpyq

ppxq “
1
?

2π
e´

x2

2 , gpxq “ cosx ¨ 1t|x|ăπu.
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~X “ pX1, ¨ ¨ ¨ , Xnq
T �êiA�:

Ï": E ~X “ pEX1, ¨ ¨ ¨ , EXnq
T ,

���Ý
: Σ “ pσijqnˆn, σij “ covpXi, Xjq. (4.2.18).

Σ ��½: é¡,

~xTΣ~x “
ÿ

i,j

σijxixj “
ÿ

i,j

xixjEpXi ´ µiqpXj ´ µjq

“E

˜

ÿ

i

xipXi ´ µiq

¸2

.

Σ �½�:

ÿ

i

xipXi ´ µiq “ 0, pa.s.q ñ x1 “ ¨ ¨ ¨ “ xn “ 0.

Ïd, Σ �½iff 1, X1, ¨ ¨ ¨ , Xn �5Ã'.
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�`ýÿ: b�EY 2 ă 8

�`ýÿ1. éŷ P R ¦�Qp¨q ����,

Qpvq :“ EpY ´ vq2, @v P R.

©):

Y ´ v “ pY ´ ŷq ` pŷ ´ vq, @v.

8I:
::::::
����0.

Qpvq “Qpŷq ` pŷ ´ vq2 ` 2pŷ ´ vq ¨ EpY ´ ŷq
:::::::::::::::::

.

�ŷ “ EY =�. (4.2.8).

þã©)���©), ��v “ 0 �

EpY ´ ŷq2 “ EY 2 ´ Eŷ2 “ varpY q.
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�`ýÿ2. éâ, b̂ P R ¦�

Qpa, bq :“ E
`

Y ´ pa` bXq
˘2
, a, b P R

����. Ù¥, EX “ 0, EX2 “ 1.

â “ EpY ´ b̂Xq“ EY : Y ´ pa` bXq “ pY ´ bXq ´ a.

-Y0 “ Y ´ EY , ¯Kz�éb̂ ¦�fp¨q ����.

fpbq “ Qpâ, bq “ EpY0 ´ bXq
2.

(��)©)9Ù
::::::
���.

Y0 ´ bX “ pY0 ´ b̂Xq
à

pb̂´ bqX.

fpbq “ fpb̂q ` pb̂´ bq2 ` 2pb̂´ bq ¨ EpY0 ´ b̂XqX
:::::::::::::::::::::

.

�b̂ “ EXY0 “ covpX,Y q =�.

E
`

Y ´ â´ b̂X
˘2
“ EY0

2 ´ Epb̂Xq2 “
´

1´ ρ2
X,Y

¯

σ2
Y .

AO/, ρX,Y “ ˘1 ��=�Y “ â` b̂X.
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�`ýÿ3˚. éψ̂p¨q ¦�Qp¨q ����.

Qpψq “ EpY ´ ψpXqq2, ψp¨q ¦� EψpXq2 ă 8.

��©):

Y ´ ψpXq “ pY ´ ψ̂pXqq
à

pψ̂pXq ´ ψpXqq.

�â^�Ï"��5�­Ï"úª,

E‹‹ “ E
`

Ep‹‹|Xq
˘

“ E
´

‹
`

EpY |Xq ´ ψ̂pXq
˘

¯

.

�ψ̂pXq “ EpY |Xq “ ϕpXq =�. ?�Ú,

E
`

Y ´ ϕpXq
˘2
“ EY 2 ´ EϕpXq2.
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§4.4 1¼ê

5µ3�!¥, �ÅCþÑ��K�ê�.

�P pX “ kq “ pk, k ě 0. ¡

8
ÿ

k“0

pks
k, s P r´1, 1s

�X �1¼ê(generating function), P�gXpsq ½gpsq.

L�ª:

gpsq “ EsX “ p0 ` p1s` p2s
2 ` ¨ ¨ ¨ ` pks

k ` ¨ ¨ ¨ .

1¼ê�x©Ù: X
d
“ Y iff gX “ gY .

gpkqp0q “ pk ¨ k!, @k ě 0.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

gpsq “ p0 ` p1s` p2s
2 ` ¨ ¨ ¨ ` pks

k ` ¨ ¨ ¨ “ EsX .

Ý: és P p´1, 1q,

g1psq “p1 ` 2p2s` ¨ ¨ ¨ ` kpks
k´1 ` ¨ ¨ ¨ “ EXsX´1,

g2psq “2p2 ` ¨ ¨ ¨ ` kpk ´ 1qpks
k´2 ` ¨ ¨ ¨ “ EXpX ´ 1qsX´2.

gp`qpsq “EXpX ´ 1q ¨ ¨ ¨ pX ´ `` 1qsX´`.

~,

EX “g1p1q :“ lim
sÑ1´

g1psq, pEX ă 8 or EX “ 8Ñ¤áq

EX2 “g2p1q ` g1p1q.

~4.4.4. X „ Gppq.

gpsq “
8
ÿ

k“1

qk´1psk “
ps

1´ qs
.
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¦È: eX �Y Õá, KgX`Y psq “ gXpsqgY psq.

EsX`Y “ EsXsY “ EsX ¨ EsY .

~4.4.5. X „ Bpn, pq.

gnpsq “ pq ` psq
n.

~4.4.6. X „ P pλq.

gλpsq “
8
ÿ

k“0

sk ¨
λk

k!
e´λ “ eλps´1q.
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EÜ: �ξ “ ξ1, ξ2, ¨ ¨ ¨ i.i.d., �§��W Õá.

-X “ ξ1 ` ¨ ¨ ¨ ` ξW , KgX “ gW ˝ gξ.

(1) ^�Ï":

EpsX |W “ kq “ Epsξ1`¨¨¨`ξk |W “ kq “ E‹ “ gξpsq
k.

(2) ­Ï"úª:

EsX “ EpEpsX |W qq “ E
`

gξpsq
W
˘

“ gW pgξpsqq “ gW ˝ gξpsq.

Ï":

EX “g1Xp1q “ g1W pgξp1qqg
1
ξp1q “ EW ¨ Eξ.

EX “EpEpX|W qq “ EpW ¨ Eξq “ EW ¨ Eξ.
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EÜÑt©Ù: eW „ P pλq, K X “ ξ1 ` ¨ ¨ ¨ ` ξW �1¼

ê�

gXpsq “ exp tλ pgξpsq ´ 1qu .

¡X ÑlEÜÑt©Ù.

~4.4.10. W „ P pλq, ξ „ Bp1, pq.

gXpsq “ exp tλ pq ` ps´ 1qu “ eλpps´1q.

à|Ü: X,Y, ξ �pÕá, ξ „ Bp1, pq. -

W “X ¨ 1tξ“1u ` Y ¨ 1tξ“0u,

K gW “ p ¨ gX ` p1´ pq ¨ gY .
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§4.5 A�¼ê

¡

EeitX “ E cosptXq `
?
´1E sinptXq, @t P R

�X �A�¼ê(characteristic function), P�fXptq ½fptq.

x` iy “ px, yq. eitX “ pcosptXq, sinptXqq.

Ä�5�1. fp0q “ 1.

}fptq} “ }EeitX} ď E}eitX} “ 1.

ϕ : x` iy ÞÑ }x` iy} “
a

x2 ` y2 ´à¼ê.
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Ä�5�2. f ��ëY:

(1) } ¨ } à:

}fpt` εq ´ fptq} ď E}eipt`εqX ´ eitX} “ E}eiεX ´ 1}.

(2) @M ą 0,

EY “ EY ¨ 1t|X|ďMu ` EY ¨ 1t|X|ąMu.

(3) �M ¦�P p|X| ąMq ă δ
4 , K

‹‹ ď2 ¨ P p|X| ąMq ă
δ

2
,

‹‹ ď max
|x|ďM

}eiεx ´ 1} ď εM ă
δ

2
, p�ε ă

δ

2M
q.
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Ä�5�3. f ��½:

@t1, ¨ ¨ ¨ , tn P R, -akj “ fptk ´ tjq, K

A “ pakjqnˆn ��½,

i.e. piq ĀT “ A, piiq
ÿ

k,j

akjλkλj ě 0, @λ1, ¨ ¨ ¨ , λn P C.

�y(i): Pt “ tj ´ tk.

fp´tq “ Eeip´tqX “ EeitX “ fptq. p4.5.13q

�y(ii):

ÿ

k,j

akjλkλj “
ÿ

k,j

Eeiptk´tjqXλkλj “ E

›

›

›

›

›

ÿ

j

λje
itjX

›

›

›

›

›

2

ě 0.
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Bochner-Khinchine½n(½n5.2.9): ef : RÑ C ÷v

fp0q “ 1, ëY, ��½, K�3X ¦�f “ fX .

_=úª& ��5(½n4.5.1„ 4.5.2):

F pxq ´ F pyq “ lim
TÑ8

1

2π

ż T

´T

e´ity ´ e´itx

it
fptqdt, @x, y P CpF q.

(½n4.5.3) b�
ş

}fptq}dt ă 8. K�A©Ù¼êF ëY�

�§�

ppxq “ F 1pxq “
1

2π

ż

e´itxfptqdt. p4.5.25q.
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5�4. ¦È: X �Y Õá, KfX`Y ptq “ fXptqfY ptq.

(1) X „ Bpn, pq, fnptq “ pq ` pe
itqn “ p1` ppeit ´ 1qqn.

(2) X „ P pλq, fλptq “ eλpe
it
´1q.

à|Ü: �X,Y, ξ �pÕá, ξ „ Bp1, pq.

-W “ Xξ ` Y p1´ ξq, KfW “ pfX ` p1´ pqfY .

5�5. eEXk �3, Kf pkqp0q “ ikEXk, �

fptq “ 1` f 1p0qt`
f2p0q

2!
t2 ` ¨ ¨ ¨ `

f pkqp0q

k!
tk ` optkq.

5�6. faX`bptq “ EeitaX`itb “ eitbfXpatq.
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~4.5.5. X „ Npµ, σ2q.

Z “ X˚ „ Np0, 1q:

fZptq “
1
?

2π

ż

e´
x2

2
`itxdx

“
1
?

2π

ż

e´
1
2
px´itq2` 1

2
pitq2dx “ e´

t2

2 .

(î�O��Ö)

X “ µ` σZ:

fXptq “ Eeitpµ`σZq “ eitµ´
1
2
σ2t2 .
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�Å�þ�A�¼ê:

éÜA�¼ê:

f ~Xp
~tq “ Eei

~t¨ ~X “ Eeipt1X1`¨¨¨`tnXnq.

_=úª: f ~Xp
~tq Ñ F ~Xp~xq.

eZ5�(�Ö).

>�: ~,

fXptq “ fX,Y pt, 0q.

X �Y Õá iff fX,Y pt, sq “ fXptqfY psq.

X �Y Õáñ fX`Y ptq “ fXptqfY ptq.

��Ø,(SKo!50).
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��©Ù��òz�5C�

§4.6 õ���©Ù

~µ P Rn (��þ), Σ �nˆ n ��½Ý
. P

~X “ pX1, ¨ ¨ ¨ , Xnq
T „ Np~µ,Σq.

éÜ�Ý:

p ~Xp~xq “
1

?
2π

na
|Σ|

exp

"

´
1

2
p~x´~µqTΣ´1p~x´~µq

*

.

n �IO��~Z “ pZ1, ¨ ¨ ¨ , Znq
T „ Np~0, Iq. éÜ�Ý:

p~Zp~zq “
1

?
2π

n exp

"

´
1

2
}~z}2

*

.

�d/, Z1, ¨ ¨ ¨ , Zn i.i.d., „ Np0, 1q.
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�~Z „ Np~0, Iq, A �òz, K

~Y :“ ~µ`A~Z „ Np~µ,Σq, pΣ “ AAT .q

y: p~Y p~yq “ p~Zp~zq|
B~z
B~y | “ C expt´1

2}~z}
2u.

}~z}2 “ }A´1p~y ´ ~µq}2 “ p~y ´ ~µqTA´1,TA´1p~y ´ ~µq

“p~y ´ ~µqT pAAT q´1p~y ´ ~µq.

� ~X „ Np~µ,Σq. �A “
?

Σ. K

~X
d
“ ~Y ñ ~V :“ A´1p ~X ´ ~µq

d
“ ~Z.

Ïd, D~V ÷v:

~V „ Np~0, Iq, ~X “ ~µ`A~V .

?�Ú, ~X ��òz�5C�ÑÑln ���©Ù.

5VÇØ6�§Ç���¡ ��ö: ?ý_!ÙE
(�®�ÆêÆÆ�)



 

pd©Ù�A�¼ê

Np~0, Iq:

f~Zp
~tq “ Eei

~t¨~Z “

n
ź

k“1

EeitkZk “
n
ź

k“1

e´t
2
k{2 “ e´

1
2
}~t}2 .

Np~µ,Σq: ~X “ ~µ`A~Z, A “
?

Σ, AAT “ Σ.

f ~Xp
~tq “Eei

~t¨p~µ`A~Zq “ ei
~t¨~µEeipA

T~tq¨~Z

“ei
~t¨~µe´

1
2
}AT~t}2 “ exp

"

i~t ¨ ~µ´
1

2
~tTΣ~t

*

.

�~µ P Rn, Σnˆn ��½. e ~X �éÜA�¼ê�‹, K¡ ~X

Ñlpd©ÙNp~µ,Σq. �¡ ~X ���pd�þ.

~µ`A~Z „ Np~µ,Σq, A “
?

Σ. Σ �òzvs òz.

pd�þ�?¿�5C�EÑlpd©Ù.
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êiA�

b� ~X „ Np~µ,Σq. (Ù¥Σ ��½.)

~X
d
“ ~µ`A~Z “: ~Y , Ù¥A “ paijqnˆn “

?
Σ.

Ï": E ~X “ ~µ.

EXi “ EYi “ Epµi ` ai1Z1 ` ¨ ¨ ¨ ` ainZnq “ µi.

���Ý
: pσijq “ pcovpXi, Xjqq “ Σ.

covpXi, Xjq “E
ÿ

k

aikZk
ÿ

`

aj`Z` “
ÿ

k,`

aikaj` ˆ EZkZ`

“
ÿ

k

aikajk “ σij .
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½n (½n4.6.6)

~X „ Np~µ,Σq iff @a1, ¨ ¨ ¨ , an P R, Y :“
řn
k“1 akXk „ Npµ, σ2q.

ñ:

EeitY “ Eeipta1,¨¨¨ ,tanq¨
~X “ exp

 

it
řn
k“1 akµk ´

1
2 t

2
`

~aTΣ~a
˘(

.

ð: (1) êiA�: �âb�kEX2
i ă 8. -E ~X “ ~µ ; ~X �

���
�Σ. l


µ “ EY “
řn
k“1 akµk, σ2 “ covpY , Y q “ ~aTΣ~a.

(2) A�¼ê:

Eei
~t¨ ~X “Eei¨1¨

řn
k“1 tkXk “ exp

"

iµ´
1

2
σ2

*

p~a “ ~tq

“ exp

"

i~t ¨ ~µ´
1

2
~tTΣ~t

*

.
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>�©Ù

U�:

~X “pY1, ¨ ¨ ¨ , Yr; Wr`1, ¨ ¨ ¨ ,Wnq
T ,

~µ “pν1, ¨ ¨ ¨ , νr; wr`1, ¨ ¨ ¨ , wnq
T .

Σ “

˜

Σ11 Σ12

Σ21 Σ22

¸

.

~Y „ Np~ν,Σ11q:

f~Y p~sq “ f ~Xp~s;
~0q “ exp

"

i~s ¨ ~ν ´
1

2
~sTΣ11~s

*

.

Yi �Wk Ø�', @i ď r ă k (=Σ12 “ 0 ) ô ~Y � ~W Õá:

Σ12 “ 0 ñ f ~Xp~s; ~uq “ f~Y p~sqf ~W p~uq.
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Σnˆn òz��/. b� ~X „ Np~0,Σq.

(Ø: �3~V „ Np~0, Inˆnq ±9Mnˆn ¦� ~X “ M~V .

PA “ paijqnˆn “
?

Σ, �~Z „ Np~0, Inˆnq, K

~X
d
“ A~Z “: pY1, ¨ ¨ ¨ , Yr; Wr`1, ¨ ¨ ¨ ,Wnq

T .

r “ rankpAq ě 1. -~αi “ pai1, ¨ ¨ ¨ , ainq.

Ø��cr 1~α1, ¨ ¨ ¨ , ~αr �5Ã', �

~αk “ bk1~α1 ` ¨ ¨ ¨ ` bkr~αr, k “ r ` 1, ¨ ¨ ¨ , n.

~W “ Bpn´rqˆr~Y : Yi “ ~αi ¨ ~Z, i ď r,

Wk “ ~αk ¨ ~Z “ bk1Y1 ` ¨ ¨ ¨ ` bkrYr, k “ r ` 1, ¨ ¨ ¨ , n.
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Xk
a.s.
“ bk1X1 ` ¨ ¨ ¨ ` bkrXr, k “ r ` 1, ¨ ¨ ¨ , n.

Xk´pbk1X1`¨ ¨ ¨` bkrXrq
d
“Wk´pbk1Y1`¨ ¨ ¨` bkrYrq “ 0.

pX1, ¨ ¨ ¨ , Xrq
T d
“ ~Y “ pY1, ¨ ¨ ¨ , Yrq

T “ Â~Z Ñl��©Ù:

Ï�~α1, ¨ ¨ ¨ , ~αr �5Ã', ¤±

Σ̂rˆr “ ÂÂT “ Σ11 ÷�, Ârˆn “ paijq1ďiďr,1ďjďn.

|^Σ �òz�/�(J�,

pX1, ¨ ¨ ¨ , Xrq
T “ Crˆr

~V , Ù¥, ~V „ Np~0, Irˆrq.

(Ø: ~V “ pV1, ¨ ¨ ¨ , Vr;Vr`1, ¨ ¨ ¨ , Vnq
T „ Np~0, Inˆnq

~X “ M~V , Ù¥, M “

˜

C ~0

BC ~0

¸

.
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^�©Ù

b� ~X “ pY1, ¨ ¨ ¨ , Yr;Wr`1, ¨ ¨ ¨ ,Wnq
T „ Np~µ,Σq.

Σ “

˜

Σ11 Σ12

Σ21 Σ22

¸

.

b�~Y Ñl��©Ù, =Σ11 �òz. ¦Lp ~W |~Y “ ~yq.

Ø�b�E ~X “ 0, ÄK�Ä ~X ´ E ~X.

8I: éBpn´rqˆr ¦�~V “ p ~W ´B~Y q �~Y Ø�', =

covpYi, Vkq “ EYiVk “ 0, i ď r ă k.

)º: pY1, ¨ ¨ ¨ , Yr;Vr`1, ¨ ¨ ¨ , Vnq
T Ñlpd©Ù,

�‹‹ L²~Y �~V �pÕá.
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���: i ď r ă k,

covpVk, Yiq “E

˜

Wk ´
ÿ

jďr

bkjYj

¸

Yi

“σki ´
ÿ

jďr

bkjσji “ pΣ21 ´BΣ11qki.

�B “ Σ21Σ
´1
11 =�. u´~Y �~V Õá, � ~W “ B~Y ` ~V .

~V “ ~W ´B~Y „ Np~0, Σ̃22q, Ù¥

EVkV` “ E

˜

Wk ´
ÿ

jďr

bkjYj

¸

V` “ EWk

˜

W` ´
ÿ

jďr

b`jYj

¸

ñΣ̃22 “ Σ22 ´Σ21Σ
´1
11 Σ12.

(Ø: 3~Y “ ~y �^�e, ~W “ B~y ` ~V , �

Lp ~W |~Y “ ~yq “ NpB~y, Σ̃22q.
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