
 

^�VÇ

1�Ù!^�VÇ�ÚOÕá5

§2.1 ^�VÇ, �VÇúª, ��dúª

~. k10 �¥, 5 �Àæ¥(2 ç, 3 ù), 5 �7¥(4 ç, 1 ù).

l¥?���. PA “/��Àæ¥0, B “ /��ù¥0.

P pBq “ 4
10 “

2
5 .

Àæ 7�

ç 2 4 6

ù 3 1 4

5 5 10

®���Àæ¥/7¥,

¦: ��ù¥�VÇ.

P pB|Aq “ 3
5 ą P pBq,

P pB|Acq “ 1
5 ă P pBq.
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b�pΩ,F , P q ´��VÇ�m, B P F �P pBq ą 0.

@A P F , ¡

P pABq

P pBq

�3B u)�^�e, A �^�VÇ,

P�P pA|Bq ½PBpAq. (½Â2.1.1)

PBp¨q “ P p¨|Bq ÷vVÇ½Â�n�^�.
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 A^�!Uì½Â��O�P pA|Bq “ P pABq{P pBq.

eP ´�;V., KPB ´�;V.:

P pA|Bq “
P pABq

P pBq
“
|AB|{|Ω|

|B|{|Ω|
“
|AB|

|B|
.

®�B, XJB, b�B, eB, �B �, 3B ¥, ¨ ¨ ¨ .

PBp ¨ |Cq “ P pA|BCq,

PBpA|Cq “
PBpACq

PBpCq
“
P pABCq{P pBq

P pBCq{P pBq
“ P pA|BCq.
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 A^�!¦{úª.

©ÛPB: 3b�B u)�, {z�., ¼�P pA|Bq.

P pABq “ P pBqP pA|Bq. p2.1.2q

n �¯��¦{úª:

P pA1 ¨ ¨ ¨Anq “P pA1qP pA2|A1qP pA3|A1A2q ¨ ¨ ¨

ˆ P pAn|A1 ¨ ¨ ¨An´1q. p2.1.4q
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~2.1.2. Å|æ�f(Polya Urn):

�Ðkb �ç¥, r �ù¥. zg���, �£¿�\c �ÓÚ¥.

Bn ““1n gÄ�ç¥”, Rn ““1n gÄ�ù¥”“ Bc
n.

¦: P pB1B2R3R4q, P pBnq.

BBRR :“ B1B2R3R4, BRB :“ B1R2B3.

B1R3B5 “ B ˚R ˚B ‰ BRB, R3R5 “ ˚ ˚R ˚R.

~,

P pBBRRq “
b

b` r
¨

b` c

b` r ` c
¨

r

b` r ` 2c
¨

r ` c

b` r ` 3c
.

q~,

P pBRBRq “
b

b` r
¨

r

b` r ` c
¨

b` c

b` r ` 2c
¨

r ` c

b` r ` 3c
.
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BBRR, BRBR, RBBR, BRRB, RBRB, RRBB

�VÇÑ��. ���.

~, B3 “ ˚‹B “ BBB YBRB YRBB YRRB.

���:

P p˚‹Bq “ P pB˚‹q.

~, P pB3q “
ř

˚,‹ P pB˚‹q “ P pBq:

P pB3q “P pBBBq ` P pBRBq ` P pRBBq ` P pRRBq

“P pBBBq ` P pBBRq ` P pBRBq ` P pBRRq

P pBnq “ P pB1q “
b

b`r .
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~. ò52Üý�Åþ©4|, -A ““�|Ñ¹K”, ¦P pAq.

){�!A “ A1A2A3A4, Ù¥Ai ““1i |kK”.

P pAq “ P pA1qP pA2|A1qP pA3|A1A2qP pA4|A1A2A3q “?

){�!A “ B1B2B3, Ù¥Bi ““1i |Tk��K”.

P pAq “
C1
4C

12
48

C13
52

¨
C1
3C

12
36

C13
39

¨
C1
2C

12
24

C13
26

.
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){n!A “ C1C2C3.

(1) C1 “ ù%K �ç;K Ø3�|;

(2) C2 “ rsK �ç;K!ù%K 3n�ØÓ|¥;

(3) C3 “ 4 ÜK 3o�ØÓ|¥.

¦{úª:

P pAq “P pC1qP pC2|C1qP pC3|C2q

“
C12
50

C12
51

¨
C24
49

C24
50

¨
C36
48

C36
49

“
39

51
ˆ

26

50
ˆ

13

49
.
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�Vúª

�Vúª: b�Ai, i P I ´Ω ����êy©, K

P pBq “
ÿ

i

P pAiqP pB|Aiq.

B “
ř

ipBAiq.

P pBq “
ř

i P pBAiq

“
ř

i P pAiqP pB|Aiq.

y©�U�:

P pAiAjq “ 0,@i ‰ j; P

˜

ď

i

Ai

¸

“ 1; P pAiq ą 0,@i.
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~2.1.2. Å|æ�f(Polya Urn): �Ðkb �ç¥, r �ù¥. z

g���, �£¿�\c �ÓÚ¥. ¦: P pBnq.

^êÆ8B{y²µP pBnq “ P pB1q
X
“ b

b`r .

b�P pBn´1q “
b

b`r é?¿��êb �r ¤á. @o,

P pBnq “P pB1qP pBn|B1q ` P pB
c
1qP pBn|B

c
1q

“
b

b` r
¨

b` c

pb` cq ` r
`

r

b` r
¨

b

b` pr ` cq
“

b

b` r
.

þ¡�{¡�/ÄÚ©Û{0½/�c©Û{0. =, �â

1�ÚÁ�(JòΩ y©�µ

Ω “ B1 `B
c
1.

PB1 �PBc
1
©OC�ëê�pb` c, rq �pb, r ` cq ��.;

2|^�Vúª.
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~. ykn �¥, n1�ù, n2�ç. l¥?�m �, 2lùm �¥

?�r �, ¦: ùr �¥Tkr1 �ù¥, r2 �ç¥�VÇ.

-A L«r �¥Tkr1 �ù¥, r2 �ç¥.

Bm1 “ ùm �¥¥Tkm1 �ù¥, m2 “ m´m1 �ç¥.

P pBm1q “C
m1
n1
Cm2
n2
{Cm

n , P pA|Bm1q “ Cr1
m1
Cr2
m2
{Cr

m.

¦{úª:

P pABm1q “
Cm1
n1
Cm2
n2
Cr1
m1
Cr2
m2

Cm
n C

r
m

.

P pAq “
ÿ

m1

P pABm1q “
ÿ

m1

Cm1
n1
Cm2
n2
Cr1
m1
Cr2
m2

Cm
n C

r
m

. z{!
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P pAq “
ř

m1
Cm1
n1
Cr1
m1
Cm2
n2
Cr2
m2
{pCm

n C
r
mq.

Cm
n C

r
m “ Cr

nC
n´m
n´r :

Õ r Ð r Ð n

n Ñ m Ñ m´ r Ð n´ r Ö

Œ n´m Ñ n´m Ö

�g5©¤n°: n´m, m´ r, r.

©f:

ÿ

m1

Cr1
n1
Cn1´m1
n1´r1 C

r2
n2
Cn2´m2
n2´r2 “ Cr1

n1
Cr2
n2

ÿ

m1

Cn1´m1
n1´r1 C

n2´m2
n2´r2 .

©1: Cr
nC

n´m
n´r

(úª: é?¿r ď mintm,nu,
řr

k“0C
r´k
m Ck

n “ Cr
n`m), �

P pAq “
ÿ

m1

P pABm1q “
Cr1
n1
Cr2
n2

Cr
n

.
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~. ò52 Üý�Åþ©ü|. l1�|¥��Ü(P�`), uy

§´K, ò��\1�|. 2l1�|(�27 Üý)¥�Ñ�Ü(P

�¯), ¦A ““¯´K” �VÇ.

){�!PBi ““1�|�k�26Üý¥ki ÜK”.

P pBiq “
Ci
4C

26´i
48

C26
52

, P pA|Biq “
i `1

27
.

�, ¤¦� P pAq “
ř3

i“0
Ci

4C
26´i
48

C26
52

¨ i`127 . (�Ø)

C ““`´K”, ¤¦�

PCpAq “ P pA|Cq.
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){�(?�)!A ““¯´K”, C ““`´K”.

�Vúª:

P pCq “
3
ÿ

i“0

P pBiqP pC|Biq,

P pBiq “
Ci
4C

26´i
48

C26
52

, P pC|Biq “
4´ i

26
.

�Vúª:

P pACq “
3
ÿ

i“0

P pBiqP pAC|Biq

˚ “
4´ i

26
‹, P pA|BiCq “

i` 1

27
.

^�VÇ�½Â: P pA|Cq “ P pACq{P pCq “ ¨ ¨ ¨ .
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){�!A ““¯´K”, C ““`´K”.

��©n|: 26, 25, 1.

PCpBiq “C
i
3C

26´i
48 {C26

51 , PCpA|Biq “ PCBipAq “
i` 1

27
,

PCpAq “
3
ÿ

i“0

PCpBiqPCpA|Biq “

3
ÿ

i“0

Ci
3C

26´i
48

C26
51

¨
i` 1

27
.

©f:

48!p
1

26!22!
`

3 ¨ 2

25!23!
`

3 ¨ 3

24!24!
`

4

23!25!
q “ ¨ ¨ ¨ “

12642 ¨ 48!

24!26!
.

¤¦�:

PCpAq “
12642 ¨ 48!

24!26!
{p

51!

26!25!
¨ 27q

“
12642 ¨ 25

51 ¨ 50 ¨ 49 ¨ 27
“

258

51 ¨ 2 ¨ 27
“

43

17 ¨ 27
.
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){n!A ““¯´K”, C ““`´K”.

k?�Ñ`(1 Ü), 2ò{ý(51 Ü)©ü|: 25, 26.

3C “/`´K0�^�e, #�.: ò51 Üý(=3 ÜK)�

Åþ©ü|: 25, 26. l`�1�|(�27 Üý)¥�Ñ¯.

B ““¯´`”, Bc “/¯Ñg1�|0:

PCpBq “
1

27
, PCpA|Bq “ 1;

PCpB
cq “

26

27
, PCpA|B

cq “?

�âé¡5, 3PCp¨|B
cq e, ¯l{ý¥��U�Å�Ñ.

PCpA|B
cq “

3

51
“

1

17
.

PCpAq “
1
27 `

26
27 ¨

1
17 “

17`26
27¨17 “

43
27¨17 .
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��dúª

��d(Bayes)úª: b�Ai, i P I ´Ω ����êy©, K

P pAi|Bq “
P pAiqP pB|Aiq

ř

j P pAjqP pB|Ajq
.

y©�U�:

P pAiAjq “ 0,@i ‰ j; P p
Ť

iAiq “ 1; P pAiq ą 0,@i.

í�/O�: P pAi|Bq “
P pAiBq
P pBq & ¦{úª& �Vúª.

_Vúª, k�VÇ vs ��VÇ.

B ´w²�, Ai ´Ûõ�.

G “ tH, B,Bc,Ωu. Ai P F , �Ai R G.
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~2.1.5. C ““k_J”, A ““�,_Juÿ{uÿÑ�5”.

P pA|Cq “ 0.95; P pAc|Ccq “ 0.9; P pCq “ 0.0004.

¦: P pC|Aq.

P pACq “ P pCqP pA|Cq “ 0.0004 ¨ 0.95 “ 0.00038,

P pACcq “ P pCcqP pA|Ccq “ 0.9996 ¨ 0.1 “ 0.09996.

u´,

P pC|Aq “
P pACq

P pACq ` P pACcq
« 0.0038.
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§2.2. ¯��Õá5

�*: P pB|Aq “ P pBq, A u)(�Ä)ØUCB �VÇ.

e

P pABq “ P pAqP pBq,

K¡A, B (�p)Õá(independent). (½Â2.2.1)

�0 ă P pAq ă 1, 0 ă P pBq ă 1, KA, B Õá

iff P pA|Bq “ P pAq iff P pA|Bcq “ P pAq,

iff P pB|Aq “ P pBq iff P pB|Acq “ P pBq.

eP pAiAjq “ P pAiqP pAjq, @i ‰ j, K¡Ai, i P I üüÕá.
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~2.2.1 vs ~2.2.2. a �ç¥, b �x¥, Ä2 g.

A ““1�g´ç”, B ““1�g´ç”.

���m:

Ω “
 

pi, jq : i, j ď n
(

, n “ a` b.

�£Ä�:

pω “
1

n2
, @ω, P pABq “

a2

n2
“ P pAqP pBq.

Ø�£Ä�:

p̃ω “
1

npn´ 1q
, @i ‰ j, rP pABq “

apa´ 1q

npn´ 1q
ă rP pAq rP pBq.
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SK�!5. “�Þ!}
!Ù” iZ.

A ““`Ñ}
”, B ““¯ÑÙ”, C ““`I”.

��:

p0, 0q p0, 2qC p0, 5qB

p2, 0qA p2, 2qA p2, 5qA,B,C

p5, 0qC p5, 2q p5, 5qB

A,B,C üüÕá:

P pAq “P pBq “ P pCq “
1

3
,

P pABq “P pACq “ P pBCq “
1

9
.

�, P pC|ABq “ 1.
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eA1, ¨ ¨ ¨ , An ÷v:

P pAi1 ¨ ¨ ¨Aikq “ P pAi1q ¨ ¨ ¨P pAikq,

@k ď n, @1 ď i1 ă ¨ ¨ ¨ ă ik ď n,

K¡§��pÕá. (½Â2.2.3)

~. n “ 3. (½Â2.2.2)

P pABCq “ P pAqP pBqP pCq “ P pABqP pCq.

A1, A2, ¨ ¨ ¨ �pÕá: A1, ¨ ¨ ¨ , An �pÕá, @n, iff

P pAi1 ¨ ¨ ¨Aikq “ P pAi1q ¨ ¨ ¨P pAikq, @1 ď i1 ă ¨ ¨ ¨ ă ik.
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Õá�5�µ eA1, ¨ ¨ ¨ , An �pÕá, K

@1 ď j1 ă j2 ă ¨ ¨ ¨ ă jk ď n, Aj1 , ¨ ¨ ¨ , Ajk �pÕá;

Bi �Ai ½A
c
i , KBi, 1 ď i ď n �pÕá;

pA1A2q, A3, ¨ ¨ ¨ , An �pÕá;

pA1 YA2q, A3, ¨ ¨ ¨ , An �pÕá.
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~2.2.6. Ci ““1i �����”. Ci, i P I �pÕá, P pCiq ” r.

¦: P pXÚ��q.

A1 “ C1 ¨ ¨ ¨Cn, A2 “ Cn`1 ¨ ¨ ¨C2n.

R1 “ P pA1 YA2q:

A1 �A2 Õá.

e�úª:

R1 “P pA1q ` P pA2q ´ P pA1A2q

“2rn ´ r2n “ rnp2´ rnq.

éóúª:
1´R1 “P pA

c
1A

c
2q “ P pAc

1qP pA
c
2q

“p1´ rnq2 “ 1´2rn ` r2n.
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Bk “ C2k´1 Y C2k, B1, ¨ ¨ ¨ , Bn �pÕá.

e�úª:

P pBkq “ r ` r ´ r2 “ rp2´ rq.

R2 “ P pB1 ¨ ¨ ¨Bnq.

R2 “ P pB1q
n “ rnp2´ rqn.

R2 ą R1: p2´ rq
n ą 2´ rn, n ě 2.
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§2.3 Ëã|Á����þ��ÅiÄ

(�)Á�:

pΩi,Fi, Piq : 1i ��Á�, i “ 1, ¨ ¨ ¨ , np½i ě 1q.

�Á�����mΩ:

Ω “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn, ω “ pω1, ¨ ¨ ¨ , ωnq.

¯�: �Ãi P Fi,

Ãi ãÑ Ai “tω : ωi P Ãiu

“Ω1 ˆ ¨ ¨ ¨ ˆ Ωi´1 ˆ Ãi ˆ Ωi`1 ˆ ¨ ¨ ¨ ˆ Ωn.

�σ �êF :“ σptAi : Ãi P Fi, 1 ď i ď nuq.
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pΩ,Fq �3���VÇP ÷v:

(1) ��Á��N:

P pAiq “ PipÃiq, @Ãi P Fi, 1 ď i ď n.

(2) �Á��pÕá:

P pA1 ¨ ¨ ¨Anq “
ź

i

P pAiq, @Ãi P Fi, 1 ď i ď n.
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~. Ä¥üg.

ü��Á�: Ä¥�g,

Ω1 “ Ω2 “ t1, ¨ ¨ ¨ , nu, P1 “ P2 : tiu ÞÑ
1

n
.

�Á���: ω “ pi, jq, i, j P t1, ¨ ¨ ¨ , nu.

�£Ä�: �Á��pÕá.

P : tpi, jqu ÞÑ
1

n
ˆ

1

n
.

Ø�£Ä�: �Á�Ø�pÕá, P̃ p¨q “ P p¨|i ‰ jq.

rP : tpi, jqu ÞÑ
1

n
ˆ

1

n´ 1
, @j ‰ i.

pP : tpi, 1qu ÞÑ 1
n , @i. ��Á�Ø�N.
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 Õá­EÁ�:

­E5: pΩi,Fi, Piq ” pΩ1,F1, P1q,

Ëã|(Bernoulli)Á�: 0 ă p ă 1,

@i, Ωi “ tH,T u, PiptHuq “ p, PiptT uq “ 1´ p “: q.

½ö��/§@i,

Ωi “ Ω1, Fi “ tH, Â, Â
c,Ωiu, PipÂq “ p.
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ω: Ã¡�(½k��)�H-T iÎG.

Hn “/1n gÝ�H0, Tn “ Hc
n.

�F “ σptHn, n ě 1uq.

�3���½Â3Fþ�VÇP ¦�:

P pHnq “ p P p0, 1q � H1, H2, ¨ ¨ ¨�pÕá.

A “
Ť8

n“1Hn, Ac “
Ş8

n“1 Tn. KP pAq “ 1:

P pAcq ď P

˜

N
č

n“1

Tn

¸

“ qN
NÑ8
ÝÑ 0.

(­EÁ�¥)�VÇ¯��½(A�7,)u).
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