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§7.1 ��q,�O

oNX „ Fθ. 8I: �Ñθ ��O�θ̂.

g�: �VÇ¯�u). | : VÇ�Ì*�&Ý¹Â.

q,¼ê:

Lpθq “ ppx1, θq ¨ ¨ ¨ ppxn, θq,

Ù¥, ppx, θq �oN�©Ù�/�Ý.

½Â1.1. θ ���q,�Oθ̂ “ θ̂px1, ¨ ¨ ¨ , xnq �Lpθq ���

�:. =, θ̂ P Θ, �

Lpθ̂q “ max
θPΘ

ppx1, θq ¨ ¨ ¨ ppxn, θq.
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3q,¼êLpθq “ ppx1, θq ¨ ¨ ¨ ppxn, θq ¥,

Àêâ~x �®�, Àëêθ ���.

^θ̂px1, ¨ ¨ ¨ , xnq KrNO�, ^θ̂pX1, ¨ ¨ ¨ , Xnq KrNnØ.

θ̂ “ θ̂pX1, ¨ ¨ ¨ , Xnq ´ÚOþ.

7Lkθ̂ P Θ.

gpθ̂q ¡�gpθq ���q,�O.

��q,�O(���:)�UØ��.
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~1.1(���./ÿþ�.). ÿÁ�Å���1�Ý, ��n “ 15

�êâ: x1, ¨ ¨ ¨ , xn. Á�O�Å����1�Ý�þ�.

b��Å���1�ÝX Ñl��©ÙNpµ, σ2q.

θ “ pµ, σ2q P Rˆ p0,8q. µ ���ëê, σ2 �?�ëê.

q,¼ê:

Lpθq “
1

p
?

2πσqn
exp

#

´
1

2σ2

n
ÿ

i“1

pxi ´ µq
2

+

.

µ̂ “ x̄ :“ 1
npx1 ` ¨ ¨ ¨ ` xnq. Ï�éz��½�σ

2, Ñk

Lpx̄, σ2q “ max
µPR

Lpµ, σ2q.

¡x̄ ���þ�.
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���;V.

�;V.: Ω “ t1, ¨ ¨ ¨ , nu, Pptiuq “ 1
n .

���ÅCþξ:

ξpiq “ xi, @i. ηpiq “ i, fpiq :“ xi,K ξ “ fpηq.

��þ�: ξ �Ï",

Eξ “ Efpηq “
n
ÿ

i“1

1

n
¨ fpiq “

n
ÿ

i“1

1

n
¨ xi “ x̄.

����: ξ ���,

Epξ ´ Eξq2 “Epfpηq ´ x̄q2 “
1

n

n
ÿ

i“1

pxi ´ x̄q
2,

Eξ2 ´ pEξq2 “
1

n

n
ÿ

i“1

x2
i ´ x̄

2 “ x2 ´ x̄2.
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���;V.(Y)

ϕpµq :“ 1
n

řn
i“1pxi ´ µq

2 “ Epξ ´ µq2.

ϕpEξq ď ϕpµq:

ϕpµq “ E
`

pξ ´ Eξq ` pEξ ´ µq
˘2
“ Dpξq ` pEξ ´ µq2,

Ù¥, Dpξq “ ϕpEξq, ����

Epξ ´ EξqpEξ ´ µq “ pEξ ´ µqEpξ ´ Eξq “ 0.
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?�Ú, ��¦τ “ σ2 ���q,�O.

òµ̂ “ x̄ �\, Pa “ 1
n

řn
i“1pxi ´ x̄q

2.

Lpx̄, τq “
1

p
?

2πσqn
exp

#

´
1

2σ2

n
ÿ

i“1

pxi ´ x̄q
2

+

“
1

p
?

2πqn
τ´

n
2 e´

n
2
¨ a
τ “

1

p
?

2πqn
exp

!

´
n

2

´

ln τ `
a

τ

¯)

.

τ̂ =�ln τ ` a
τ ����::

d

dτ

´

ln τ `
a

τ

¯

“
1

τ
´

a

τ2
“

1

τ2
pτ ´ aq ñ τ̂ “ a.

¡ 1
n

řn
i“1pxi ´ x̄q

2 �����.
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~1.2(g¬Ç��O). ,ó<)�20 ��¬, u�ÑTk���

g¬. �OTó<)��g¬Ç.

oNX „ Bp1, pq, p P r0, 1s. ��þ: n “ 20.

q,¼ê:

Lppq “ psp1´ pqn´s, Ù¥ s “ x1 ` ¨ ¨ ¨ ` xn.

p̂ ��lnLppq “ s ln p` pn´ sq lnp1´ pq ����::

d

dp
lnLppq “

s

p
´
n´ s

1´ p
ñ p̂ “

s

n
.

n “ 20, s “ 1, Ïd, p̂ “ 1
20 .
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~1.4. oN: X „ Up0, θq, êâ: X1, ¨ ¨ ¨ , Xn, (��þ: n).

¦: θ ���q,�O.

q,¼ê:

Lpθq “
n
ź

i“1

1

θ
1t0ďxiďθu “

1

θn
1t0ďx1,¨¨¨ ,xnďθu.

=�θ ě max
1ďiďn

xi �, Lpθq ą 0.

�θ ě max
1ďiďn

xi �, Lpθq “ 1
θn , 'uθ üNeü.

l
, θ̂ “ max
1ďiďn

xi, =max
1ďiďn

Xi.
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~1.5. oN: X „ Exppλq, ��þ: n. ¦: EX ���q,�O.

q,¼ê:

Lpλq “
n
ź

i“1

λe´λxi “ λn exp

#

´λ
n
ÿ

i“1

xi

+

“ exptnplnλ´ λx̄qu.

λ̂ ´lnλ´ x̄ ����::

d

dλ
plnλ´ x̄q “

1

λ
´ x̄ñ λ̂ “ 1{x̄.

EX “ 1{λ, Ïd, yEX “ 1{λ̂ “ x̄, ½X̄.
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 ~1.6. oN: X „ Ppλq, ��þ: n. ¦: λ ���q,�O.

q,¼ê:

Lpλq “
n
ź

i“1

λxi

xi!
e´λ “

1
śn
i“1 xi!

λnx̄e´λn “
1

śn
i“1 xi!

enpx̄ lnλ´λq.

λ̂ ´x̄ lnλ´ λ ����::

d

dλ
px̄ lnλ´ λq “

x̄

λ
´ 1 ñ λ̂ “ x̄,½ X̄.
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 §7.2 Ý�O

g�: ��Ý« ý¢Ý. nØ: LLN.

oNÝ: αk “ αkpθq “ EθX
k, ´ëê�¼ê.

��Ý: ak “ Xk “ 1
n

řn
i“1X

k
i ½x

k, ´ÚOþ.

½Â2.1:

(1) ¡ak �αk �Ý�O.

(2) e��þgpθq “ φpα1, ¨ ¨ ¨ , αkq, Ù¥φ �ëY¼ê,

K¡φpa1, ¨ ¨ ¨ , akq �gpθq �Ý�O.
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~2.1 (Y~1.1) �Å���1�ÝX „ Npµ, σ2q, ��þ: n.

¦µ, σ2 �Ý�O.

Step 1. ò��þ��Ý�¼ê:

µ “ α1, σ2 “ α2 ´ α
2
1.

Step 2. ¦�9����Ý: a1 “ x̄, a2 “ x2.

Step 3. �\¼ê:

µ̂ “ x̄, xσ2 “ x2 ´ x̄2 “
1

n

n
ÿ

i“1

pxi ´ x̄q
2.
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~2.4. oN: X „ Up0, θq. ��þ: n. ¦θ �Ý�O.

α1 “
1
2θ, =θ “ 2α1. �θ̂1 “ 2X̄ ´θ �Ý�O.

α2 “
1
3θ

2, =θ “
?

3α2. l
θ̂2 “

a

3X2 �´θ �Ý�O.

'�θ̂1 ���q,�Oθ̂ “ max
1ďiďn

Xi.

(1) �2X̄ ă max
1ďiďn

Xi �, θ̂1 ØÜn. �, θ̂ o´Ün.

(2) Ï":

Eθθ̂1 “ 2EX̄ “ θ, Eθθ̂ “
n

n` 1
θ (~3.6.7).

(3) ��:

varθpθ̂1q “
4

n
varθpXq “

4

n
¨
θ2

12
“

1

3n
θ2,

varθ

ˆ

n` 1

n
θ̂

˙

“
pn` 1q2

n2
¨

n

pn` 1q2pn` 2q
θ2 “

1

npn` 2q
θ2.
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§7.3 �O�Ã 5

½Â3.1. eÚOþT “ T pX1, ¨ ¨ ¨ , Xnq ÷v

EθT “ gpθq, @θ P Θ.

K¡T �gpθq �Ã �O.

~3.1. ��þ�X̄ ´Ï"µ �Ã �O.

EθX̄ “Eθ
1

n
pX1 ` ¨ ¨ ¨ `Xnq

“
1

n
pEθX1 ` ¨ ¨ ¨ ` EθXnq “ µ.
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~3.1(Y). ��σ2 �Ã �O.

����xσ2 “ 1
n

řn
i“1pXi ´ X̄q

2 Ø´σ2 �Ã �O.

xi ´ µ “ pxi ´ x̄q ` px̄´ µq:

1

n

n
ÿ

i“1

pxi ´ µq
2 “

1

n

n
ÿ

i“1

pxi ´ x̄q
2 ` px̄´ µq2.

xσ2 “ 1
n

řn
i“1pXi ´ µq

2 ´ pX̄ ´ µq2.

Eθxσ2 “ varpXq ´ varpX̄q “ σ2 ´ 1
nσ

2 “ n´1
n σ2.

½n3.1. eoN��σ2 �3, KS2 ´σ2 �Ã �O, Ù¥,

S2 “
1

n´ 1

n
ÿ

i“1

pXi ´ X̄q
2.
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~3.2. oN: X „ Exppλq. ��þ: n. Ïéλ �Ã �O.

��q,�O& Ý�O: λ̂ “ 1{X̄ “ n
Sn

, Ù¥,

Sn “ X1`¨ ¨ ¨`Xn „ Γpn, λq, pSnpyq “
λn

Γpnq
yn´1e´λy, y ą 0.

u´,

Eλ̂ “E
n

Sn
“ n

ż 8

0

1

y
¨
λn

Γpnq
yn´1e´λydy

“n
λΓpn´ 1q

Γpnq

ż 8

0

λn´1

Γpn´ 1q
yn´2e´λydy “

n

n´ 1
λ.

n ě 2 �, n´1
n λ̂ �λ �Ã �O.

n “ 1 �, Eλ̂ “
ş8

0
1
x ˆ λe

´λxdx “ 8.
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§7.4 Ã �O�`û5

b�T “ T pX1, ¨ ¨ ¨ , Xnq ´gpθq ��Oþ, ¡

Rpθ, T q :“ Eθ
`

T ´ gpθq
˘2

�T �þ�Ø�/ºx¼ê.

½Â4.1. b�T “ T pX1, ¨ ¨ ¨ , Xnq ´gpθq ��Oþ. XJ

(1) T ´gpθq �Ã �O,

(2) éugpθq �?¿Ã �OT̃ “ T̃ pX1, ¨ ¨ ¨ , Xnq, Ñk

varθpT q ď varθpT̃ q, @θ P Θ.

K¡T �gpθq �(��)����Ã �O(Uniformly

Minimum Variance Unbiased, UMVU).
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½Â4.2. b�ÚOþT “ T pX1, ¨ ¨ ¨ , Xnq ÷v:

é?¿ÚOþT̃ “ T̃ pX1, ¨ ¨ ¨ , Xnq Ñk,

3T “ t �^�e, T̃ �©Ù�ëêθ Ã',

@o, ¡T �¿©ÚOþ.

=, 3T “ t �^�e, pX1, ¨ ¨ ¨ , Xnq �©Ù�ëêθ Ã'.

½n4.1. eT “ T pX1, ¨ ¨ ¨ , Xnq ÷v:

n
ź

i“1

ppxi, θq “ qθpT px1, ¨ ¨ ¨ , xnqqhpx1, ¨ ¨ ¨ , xnq,

KT ´¿©ÚOþ.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.3. oN: Bp1, pq, ��þ: n. �ÄT “ X1 ` ¨ ¨ ¨ `Xn.

ét “ 0, 1, ¨ ¨ ¨ , n, -

St :“
 

px1, ¨ ¨ ¨ , xnq : xi P t0, 1u,@i; � x1 ` ¨ ¨ ¨ ` xn “ t
(

.

@o, @px1, ¨ ¨ ¨ , xnq P St,

PppX1 “ x1, ¨ ¨ ¨ , Xn “ xn|T “ tq

“
PppX1 “ x1, ¨ ¨ ¨ , Xn “ xnq

PppT “ tq
“

ptp1´ pqn´t

Ctnp
tp1´ pqn´t

“
1

Ctn
.

@t, 3T “ t �^�e, pX1, ¨ ¨ ¨ , Xnq ÑlSt þ�þ!©Ù.

T©Ù�p Ã'. Ïd, T ´¿©ÚOþ.
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~4.6. oN: X „ Exppλq, ��þ: n.

éÜ�Ý�

pλpx1, ¨ ¨ ¨ , xnq “ λn
::

exp

#

´λ
:

n
ÿ

i“1

xi

+

¨ 1tx1,¨¨¨ ,xną0u.

-T “ T pX1, ¨ ¨ ¨ , Xnq “ X1 ` ¨ ¨ ¨ `Xn. KT ´¿©ÚOþ.

K@t ą 0, 3T “ t �^�e, pX1, ¨ ¨ ¨ , Xnq Ñl

St “
 

px1, ¨ ¨ ¨ , xnq : xi ą 0,@i; � x1 ` ¨ ¨ ¨ ` xn “ t
(

þ�þ!©Ù.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.4. oN: X „ Npµ, σ2q, ��þ: n.

éÜ�Ý�

n
ź

i“1

ppxi, θq “
1

?
2πσ2

n exp

"

´

řn
i“1pxi ´ µq

2

2σ2

*

“
1

?
2πσ2

n exp

"

´

řn
i“1pxi ´ x̄q

2 ` npx̄´ µq2

2σ2

*

.

Ïd,
`

X̄,
řn
i“1pXi ´ X̄q

2
˘

´¿©ÚOþ.

eoNU�X „ Npµ, 1q, KéÜ�ÝU�

n
ź

i“1

ppxi, θq “
1

?
2π

n exp

#

´

n
ÿ

i“1

pxi ´ µq
2

2

+

“
1

?
2π

n exp

#

´
1

2

n
ÿ

i“1

x2
i

+

exp

#

µ
n
ÿ

i“1

xi

+

exp
!

´
n

2
µ2
)

.

Ïd, X̄ ´¿©ÚOþ.
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~4.4.(Y) & 4.7. oN: X „ Npµ, 1q, ��þ: n.

®k, T1 “ X̄ ´¿©ÚOþ.
`

X̄,
řn
i“1pXi ´ X̄q

2
˘

�´¿©ÚOþ.

T2 “
`

X̄,X1 ´X2

˘

�´¿©ÚOþ.

ψ1pT1q :“ T1 ´µ �Ã �O.

-φpT2q “ X1 ´X2, KEµφpT2q “ 0, @µ.

Ïd, ψ2pT2q :“ T1 `X1 ´X2 �´µ �Ã �O.

^T2 E�Ã �OØÐ:

varµpT1 `X1 ´X2q

“varµ

ˆ

n` 1

n
X1 ´

n´ 1

n
X2 `

1

n
X3 ` ¨ ¨ ¨ `

1

n
Xn

˙

“
pn` 1q2 ` pn´ 1q2 ` n´ 2

n2
“ 2`

1

n
ą

1

n
“ varµpT1q.
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½Â4.3. �T “ T pX1, ¨ ¨ ¨ , Xnq �¿©ÚOþ. eé?¿φ,

EθφpT q “ 0, @θ P Θ �íÑ Pθ
`

φpT q “ 0
˘

“ 1,@θ P Θ.

K¡T ���¿©ÚOþ.

½n4.2. �T “ T pX1, ¨ ¨ ¨ , Xnq ���¿©ÚOþ. e

EθφpT q “ gpθq, @θ,

KφpT q ´gpθq �UMVU �O.
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½Â4.4. e�Ý½©Ù�ppx, θq U?1Xe©):

ppx, θq “ Spθqhpxq exp

#

m
ÿ

k“1

CkpθqTkpxq

+

,

K¡ppx, θq, θ P Θ ��êx©Ù.

5: x ��p��þ, u´ppx, θq �éÜ�Ý/éÜ©Ù�.

Ún4.1. eoNX ´�êx, K��pX1, ¨ ¨ ¨ , Xnq �´.

½n4.3. oN©ÙXþ; Θ P Rm �¹S:; pC1, ¨ ¨ ¨ , Cmq

3Θ þ�é�!ëY; ÃCi �m(Ti �m)Ã�5'X. K

˜

n
ÿ

i“1

T1pXiq, ¨ ¨ ¨ ,
n
ÿ

i“1

TmpXiq

¸

´��¿©ÚOþ.
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~4.9 & 4.14. oN: X „ Npµ, σ2q, ��þ: n.

θ “ pµ, σ2q. m “ 2:

ppx, θq “
1

?
2πσ2

e´
px´µq2

2σ2 “
1

?
2πσ2

e´
µ2

2σ2 e
µ

σ2
x´ 1

2σ2
x2 .

T1 “
řn
i“1Xi, T2 “

řn
i“1X

2
i , KpT1, T2q ´��¿©ÚOþ.

X̄, S2 ´µ, σ2 �UMVU �O:

X̄ “
1

n
T1, S2 “

1

n´ 1

n
ÿ

i“1

pXi ´ X̄q
2 “

1

n´ 1
pT2 ´

1

n
T 2

1 q

´pT1, T2q �¼ê, �´µ, σ2 �Ã �O.
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~4.9 & 4.14(Y).

U�®�µ (~X, ®�µ “ 1). Kθ “ σ2, m “ 1:

ppx, θq “
1

?
2πσ2

e´
px´1q2

2σ2 “
1

?
2πσ2

e´
1

2σ2
px´1q2 .

T1 “
řn
i“1pXi ´ µq

2 ´��¿©ÚOþ.

σ̂2 ´σ2 �UMVU �O, Ù¥

σ̂2 “
1

n

n
ÿ

i“1

pXi ´ µq
2.
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~4.15. oN: X „ Npµ, 1q, ��þ: n, ¦µ2 �UMVU �O.

m “ 1, θ “ µ:

ppx, θq “
1
?

2π
e´

px´µq2

2 “
1
?

2π
e´

1
2
µ2e´

1
2
x2eµx.

T1 “
řn
i“1Xi ´��¿©ÚOþ, ÏdX̄ �´.

dvarpY q “ EY 2 ´ pEY q2 �,

µ2 “
`

EµX̄
˘2
“ EµX̄

2´varµpX̄q “ EµX̄
2´

1

n
“ Eµ

ˆ

X̄2 ´
1

n

˙

.

Ïd, X̄2 ´ 1
n ´µ

2 �UMVU �O.
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~4.10 & 4.13. ,ó<)�20 ��¬, Ù¥1 ��g¬.

¦: g¬Ç�UMVU �O.

oN: Y „ Bp1, pq, p “ θ P r0, 1s, ��þ: n “ 20.

©Ù�: PppY “ yq “ pyp1´ pq1´y “ ey ln p`p1´yq lnp1´pq.

m “ 1. PppY “ yq “ eypln p´lnp1´pqqp1´ pq.

½ö, oN: X „ Bp20, pq, p “ θ P r0, 1s, ��þ: 1.

©Ù�:

PppX “ kq “ Cknp
kp1´ pqn´k “ p1´ pqnCkne

kln p
1´p .

�T “ Y1 ` ¨ ¨ ¨ ` Y20 ´��¿©ÚOþ,

p̂ “ T {20 ´UMVU �O.
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§7.5 �O��Ü5

½Â5.1. �Tn “ TnpX1, ¨ ¨ ¨ , Xnq ÷v: @ε ą 0,

Pθ
`

|Tn ´ gpθq| ě ε
˘ nÑ8
ÝÑ 0, @θ P Θ.

K¡Tn �gpθq ��Ü�O, ½Tn äk�Ü5.

½n5.1, íØ5.1.

��Ýa` “ X` �oNÝα` “ EX` ��Ü�O.

½n5.2. gpθq �Ý�Oäk�Ü5.

(5: gpθq “ φpα1, ¨ ¨ ¨ , αkq, Ù¥φ �ëY¼ê).
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~5.2. oN: X „ Up0, θq, ��þ: n.

Ý�O2X̄ äk�Ü5.

��q,�OTn “ max
1ďiďn

Xi �äk�Ü5: @0 ă ε ă θ,

Pθp|Tn ´ θ| ě εq “PθpTn ď θ ´ εq

“PθpX ď θ ´ εqn “

ˆ

θ ´ ε

θ

˙n

Ñ 0.
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§7.6 �O�ìC©Ù

½Â6.2. �Tn “ TnpX1, ¨ ¨ ¨ , Xnq ÷v:

?
npTn ´ gpθqq

d
Ñ Z „ Np0, σ2q, @θ P Θ,

K¡Tn ´ìC���, Ù¥σ2 “ σ2
θ ¡�ì?��.

óä: CLT & ∆ �{.

½n6.3 (∆ �{). �
?
npTn ´ θq

d
Ñ Z „ Np0, τ2q,

h1pθq �3�Ø�0, K

?
n
`

hpTnq ´ hpθq
˘ d
ÑW „ Np0, h1pθq2τ2q.
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~6.1. oN: X „ Npµ, σ2q, ��þ: n.

UMVU �O: µ̂ “ X̄, xσ2 “ S2 “ 1
n´1

řn
i“1pXi ´ X̄q

2.

µ̂ ìC��: ¯¢þ,

?
npX̄ ´ µq „ Np0, σ2q.

½n7.1. pn´ 1qS2 d
“ σ2Kn´1, Ù¥, Kn´1 „ χ2pn´ 1q.

S2 ìC��: CLT,

řn´1
i“1 Z

2
i ´ pn´ 1q

?
n´ 1

d
ÑW „ Np0, varpZ2qq

ñ
?
npS2 ´ σ2q «

?
n´ 1pS2 ´ σ2q

d
Ñ σ2W „ Np0, 2σ4q.
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~6.3. oN: X „ Npµ, 1q, ��þ: gpµq “ PµpX ď x0q.

�{�!gpµq “ PµpX ´ µ ď x0 ´ µq “ Φpx0 ´ µq.

dCLT, µ ���q,�Oµ̂ “ X̄ ìC��, ìC��“ 1.

2d∆ �{, gpµq ���q,�Ogpµ̂q “ Φpx0 ´ X̄q ìC�

�, ìC���

σ2
1 “ g1pµq2 ¨ 1“ ϕpx0 ´ µq

2.

�{�! 1
n

řn
i“1 1tXiďx0u

Pµ
Ñ PµpXi ď x0q “ gpµq, ìC��,

ìC���

σ2
2 “ varp1tXďx0uq “ gpµqp1´gpµqq“ Φpx0 ´ µq

`

1´ Φpx0 ´ µq
˘

.

SKÔ!30: σ2
1 ď σ2

2.
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~6.3 (Y). oN: X „ Npµ, 1q, ��þ: gpµq “ Φpx0 ´ µq.

µ̂ “ X̄ ´��¿©ÚOþ, �gpµ̂q Ø´gpµq �Ã �O.

-hpµq “ Φ
´
b

n
n´1px0 ´ µq

¯

.

Ppµ,σ2pxq “ 1?
2πσ

e´
px´µq2

2σ2 , K

Eµhpµ̂q “EµΦ

ˆc

n

n´ 1
px0 ´ X̄q

˙

“

ż 8

´8

pµ, 1
n
pyqΦ

ˆc

n

n´ 1
px0 ´ yq

˙

dy

“

ż 8

´8

pµ, 1
n
pyq

ż

?
n
n´1

px0´yq

´8

p0,1pzqdzdy

“P

ˆ

Z ď

c

n

n´ 1
px0 ´ Y q

˙

,

Ù¥, Y, Z �pÕá, Y „ Npµ, 1
nq, Z „ Np0, 1q.
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~6.3 (Y). oN: X „ Npµ, 1q, ��þ: gpµq “ Φpx0 ´ µq.

®k: �Y, Z �pÕá, Y „ Npµ, 1
nq, Z „ Np0, 1q, K

Eµhpµ̂q “ P

ˆ

Z ď

c

n

n´ 1
px0 ´ Y q

˙

,

b

n´1
n Z ` Y „ Npµ, 1q. Ïd,

Eµhpµ̂q “P

˜

c

n´ 1

n
Z ` Y ´ µ ď x0 ´ µ

¸

“ Φpx0 ´ µq.

µ̂ ´��¿©ÚOþ, hpµ̂q ´gpµq �Ã �O, Ïd

´UMVU �O.
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§7.7 �&«mÚ�&�

½Â7.1. b�T “ T pX1, ¨ ¨ ¨ , Xnq �T̄ “ T̄ pX1, ¨ ¨ ¨ , Xnq �ÚO

þ, α P p0, 1q.

(1) eT ă T̄ �

PθpT ď gpθq ď T̄ q ě 1´ α, @θ P Θ,

K¡rT , T̄ s �gpθq ��&Ý�1´ α ��&«m.

(2) e

PθpT ď gpθqq ě 1´ α, @θ P Θ,

K¡T �gpθq ��&Ý�1´ α ��&e�.

(3) e

Pθpgpθq ď T̄ q ě 1´ α, @θ P Θ,

K¡T̄ �gpθq ��&Ý�1´ α ��&þ�.
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1. Í¶þ{

½Â7.2. b�gpθq ´��þ. e

h “ hpX1, ¨ ¨ ¨ , Xn; gpθqq

�©Ù�θ Ã', K¡h �Í¶þ.

Step 1. éÍ¶þh “ hp ~X, gpθqq 9Ù©ÙF .

Step 2. |^F ÀJa, b, ¦�:

P pa ď h ď bq ě 1´ α.

Step 3. òa ď h ď b z�T ď gpθq ď T̄ , u´��

P pT ď gpθq ď T̄ q ě 1´ α.
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1. Í¶þ{

~7.1. oN: X „ Exppλq. ��þ: n. ¦λ ��&«m.

λX „ Expp1q, Ïd,

h1 “ λpX1 ` ¨ ¨ ¨ `Xnq „ Γpn, 1q.

2λX „ Exp
`

1
2

˘

, Ïd

h2 “ 2λpX1 ` ¨ ¨ ¨ `Xnq „ Γ

ˆ

n,
1

2

˙

“ χ2p2nq.

�χ2p2nq �L¼�λ1 “ χ2
α{2p2nq, λ2 “ χ2

1´α{2p2nq. u´,

Pλpλ1 ď h2 ď λ2q “ 1´ α. l
, ¤¦�rT , T̄ s, Ù¥,

T “
λ1

2pX1 ` ¨ ¨ ¨ `Xnq
, T̄ “

λ2

2pX1 ` ¨ ¨ ¨ `Xnq
.
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2. ��oNX „ Npµ, σ2q ¥ëê��&«m

½Â3.6.8 & 7.3. n ���©ÙNp~µ,Σq �éÜ�Ý�:

pp~xq “
1

?
2π

na
|Σ|

exp

"

´
1

2
p~x´ ~µqTΣ´1p~x´ ~µq

*

.

Ù¥, ~x “ px1, ¨ ¨ ¨ , xnq
T , µ “ pµ1, ¨ ¨ ¨ , µnq

T , Σ “ pσijqnˆn

�½.

½Â3.6.6, 3.6.7 & 7.4.

~X “ pX1, ¨ ¨ ¨ , Xnq
T �Ï"����
©O�

E ~X “ pEX1, ¨ ¨ ¨ , EXnq
T , covp ~X, ~Xq “ pcovpXi, Xjqqnˆn .

~X �~Y “ pY1, ¨ ¨ ¨ , Ymq
T ����
�

covp ~X, ~Y q “

˜

covpX1, Y1q ¨ ¨ ¨ covpX1, Ymq

covpXn, Y1q ¨ ¨ ¨ covpXn, Ymq

¸

nˆm

.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

Ún7.1. Ý
$�, ~: covpA ~X, ~Y q “ Acovp ~X, ~Y q.

Ún7.2. b� ~X „ Np~µ,Σq.

(1) E ~X “ ~µ, covp ~X, ~Xq “ Σ;

(2) �Bnˆn �òz, ~a P Rn, K~a`B ~X Ñln ���©Ù;

(3) �1 ď m ă n, KpX1, ¨ ¨ ¨ , Xmq
T Ñlm ���©Ù;

(4) �1 ď m ă n, Amˆn 1÷�, KA ~X Ñlm ���©Ù.
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½n7.1. b�oN: X „ Npµ, σ2q, ��þ: n. K

(1) X̄ „ N
`

µ, 1
nσ

2
˘

;

(2) 1
σ2

řn
i“1pXi ´ X̄q

2 „ χ2pn´ 1q;

(3) X̄ �
řn
i“1pXi ´ X̄q

2 �pÕá.

y: Xi “ µ` σZi, Ù¥Zi “ X˚i „ Np0, 1q, i.i.d..

X̄ “ µ` σZ̄, ‹ “
řn
i“1pZi ´ Z̄q

2 “
řn
i“1 Z

2
i ´ nZ̄

2.

���Ý
Anˆn, Ù1�1´
´

1?
n
, ¨ ¨ ¨ , 1?

n

¯

. -~Y “ A~Z.

dA ��, ~Y „ Np~0, Inˆnq �
řn
i“1 Z

2
i “

řn
i“1 Y

2
i .

dA �1�1, Y 2
1 “ nZ̄2. u´, ‹ “

řn
i“2 Y

2
i „ χ2pn´ 1q.

Z̄ “ 1?
n
Y1 „ Np0, 1

nq, ��
řn
i“2 Y

2
i Õá. �, (1), (3) ¤á.
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~7.2 & 7.3. σ2 ®�, (~X, X „ Npµ, 1q).

¦: µ ��&Ý�1´ α �(1) �&«m, (2) �&þ�.

�h “ hpX1, ¨ ¨ ¨ , Xn, µq :“
?
npX̄´µq
σ „ Np0, 1q.

(1) �L¼�z1´α{2, u´Pµp|h| ď z1´α{2q “ 1´ α. Ïd,

Pµ

ˆ

|X̄ ´ µ| ď
σ
?
n
z1´α{2

˙

“ 1´ α.

VÇØ�Ý: X̄ P rµ´ σ?
n
x, µ` σ?

n
xs,

����Å:X̄ á3®��(½«m¥.

ÚOÆ�Ý: µ P rX̄ ´ σ?
n
x, X̄ ` σ?

n
xs (d=¤¦�&«m),

®���Å«m(�dêâ��)CX��ëêµ ((½�:).

(2) �&þ��µ̄ “ X̄` σ?
n
z1´α:

Pµph ě zαq “ 1´ αñ Pµ

´

X̄ ď µ´ σ?
n
zα

¯

“ 1´ α.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~7.4. σ2 ��. ¦: µ ��&Ý�1´ α ��&«m.

h̃ “
?
npX̄´µq
σ „ Np0, 1q E,¤á.

�´, h̃ Ø´Í¶þ!

Í¶þ�U¹êâÚ��þ, ØU¹?�ëêσ2.

~7.2¥�X̄ ˘ σ?
n
z1´α{2 ¹σ

2, Ø´ÚOþ.

^σ2 �UMVU �OS2 “ 1
n´1

řn
i“1pXi ´ X̄q

2 �Oσ2.

òy²

h “ hpX1, ¨ ¨ ¨ , Xn;µq :“

?
npX̄ ´ µq
?
S2

´Í¶þ.
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½n7.1 �y²: Xi “ µ` σZi. �ÝÝ
Anˆn �1�1

´
´

1?
n
, ¨ ¨ ¨ , 1?

n

¯

. -~Y “ A~Z, KY1, ¨ ¨ ¨ , Yn „ i.i.d. Np0, 1q.

�	

h “

?
npX̄ ´ µq
?
S2

, S2 “
1

n´ 1

n
ÿ

i“1

pXi ´ X̄q
2.

�	©f:
?
npX̄ ´ µq “ σ

?
nZ̄ “ σY1.

�	©1:
řn
i“1pXi ´ X̄q

2 “ σ2
řn
i“2 Y

2
i . u´,

h “
Y1

b

1
n´1

řn
i“2 Y

2
i

.

gdÝ�n �t ©Ù(P�tpnq) ��´

Tn :“
Z

b

1
npZ

2
1 ` ¨ ¨ ¨ ` Z

2
nq

Ñl�©Ù, Ù¥Z,Z1, ¨ ¨ ¨ , Zn ÕáÓ©Ù, Z „ Np0, 1q.
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Ïd,

h “ hpX1, ¨ ¨ ¨ , Xn;µq “

?
npX̄ ´ µq
?
S2

„ tpn´ 1q,

Ù¥

S2 “
1

n´ 1

n
ÿ

i“1

pXi ´ X̄q
2 “: σ̂2

�σ2 �UMVU �O.

�L¼�t1´α{2pn´ 1q. Ïd

Pµ

ˆ

|X̄ ´ µ| ď
σ̂
?
n
t1´α{2pn´ 1q

˙

“ 1´ α.

¤¦�&«m�
„

X̄ ´
σ̂
?
n
t1´α{2pn´ 1q, X̄ `

σ̂
?
n
t1´α{2pn´ 1q



.
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~7.5. θ “ pµ, σ2q. ¦σ2 ��&Ý�1´ α ��&þ�.

Í¶þ: d½n7.1,

h :“
pn´ 1qS2

σ2
“

řn
i“1pXi ´ X̄q

2

σ2
„ χ2pn´ 1q.

�L¼�χ2
αpn´ 1q, u´

Pθ
`

h ě χ2
αpn´ 1q

˘

“ 1´ α.

Ïd,

Pθ

ˆ

σ2 ď

řn
i“1pXi ´ X̄q

2

χ2
αpn´ 1q

˙

“ 1´ α.

¤¦�&þ��
řn
i“1pXi´X̄q

2

χ2
αpn´1q

.

5: eµ ®�, KÍ¶þÚ�&þ�A�
řn
i“1pXi ´ µq

2

σ2
„ χ2pnq,

řn
i“1pXi ´ µq

2

χ2
αpnq

.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

3. ëê�Cq�&«m

½n7.2. b�Tn “ TnpX1, ¨ ¨ ¨ , Xnq ÷v

?
npTn ´ gpθqq

d
Ñ Np0, σ2q,

Kgpθq �Cq�&«m�O�:

(1) σ2 ®�: rTn ´
σ?
n
z1´α{2, Tn `

σ?
n
z1´α{2s,

(2) σ2 ��: rTn ´
σ̂n?
n
z1´α{2, Tn `

σ̂n?
n
z1´α{2s, Ù¥σ̂n �σ

��Ü�O.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~7.6. 90 <¥15 <�A��Kú­, ¦: Kú­�z©'θ

�0.95 �&«m.

oN: X „ Bp1, θq, ��þ: n “ 90.

dCLT, ?
npX̄ ´ θq

a

θp1´ θq

d
Ñ Z „ Np0, 1q.

u´,

Pθ

˜ˇ

ˇ

ˇ

ˇ

ˇ

?
npX̄ ´ θq

a

θp1´ θq

ˇ

ˇ

ˇ

ˇ

ˇ

ď z1´α{2

¸

« 1´ α.

�L¼�z0.975 “ 1.96, u´

ˇ

ˇ

ˇ

ˇ

ˇ

?
90p15

90 ´ θq
a

θp1´ θq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 1.96 ñ θ P r0.1037, 0.2569s,

d=¤¦�Cq�&«m.
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