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§3.1 �Å�þ�Vg

~1.3. �	g�MÝX �¹%þY , ¹1þZ �m�'X.

½Â1.1 & 1.11. �X1, ¨ ¨ ¨ , Xn ´Ó��VÇ�mpΩ,F , P q
þ��ÅCþ, K¡

ξ “ ~X “ pX1, ¨ ¨ ¨ , Xnq : Ω Ñ Rn, ω ÞÑ pX1pωq, ¨ ¨ ¨ , Xnpωqq

�pΩ,F , P q þ�(n �)�Å�þ/Cþ.

½Â1.2. n ��Å�þ�¼ê�#Cþ Y “ fpX1, ¨ ¨ ¨ , Xnq,

Ù¥f : Rn Ñ R, px1, ¨ ¨ ¨ , xnq ÞÑ fpx1, ¨ ¨ ¨ , xnq.

~1.6. n��m¥����Å:pX,Y, Zq ��:�ål�

fpX,Y, Zq “
a

X2 ` Y 2 ` Z2.
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1. lÑ.�/

§3.2 ���Å�þ�éÜ©Ù�>�©Ù, §3.7 ^�©Ù

½Â2.1 & 2.2. eξ “ pX,Y q �k��½���/�0(��

�þ), K¡ξ �lÑ..

ξ ´lÑ.��=�X,Y Ñ´lÑ..

½Â2.2. �X, Y ��U�©O�xi, yj , K¡

pij “ P pX “ xi, Y “ yjq, i, j “ 1, 2, ¨ ¨ ¨

�ξ �éÜ©Ù(�).

éÜ©Ù�÷v: pij ě 0, i, j “ 1, 2, ¨ ¨ ¨ (�K5);
ř

i,j pij “ 1 (5�5).
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½Â2.3. �ξ “ pX,Y q, KX �©Ù¡�ξ 'uX �>�©

Ù. 'uY �>�©Ùaq.

~2.5. 0 ď ε ď 1
4 ,

P pξ “ p0, 0qq “ P pξ “ p1, 1qq “ 1
4 ` ε;

P pξ “ p0, 1qq “ P pξ “ p1, 0qq “ 1
4 ´ ε.

ok, X,Y „ Bp1, 1
2q.

 

�½i, ò

P pY “ yj |X “ xiq, j “ 1, 2, ¨ ¨ ¨

¡�3X “ xi �^�e, Y �^�©Ù(�);

X �^�©Ùaq. (7.3)

éÜ©Ù�ô >�©Ù�!^�©Ù�.
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~2.2 & 2.3: k�þ®), ¹x!�!ùn«ôÚ, '~©O�p1,

p2, p3. l¥Ä�n |. ¦: TÐÄ�k1 |x, k2 |��VÇ.

�TÐÄ�X |x, Y |�, =¦pX,Y q “ pk1, k2q �VÇ.

�±n)��£Ä�, ëYÄ�n g.

¤¦¯��¹


Ck1n C
k2
n´k1

“
n!

k1!k2!pn´ k1 ´ k2q!

�Ä�¯�, Ù¥, z���VÇÑ�

pk11 p
k2
2 p

n´k1´k2
3 .

�, @k1, k2 ě 0, k1 ` k2 ď n,

P pX “ k1, Y “ k2q “ Ck1n C
k2
n´k1

pk11 p
k2
2 p

n´k1´k2
3 .

¡ξ “ pX,Y q Ñln�©Ù.
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P pX “ k1, Y “ k2q “ Ck1n C
k2
n´k1

pk11 p
k2
2 p

n´k1´k2
3 .

X �>�©Ù:

P pX “ k1q “

n´k1
ÿ

k2“0

Ck1n C
k2
n´k1

pk11 p
k2
2 p

n´k1´k2
3

“Ck1n p
k1
1 p1´ p1q

n´k1 .

Y �^�©Ù: �½k1,

P pY “ k2|X “ k1q “
P pX “ k1, Y “ k2q

P pX “ k1q
“
‹‹

˚˚

“ Ck2n´k1

ˆ

p2

p2 ` p3

˙k2 ˆ p3

p2 ` p3

˙k3

, k2 “ 0, 1, ¨ ¨ ¨ , n´ k1.
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2. ëY.�/

½Â2.4. �ξ “ pX,Y q. e�3ppx, yq ¦�

P pξ P Dq “

ĳ

D

ppx, yqdxdy,

é?¿mÝ/ D ¤á, K¡ξ �ëY.�Å�þ, ¡ppx, yq

�ξ �éÜ�Ý(¼ê), �P�pX,Y px, yq.

éÜ�Ý÷v:

ppx, yq ě 0;

ĳ

R2

ppx, yqdxdy “ 1.

‹‹ é����8ÜD Ñ¤á, ~X, D ´ü ��.
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½n2.1. eξ “ pX,Y q ´ëY., KX,Y Ñ´ëY., �

pXpxq “

ż 8

´8

pX,Y px, yqdy, pY pyq “

ż 8

´8

pX,Y px, yqdx.

¡pXp¨q �pY p¨q �ξ �>��Ý.

�½y, ÷vpY pyq ą 0. ¡('ux �¼ê)

pX|Y px|yq :“
ppx, yq

pY pyq
, x P R

�3Y “ y �^�e, X �^��Ý. (7.5)

éÜ�Ýô >��Ý!^��Ý.
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½Â2.5. b�G ´R2 ¥¡È�a �«�. e

P pξ P Aq “
A�¡È

G�¡È
, @f«�A,

K¡ξ ÑlG þ�þ!©Ù, P�ξ „ UpGq.

éÜ�Ý: ppx, yq “ 1
a , px, yq P G.

>��Ý:

pXpxq “
|G2,x|

a
, x P G1,

Ù¥, G2,x :“ ty : px, yq P Gu, |G2,x| �Ùo�Ý;

G1 “ tx : |G2,x| ą 0u.

 

^��Ý: pY |Xpy|xq “
1

|G2,x|
, y P G2,x.

pY |Xpy|xq Ò´�½x, òppx, yq À�y �¼ê8�z,

pY |Xpy|xq “
1

pXpxq
ppx, yq.
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~2.7. G �dy “ x2 Úy “ x ¤�¤�k�«�. ξ „ UpGq.

¦: ξ �éÜ�Ý�>��Ý.

G �¡È: a “
ş1
0 xdx´

ş1
0 x

2dx “ 1
6 .

éÜ�Ý: ppx, yq “ 6, px, yq P G.

>��Ý:

pXpxq “
ş8

´8
ppx, yqdy “

şx
x2 6dy “ 6px´ x2q, 0 ă x ă 1.

pY pyq “
ş8

´8
ppx, yqdx “

ş

?
y

y 6dx “ 6p
?
y ´ yq, 0 ă y ă 1.

^��Ý: �½y P p0, 1q,

pX|Y px|yq “
1?
y´y ,

?
y ď x ď y.

5: X, Y Ñ�Hp0, 1q, �ξ ØU�Hp0, 1q ˆ p0, 1q.
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½Â2.6, ~2.8 & ~7.5. eξ “ pX,Y q �éÜ�Ýppx, yq k

XeL�ª, K¡ξ Ñl��(�)��©Ù.

1

2πσ1σ2

a

1´ ρ2
exp

"

´
u2 ` v2 ´ 2ρuv

2p1´ ρ2q

*

,

Ù¥,

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
,

k5 �ëê: µ1, µ2 P R,

σ1, σ2 ą 0,

ρ P p´1, 1q.
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éÜ�Ý: u “ x´µ1
σ1

, v “ y´µ2
σ2

,

1

2πσ1σ2

a

1´ ρ2
exp

"

´
u2 ` v2 ´ 2ρuv

2p1´ ρ2q

*

.

>��Ý: X „ Npµ1, σ
2
1q, Y „ Npµ2, σ2q

2. ~X,

pXpxq “

ż 8

´8

ppx, yqdy

“

ż 8

´8

1

2πσ1

a

1´ ρ2
exp

"

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q

*

dv

“
1

2πσ1

a

1´ ρ2
e
´
p1´ρ2qu2

2p1´ρ2q

ż 8

´8

exp

"

´
pv ´ ρuq2

2p1´ ρ2q

*

dv

“
1

2πσ1

a

1´ ρ2
e´

1
2
u2
a

2πp1´ ρ2q “
1

?
2πσ1

e
´
px´µ1q

2

2σ21 .
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éÜ�Ý: u “ x´µ1
σ1

, v “ y´µ2
σ2

,

C exp

"

´
u2 ` v2 ´ 2ρuv

2p1´ ρ2q

*

“
1

2πσ1σ2

a

1´ ρ2
exp

"

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q

*

.

>��Ý: pXpxq “
1?

2πσ1
e
´
p1´ρ2qu2

2p1´ρ2q .

^��Ý:

pY |Xpy|xq “
ppx, yq

pXpxq
“

1
?

2πσ2

a

1´ ρ2
exp

"

´
pv ´ ρuq2

2p1´ ρ2q

*

.

,):

pY |Xpy|xq “
1

pXpxq
ppx, yq “ Ĉ exp

#

´
p
y´µ1
σ2

´ ρuq2

2p1´ ρ2q

+

.
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~2.9. ξ “ pX,Y q �η “ pU, V q ©OkéÜ�Ý

ppx, yq “
1

2π
e´

x2`y2

2 , qpu, vq “ 2ppu, vq, uv ą 0.

ξ Ñl����©Ù, X,Y „ Np0, 1q, ρ “ 0.

η ØÑl����©Ù.

�U, V „ Np0, 1q. ~X, @u ą 0,

pU puq “

ż 8

´8

qpu, vqdv “

ż 8

0
2ppu, vqdv

“

ż 8

0

1

π
e´

u2`v2

2 dv “
1

π
e´

u2

2

ż 8

0
e´

v2

2 dv

“
1

π
e´

u2

2 ˆ
1

2

?
2π “

1
?

2π
e´

u2

2 .

5: U, V Ñ´��Cþ, ØUíÑpU, V q ´�����þ.
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3. ���/

½Â2.7. ¡F px, yq “ P pX ď x, Y ď yq �pX,Y q �éÜ©

Ù¼ê, �P�FX,Y px, yq.

éÜ©Ù¼ê�5�: /üN0!/5�0!mëY,

F px2, y2q ´ F px1, y2q ´ F px2, y1q ` F px1, y1q ě 0;

lim
xÑ´8

F px, yq “ lim
yÑ´8

F px, yq “ 0, lim
x,yÑ8

F px, yq “ 1.

ëY.�þ:

F px, yq “

ż x

´8

ż y

´8

ppu, vqdvduñ ppx, yq “
B2F

BxBy
px, yq.
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§3.3 �ÅCþ�Õá5

½Â3.1. eé?¿÷va ă b �c ă d �¢êa, b, c, d, Ñk

P pa ă X ă b, c ă Y ă dq “ P pa ă X ă bqP pc ă Y ă dq,

K¡X �Y �pÕá.

¯¢þ, é�þ�A,B Ď R k

P pX P A, Y P Bq “ P pX P AqP pY P Bq.

½n3.3. X, Y �pÕá��=�

FX,Y px, yq “ FXpxqFY pyq.
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½n3.1. lÑ., X, Y �pÕá��=�

P pX “ xi, Y “ yjq “ P pX “ xiqP pY “ yjq.

½n3.2. ëY., X, Y �pÕá��=�

pX,Y px, yq “ pXpxqpY pyq.

X �Y �pÕá�¿©^�:

lÑ.:

P pX “ xi, Y “ yjq “ piqj , P pY “ yj |X “ xiq “ qj , @i, j;

ëY.:

pX,Y px, yq “ fpxqgpyq, pX|Y px|yq “ fpxq, @x, y. (íØ3.1)
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~3.1. pX,Y q Ñl����©Ù, pX,Y px, yq Xe

1

2πσ1σ2

a

1´ ρ2
exp

"

´
u2 ` v2 ´ 2ρuv

2p1´ ρ2q

*

,

Ù¥,

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
,

®k(Ø:

pXpxq “
1

?
2πσ1

exp

"

´
1

2
u2

*

, pY pyq “
1

?
2πσ2

exp

"

´
1

2
v2

*

.

X, Y �pÕá��=�ρ “ 0.
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1.�Å�þ¼ê�©Ù

§3.4 ü��ÅCþ�¼ê

�ξ “ pX,Y q kéÜ�Ýppx, yq, ¦Z “ fpX,Y q ��Ý.

©Ù¼ê{: 1�Ú, ^ppx, yq L�FZ ,

FZpzq “ P pfpX,Y q ď zq “

ĳ

tpx,yq:fpx,yqďzu

ppx, yqdxdy.

1�Ú, ò‹‹ z�XeÈ©,

‹‹ “

ż z

´8

ppuqdu.

(Ø: pZpzq “ ppzq.
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~7.3. b�X �Y �pÕá, X „ Ppλ1q, Y „ Ppλ2q.

-Z “ X `Y . ¦: Z �©Ù; 3Z “ n �^�e, X �^�©Ù.

Z „ Ppλ1 ` λ2q: @n ě 0, P pZ “ nq

“

n
ÿ

k“0

P pX “ k, Y “ n´ kq “
n
ÿ

k“0

λk1
k!
e´λ1

λn´k2

pn´ kq!
e´λ2

“
1

n!

˜

n
ÿ

k“0

Cknλ
k
1λ

n´k
2

¸

e´pλ1`λ2q “
pλ1 ` λ2q

n

n!
e´pλ1`λ2q.

n “ 0 �, P pX “ 0|Z “ 0q “ 1.

n ě 1 �, Pp “ λ1
λ1`λ2

, q “ 1´ p. K, k “ 0, 1, ¨ ¨ ¨ , n,

P pX “ k|Z “ nq “
Cknλ

k
1λ

n´k
2

pλ1 ` λ2q
n
“ Cknp

kqn´k,

^�©Ù´��©Ù.
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~7.4. b�X �Y �pÕá, X „ Bpn1, pq, Y „ Bpn2, pq,

0 ă p ă 1. -Z “ X ` Y . ¦: Z �©Ù; 3Z “ n �^�e, X

�^�©Ù.

n “ 0, 1, ¨ ¨ ¨ , n1 ` n2. Pq “ 1´ p, KP pZ “ nq

“

n
ÿ

k“0

P pX “ k, Y “ n´ kq “
n
ÿ

k“0

Ckn1
Cn´kn2

pk`n´kqn1´k`n2´pn´kq

“

n
ÿ

k“0

Ckn1
Cn´kn2

pnqn1`n2´n “ Cnn1`n2
pnqn1`n2´n.

n “ 0 �, P pX “ 0|Z “ 0q “ 1.

n ě 1 �, k “ 0, 1, ¨ ¨ ¨n,

P pX “ k|Z “ nq “
Ckn1

Cn´kn2

Cnn1`n2

.

^�©Ù´�AÛ©Ù.
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½n4.1. �ξ “ pX,Y q kéÜ�Ýppx, yq, Z “ X ` Y . K

pZpzq “

ż 8

´8

ppx, z ´ xqdx.

y: 1�Ú,

FZpzq “ P pX ` Y ď zq “

ĳ

x`yďz

ppx, yqdxdy.

1�Ú,

‹ “

ż 8

´8

ˆ
ż z´x

´8

ppx, yqdy

˙

dx “

ż z

´8

ż 8

´8

ppx, u´ xqdxdu

íØ(X4.1): eX, Y �pÕá, ©Ok�ÝpX , pY ,

KZ “ X ` Y ´ëY., �

pZpzq “

ż 8

´8

pXpxqpY pz ´ xqdx “

ż 8

´8

pXpz ´ yqpY pyqdy.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.1 & 4.2. �pX,Y q Ñl����©Ù, éÜ�Ýppx, yq �

ppx, yq “ Ĉ exp

"

´
u2 ´ 2ρuv ` v2

2p1´ ρ2q

*

,

ˆ

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2

˙

,

Ù¥, Ĉ “ 1

2πσ1σ2
?

1´ρ2
. ¦Z “ X ` Y ��Ý.

pZpzq “
ş8

´8
ppx, z ´ xqdx. �y �z ´ x �,

v “
y ´ µ2

σ2
“
z ´ pµ1 ` σ1uq ´ µ2

σ2
“ C ´

σ1

σ2
u,

Ù¥, C “ pz ´ µ1 ´ µ2q{σ2.

d�, u2 ´ 2ρuv ` v2

“u2 ´ 2ρu

ˆ

C ´
σ1

σ2
u

˙

`

ˆ

C ´
σ1

σ2
u

˙2

“

˜

1` 2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2
¸

u2 ´ 2

ˆ

ρ`
σ1

σ2

˙

Cu` C2.
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8I: O�pZpzq “
ş8

´8
ppx, z ´ xqdx. ®k:

ppx, z´xq “ Ĉ exp

"

´
Au2 ´ 2Bu` C2

2p1´ ρ2q

*

, Ù¥, u “
x´ µ1

σ1
,

A “ 1`2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2

, B “

ˆ

ρ`
σ1

σ2

˙

C, C “
z ´ pµ1 ` µ2q

σ2
.

��:

Au2 ´ 2Bu` C2 “ A

ˆ

u´
B

A

˙2

´

ˆ

B2

A
´ C2

˙

.

u´, pZpzq

“Ĉ exp

#

B2

A ´ C2

2p1´ ρ2q

+

ˆ

ż 8

´8

exp

#

´
A
`

u´ B
A

˘2

2p1´ ρ2q

+

σ1du

“C̃ exp

"

B2 ´AC2

2p1´ ρ2qA

*

. C̃ “ Ĉσ1

c

2π
1´ ρ2

A
“

1
a

2πσ2
2A

.
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®k: pZpzq “ C̃ exp
!

B2´AC2

2p1´ρ2qA

)

, Ù¥C̃ ´~ê,

A “ 1`2ρ
σ1

σ2
`

ˆ

σ1

σ2

˙2

, B “

ˆ

ρ`
σ1

σ2

˙

C, C “
z ´ pµ1 ` µ2q

σ2
.

B2 ´AC2

“

˜

ˆ

ρ`
σ1

σ2

˙2

´A

¸

C2 “
`

ρ2 ´ 1
˘pz ´ pµ1 ` µ2qq

2

σ2
2

.

Ïd,

pZpzq “C̃ exp

#

´
pz ´ µq2

2σ2

+

“
1

?
2πσ

exp

#

´
pz ´ µq2

2σ2

+

.

Ù¥, µ “ µ1 ` µ2, σ2 “ σ2
2A “ σ2

1 ` σ
2
2`2ρσ1σ2.

AO/, eρ “ 0 (=X, Y �pÕá), K

X ` Y „ Npµ1 ` µ2, σ
2
1 ` σ

2
2q.
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½n4.2. �pX,Y q kéÜ�Ýppx, yq.

-Z “ X{Y (�Y “ 0 �, 5½Z “ 0). KZ �ëY., �

pZpzq “

ż 8

´8

|y|ppzy, yqdy.

y²: 1�Ú, x
y ď z ��=�/y ą 0 �x ď yz0½ö

/y ă 0 �x ě yz.0u´,

FZpzq “ P pY ą 0, X ď Y zq ` P pY ă 0, X ě Y zq.

P pY ą 0, X ď Y zq

“

ż 8

0

ż yz

´8

ppx, yqdxdy “

ż 8

0

ż z

´8

ppyu, yqydudy

“

ż z

´8

ˆ
ż 8

0
yppyu, yqdy

˙

du.

aq?n‹‹, =�.
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~4.4. X,Y �pÕá, ÑÑlNp0, 1q. ¦Z “ X{Y ��Ý.

éÜ�Ý:

ppx, yq “
1

2π
exp

"

´
x2 ` y2

2

*

.

Ïd,

pZpzq “

ż 8

´8

|y|ppzy, yqdy “

ż 8

´8

|y|
1

2π
exp

"

´
pzyq2 ` y2

2

*

dy

“
2

2π

ż 8

0
y exp

"

´
pz2 ` 1qy2

2

*

dy

“
1

π

ż 8

0
e´pz

2`1qudu “
1

πpz2 ` 1q
.
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½n4.3. b�ξ “ pX,Y q �ëY., k�Ýppx, yq.

b�

η “ pU, V q, Ù¥ U “ fpX,Y q, V “ gpX,Y q.

XJ(1) P pξ P Aq “ 1 �pf, gq : AÑ G ´�é��;

(2) f , g P C1pAq, �Bpu,vq
Bpx,yq ‰ 0, @px, yq P A,

@o, η ´ëY., �

pU,V pu, vq “ p
´

xpu, vq, ypu, vq
¯

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpu, vq

ˇ

ˇ

ˇ

ˇ

, pu, vq P G.

y: @D Ď G, éD˚ Ď A ¦�η P D iff ξ P D˚. u´,

P p‹q “ P p‹q “

ĳ

D˚

ppx, yqdxdy “

ĳ

D

‹‹dudv.
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~4.5, 4.7, & SKn!21. b�X,Y �pÕá, ÑÑlNp0, 1q.

^4�IL�:

X “ R cos Θ, Y “ R sin Θ.

A “ tpx, yq : x ‰ 0, y ‰ 0u,

G “ tpr, θq : r ą 0, 0 ă θ ă 2π; θ ‰ π
2 , π,

3π
2 u.

Bpx,yq
Bpr,θq “

ˇ

ˇ

ˇ

ˇ

ˇ

cos θ ´r sin θ

sin θ r cos θ

ˇ

ˇ

ˇ

ˇ

ˇ

“ r.

pR,Θpr, θq “
1

2πe
´ 1

2
px2`y2q|

Bpx,yq
Bpr,θq |

“ 1
2π re

´ 1
2
r2 , r ą 0, 0 ă θ ă 2π; θ ‰ π

2 , π,
3π
2 .

R,Θ Õá: pR,Θpr, θq “ pRprq ¨ pΘpθq.
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W :“ R2 “ X2 ` Y 2 „ Expp1
2q. Ï�, @w ą 0,

pW pwq “ pRprq
dr

dw
“ r exp

!

´
r2

2

)

¨
1

2r
“

1

2
e´

w
2 .

U :“ e´
1
2
W “ GW pW q„ Up0, 1q. Ï�, @p P p0, 1q,

P pU ď pq “ P pW ě ´2 ln pq “ e´
1
2
p´2 ln pq “ eln p “ p.

V :“ 1
2πΘ„ Up0, 1q, �U �V �pÕá.

R “
?
´2 lnU , Θ “ 2πV , =

X “
?
´2 lnU cosp2πV q, Y “

?
´2 lnU sinp2πV q.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

2.ü��ÅCþ�¼ê�êÆÏ"

�Å�þ¼ê�Ï"(½n4.6):

lÑ.:EfpX,Y q “
ÿ

i,j

fpxi, yjqP pX “ xi, Y “ yjq.

ëY.:EfpX,Y q “

ż 8

´8

ż 8

´8

fpx, yqppx, yqdxdy.

EpX ` Y q “ EX ` EY . ~, lÑ.�y²:

EfpX,Y q “
ÿ

i,j

pxi ` yjqP pX “ xi, Y “ yjq

“
ÿ

i

xi
ÿ

j

P pX “ xi, Y “ yjq ` ‹

“
ÿ

i

xiP pX “ xiq ` ‹ “ EX ` EY .
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½n4.4. eX �Y �pÕá, KEXY “ pEXq ¨ pEY q.

~, ëY.�y²:

EXY “

ż 8

´8

ż 8

´8

xypXpxqpY pyqdxdy “ pEXqpEY q.

½n4.5. eX �Y �pÕá, K

varpX ` Y q “ varpXq ` varpY q.

y: �“ E pX ` Y ´ pEX ` EY qq2

“ m`2EpX ´ EXqpY ´ EY q.

X ´ EX �Y ´ EY Õá, �

EpX ´ EXqpY ´ EY q “ EpX ´ EXqEpY ´ EY q “ 0.
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§3.5 ���Å�þ�êiA�

½Â5.1. b�X, Y ����3, K¡

EpX ´ EXqpY ´ EY q

�X �Y ����, P�covpX,Y q, σXY .

eσXY “ 0, K¡X �Y Ø(�5)�'.

5: ����3, Ï�

2|pX ´ EXqpY ´ EY q| ď pX ´ EXq2 ` pY ´ EY q2.

O�úª: covpX,Y q “ EpXY q ´ pEXqpEY q.
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½n5.1. b�X, Y ����3, K

pcovpX,Y qq2 ď varpXq ¨ varpY q.

y: evarpXq “ 0, KX ” c, u´covpX,Y q “ 0.

evarpXq ą 0, Kgptq ��Oªď 0, Ù¥

gptq :“E ptpX ´ EXq ` pY ´ EY qq2

“t2varpXq ` 2tcovpX,Y q ` varpY q ě 0.

½Â5.2. �0 ă varpXq, varpY q ă 8, K¡

covpX,Y q
a

varpXq
a

varpY q

�X �Y ��'Xê, P�ρXY , {P�ρ.
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½n5.2. (1) |ρ| ď 1; (2) X �Y Õá, KØ�', l
ρ “ 0;

(3) |ρ| “ 1 ��=��3a, b ¦�Y “ a` bX.

y(3): |ρ| “ 1 ��=�gptq ��Oª�0, =�3t0 ¦�

gpt0q “E pt0pX ´ EXq ` pY ´ EY qq
2
“ 0

ôY “ ´t0X ` EY ` t0EX.

�`�5ýÿ(½n5.3): �0 ă varpXq, varpY q ă 8, K

min
a,bPR

EpY ´ pa` bXqq2 “ varpY qp1´ ρ2
XY q.

���:�:

b “
covpX,Y q

varpXq
, a “ EY ´ bEX.
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~5.2. ������Ý:

1

2πσ1σ2

a

1´ ρ2
e
´ 1

2p1´ρ2q
pu2`v2´2ρuvq

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
.

®k: µ1 “ EX, µ2 “ EY , σ2
1 “ varpXq, σ2

2 “ varpY q.

ρX,Y “
EpX´µ1qpY´µ2q

σ1σ2
“ EX´µ1

σ1
Y´µ2
σ2

“
1

2π
a

1´ ρ2

ż 8

´8

ż 8

´8

uv ¨ e
´ 1

2p1´ρ2q
pu2`v2´2ρuvq

dvdu.

kév È©, v2 ´ 2ρuv ` u2 “ pv ´ ρuq2 ` p1´ ρ2qu2,

‹‹ “ e´
u2

2 ˆ

ż 8

´8

ve
´
pv´ρuq2

2p1´ρ2q dv “ e´
u2

2 ˆ
a

2πp1´ ρ2q ¨ ρu.

2éu È©,

ρXY “
1
?

2π

ż 8

´8

ρu2e´
u2

2 dx “ ρ.
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1. n ��Å�þ

§3.6 n ��Å�þ

½Â6.1. �ξ “ pX1, ¨ ¨ ¨ , Xnq ´n ��þ, ¡

F px1, ¨ ¨ ¨ , xnq “ P pX1 ď x1, ¨ ¨ ¨ , Xn ď xnq, x1, ¨ ¨ ¨ , xn P Rn

�ξ �éÜ©Ù¼ê, �P�Fξ ½FX1,¨¨¨ ,Xn .

½Â6.2. eξ �k��½���/�0(n ��þ), K¡ξ �

lÑ.. (5: ��=�X1, ¨ ¨ ¨ , Xn Ñ´lÑ..)
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 ½Â6.3. e�3ppx1, ¨ ¨ ¨ , xnq ¦�é?¿n �Ý/ D Ñk

P pξ P Dq “

ż

¨ ¨ ¨

ż

D

ppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn,

K¡ξ �ëY.�Å�þ, ¡ppx1, ¨ ¨ ¨ , xnq �ξ �éÜ�Ý,

�P�pX1,¨¨¨ ,Xn . (5: ‹‹ é���D Ñ¤á.)

½Â6.4. é?¿1 ď k ă n, 1 ď i1 ă ¨ ¨ ¨ ă ik ď n, K

¡pXi1 , ¨ ¨ ¨ , Xikq �ξ �(��k �)>�, Ù©Ù�¡�ξ �

>�©Ù.
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 ½Â6.5. eé?¿ai ă bi, i “ 1, ¨ ¨ ¨ , n Ñk

P pa1 ă X1 ă b1, ¨ ¨ ¨ , an ă Xn ă bnq

“P pa1 ă X1 ă b1q ¨ ¨ ¨P pan ă Xn ă bnq,

K¡X1, ¨ ¨ ¨ , Xn �pÕá.

eX1, ¨ ¨ ¨ , Xn �pÕá, �FXi “ FX1 , i “ 2, ¨ ¨ ¨ , n, K

¡X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù.

e�pÕá, Kþª¥�ai ă Xi ă bi �±U�Xi P Bi.
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�pÕá�¿�^��¿©^�:

FX1,¨¨¨ ,Xnpx1, ¨ ¨ ¨ , xnq“ FX1px1q ¨ ¨ ¨FXnpxnq“ f1px1q ¨ ¨ ¨ fnpxnq.

lÑ.:

P
´

X1 “ x
p1q
i1
, ¨ ¨ ¨ , Xn “ x

pnq
in

¯

“P
´

X1 “ x
p1q
i1

¯

¨ ¨ ¨P
´

Xn “ x
pnq
in

¯

“ p
p1q
i1
¨ ¨ ¨ p

pnq
in
.

ëY.(½n6.1):

pX1,¨¨¨ ,Xnpx1, ¨ ¨ ¨ , xnq“ pX1px1q ¨ ¨ ¨ pXnpxnq“ p1px1q ¨ ¨ ¨ pnpxnq.

eXi �Xj �pÕá, @i ‰ j, K¡X1, ¨ ¨ ¨ , Xn üüÕá.

~. `!¯
�Þ}
Ù. `ÑX, ¯ÑY , (Û�Z.

KX, Y , Z üüÕá, �Ø�pÕá.
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~6.1 (õ�©Ù). �.: n gÕá­EÁ�(Ý��qt ¡�f).

ò1k �¡Ñy�gêP�Xk. ïÄpX1, ¨ ¨ ¨ , Xtq.

�U1, ¨ ¨ ¨ , Un �pÕá, ÑÑlXe©Ù:

P pUi “ kq “ pk, k “ 1, ¨ ¨ ¨ , t,

Ù¥t ě 2, pk ą 0, @k �p1 ` ¨ ¨ ¨ ` pt “ 1.

Xk “ |t1 ď i ď n : Ui “ ku| “
n
ř

i“1
1tUi“ku.

ξ “ pX1, ¨ ¨ ¨ , Xtq �éÜ©Ù�:

P pξ “ pi1, ¨ ¨ ¨ , itqq “
n!

i1! ¨ ¨ ¨ it!
pi11 ¨ ¨ ¨ p

it
t .

Ï�Xt “ n´
řt´1
s“1Xs, ¤±ξ �pX1, ¨ ¨ ¨ , Xt´1q �d.

?¿>�ÑÑlõ�©Ù.

~, pX1, X2q Ñln�©Ù; AO/, Xk Ñl��©Ù:

eUi “ k, K-Vi “ 1; eUi ‰ k, K-Vi “ 0.
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2. n ��Å�þξ “ pX1, ¨ ¨ ¨ , Xnq �êiA�

½Â6.6. ¡pEX1, ¨ ¨ ¨ , EXnq �ξ �Ï", P�Eξ.

½Â6.7. Pσij “ covpXi, Xjq, ρij “
σij

?
σiiσjj

.

¡Σ “ pσijqnˆn, R “ pρijqnˆn �ξ ����
, �'Xê
.

½Â6.8. eξ kXe�éÜ�Ý(Ù¥, Σ ��½Ý
), K

¡ξ Ñln ���©Ù, P�ξ „ Np~µ,Σq.

pp~xq “
1

?
2π

na
|Σ|

exp

"

´
1

2
p~x´ ~µqΣ´1p~x´ ~µqT

*

.

n “ 1 �n “ 2 �A~®0�.

Np~µ,Σq �êiA�: µi “ EXi, σij “ covpXi, Xjq.

>�©Ù, ^�©Ù, �òz�5C���©ÙÑ´��.

X1, ¨ ¨ ¨ , Xn �pÕá��=�σij “ 0, @i ‰ j.
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3. n ��ÅCþ�¼êY “ fpX1, ¨ ¨ ¨ , Xnq

½n6.2 (©Ù¼ê{):

FY pyq “ P pfpξq ď yq “

ż

¨ ¨ ¨

ż

fpx1,¨¨¨ ,xnqďy

ppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn.

½n6.3.

EY “

ż

¨ ¨ ¨

ż

fpx1, ¨ ¨ ¨ , xnqppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨ dxn.
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~6.3, 6.4, ½Â6.9. eX �Y Õá, X „ Γpr, λq, Y „ Γps, λq. K

X ` Y „ Γpr ` s, λq.

�Ý:

pXpxq “
λr

Γprq
xr´1e´λx, x ą 0.

Z “ X ` Y : pZpzq “
ş

pXpxqpY pz ´ xqdx. @z ą 0,

pZpzq “ C

ż z

0
xr´1e´λx ¨ pz ´ xqs´1e´λpz´xqdx

“Ce´λz
ż 1

0
ptzqr´1

`

p1´ tqz
˘s´1

dptzq “ Ĉzr`s´1e´λz.
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b�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, ÑÑlNp0, 1q.

d~2.5.2. X2
i „ Γp1

2 ,
1
2q.

u´, Sn :“ X2
1 ` ¨ ¨ ¨ `X

2
n „ Γpn2 ,

1
2q, �Ý�

pnpxq “
1

2n{2Γpn2 q
xn{2´1e´x{2, x ą 0.

¡�gdÝ�n �k�©Ù, P�χ2pnq.

b�Y1, ¨ ¨ ¨ , Yn ÕáÓ©Ù, ÑÑlExppλq “ Γp1, λq.

u´, Tn :“ Y1 ` ¨ ¨ ¨ ` Yn „ Γpn, λq.

d~4.5. X2
1 `X

2
2 „ Expp1

2q �2λY1 „ Expp1
2q

�2λTn „ χ2p2nq.
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~6.6. N ��¬¥kD �g¬. �ÅÄn �, �¹X �g¬.

¦EX �varpXq. (Ù¥, N ě n ě 2).

�Åê8�©): X “ X1 ` ¨ ¨ ¨ `Xn, Ù¥

Xi “

#

1, e1i �´g¬;

0, e1i �´Ü�¬.

dÏ"��5!Ëã|©Ù�Ï",

EX “

n
ÿ

i“1

EXi “

n
ÿ

i“1

P p1i �´g¬q “ n
D

N
.

EX “ np, Ù¥p “ D
N .
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varpXq “ EX2 ´ pEXq2. �âé¡5,

EX2 “

n
ÿ

i“1

EX2
i `

ÿ

i‰j

EXiXj “ nEX2
1 ` npn´ 1qEX1X2,

d¦{úª,

EX1X2 “ P pcü�Ñ´g¬q “
D

N
¨
D ´ 1

N ´ 1
.

Ïd,

varpXq “n
D

N
` npn´ 1q

D

N
¨
D ´ 1

N ´ 1
´

ˆ

n
D

N

˙2

“n
DpN ´Dq

N2

N ´ n

N ´ 1
.

varpXq ă npp1´ pq.
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4. n ��ÅCþ�õ�¼ê

½n6.4. �ξ “ pX1, ¨ ¨ ¨ , Xnq �ëY.,

f : AÑ G, px1, ¨ ¨ ¨ , xnq ÞÑ py1, ¨ ¨ ¨ , ynq

�é�, C1 �J “ Bpy1,¨¨¨ ,ynq
Bpx1,¨¨¨ ,xnq

‰ 0. Kη “ pY1, ¨ ¨ ¨ , Ynq ´ë

Y., �

pηpy1, ¨ ¨ ¨ , ynq “ pξpx1, ¨ ¨ ¨ , xnq|J
´1|, py1, ¨ ¨ ¨ , ynq P G.
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½n6.5. �ξ “ pX1, ¨ ¨ ¨ , Xnq ����
�Σ,

Yi “
řn
j“1 aijXj , j “ 1, ¨ ¨ ¨ ,m. PA “ paijqmˆn,

Kη “ pY1, ¨ ¨ ¨ , Ymq ����
�AΣAT .

½n6.6. ?�Ú, eξ „ Np~µ,Σq, Kη „ Np~µAT ,AΣAT q.

�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, ò§�l���ü�:

Xp1q ď Xp2q ď ¨ ¨ ¨ ď Xpnq,

¡Xpkq �1k �^SÚOþ.
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~6.7. �X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, ÑÑlUp0, 1q.

¦EXpkq �varpXpkqq.

�{�!@0 ă x ă 1,

P pXpkq ď xq “
n
ÿ

i“k

n!

i!pn´ iq!
xip1´ xqn´i.

k ď i ď n´ 1, ‹‹1

“
n!

i!pn´ iq!

`

ixi´1p1´ xqn´i ´ xipn´ iqp1´ xqn´i´1
˘

“
n!

pi´ 1q!pn´ iq!
xi´1p1´ xqn´i ´

n!

i!pn´ i´ 1q!
xip1´ xqn´i´1

“ai´1 ´ ai,

i “ n �, pxnq1 “ an´1, u´, @0 ă x ă 1,

pXpkqpxq “
n´1
ÿ

i“k

pai´1 ´ aiq ` nx
n´1 “ ak´1.
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®kqkpxq :“ pXpkqpxq “
n!

pk´1q!pn´kq!x
k´1p1´ xqn´k.

8�z~ê: @`,m ě 1,

ż 1

0
x`p1´ xqmdx “

1

`` 1

ż 1

0
p1´ xqmdx``1

“´
1

`` 1

ż 1

0
x``1dp1´ xqm “

m

`` 1

ż 1

0
x``1p1´ xqm´1dx

“ ¨ ¨ ¨ “
m!

p`` 1q ¨ ¨ ¨ p``mq

ż 1

0
x``mdx “

`!m!

p``m` 1q!
.

Ï": �` “ k, m “ n´ k, �

EXpkq “

ż 1

0
xqkpxqdx “

n!

pk ´ 1q!pn´ kq!

ż 1

0
xkp1´ xqn´kdx

“
n!

pk ´ 1q!pn´ kq!
¨
k!pn´ kq!

pn` 1q!
“

k

n` 1
.
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®kqkpxq :“ pXpkqpxq “
n!

pk´1q!pn´kq!x
k´1p1´ xqn´k.

ş1
0 x

`p1´ xqmdx “ `!m!
p``m`1q! .

��Ý: �` “ k ` 1, m “ n´ k,

EX2
pkq “

ż 1

0
x2qkpxqdx “

n!

pk ´ 1q!pn´ kq!

ż 1

0
xk`1p1´ xqn´kdx

“
n!

pk ´ 1q!pn´ kq!
¨
pk ` 1q!pn´ kq!

pn` 2q!
“

kpk ` 1q

pn` 1qpn` 2q
.

��:

varpXpkqq “EX
2
pkq ´

`

EXpkq
˘2
“

kpk ` 1q

pn` 1qpn` 2q
´

k2

pn` 1q2

“
k2pn` 1q ` kpn` 1q ´ k2pn` 2q

pn` 1q2pn` 2q
“

kpn` 1´ kq

pn` 1q2pn` 2q
.
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�{�!P

Y1 “ Xp1q, Yk “ Xpkq´Xpk´1q, p2 ď k ď nq, Yn`1 “ 1´Xpnq.

Ø\y²/�ÉXeé¡5˚:

é?¿1, ¨ ¨ ¨ , n` 1 ��üi1, ¨ ¨ ¨ , in`1, Ñk

pY1, ¨ ¨ ¨ , Yn`1q � pYi1 , ¨ ¨ ¨ , Yin`1q Ó©Ù.

Ï": 5¿�S :“ Y1 ` ¨ ¨ ¨ ` Yn`1 “ 1, �

1 “ ES “ pn` 1qEYk ñ EYk “
1

n` 1
.

Xpkq “ Y1 ` ¨ ¨ ¨ ` Yk, �

EXpkq “
k

n` 1
.
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Yk ���: Pσ2 :“ varpYkq “ varpYn`1q “ varpXpnqq.

Fnpxq :“P pXpnq ď xq “ xn ñ qnpxq “ nxn´1, 0 ă x ă 1

ñ σ2 “

ż 1

0
nxn`1dx´

ˆ
ż 1

0
nxndx

˙2

“
n

n` 2
´

n2

pn` 1q2
“

n

pn` 1q2pn` 2q
.

���: 5¿�S :“ Y1 ` ¨ ¨ ¨ ` Yn`1 “ 1, �varpSq “ 0.

Pσ12 “ covpY1, Y2q.

varpSq “ pn`1qσ2`pn`1qnσ12 ñ σ12 “ ´
1

pn` 1q2pn` 2q
.

Xpkq ���:

varpXpkqq “ kσ2 ` kpk ´ 1qσ12 “
kpn` 1´ kq

pn` 1q2pn` 2q
.
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