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§5.1 k��¦È�m

¦È�m X1 ˆ ¨ ¨ ¨ ˆXn, Ý/
śn
k“1Ak. e.g.

X “

n
ź

k“1

Xk :“ t~x “ px1, ¨ ¨ ¨ , xnq : xk P Xk, k “ 1, ¨ ¨ ¨ , nu.

�ÿ(�. �Fk ´Xk þ�σ �ê, (k “ 1, ¨ ¨ ¨ , n).

�ÿÝ/:

Q :“ t‹ : Ak P Fk, k “ 1, ¨ ¨ ¨ , nu .

·K5.1.1. Q ´��, �X P Q.

¦Èσ �ê,

F “ F1 ˆ ¨ ¨ ¨ ˆFn “

n
ź

k“1

Fk :“ σpQq.
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ÝK: πk : px1, ¨ ¨ ¨ , xnq ÞÑ xk.

·K5.1.2. (1) πk : pX,F q Ñ pXk,Fkq, ´�ÿN�;

(2) F “ σ
`
Ťn
k“1 π

´1
k Fk

˘

“ σ
´

 

t~x : xk P Aku : 1 ď k ď n,Ak P Fk

(

¯

.

½n5.1.3. �f “ pf1, ¨ ¨ ¨ , fnq : Ω Ñ X.

Kf : pΩ,S q Ñ pX,F q �ÿ��=�fk �ÿ, @k.

��. �A P F , f : pX,F q Ñ pY,S q.

A|x1,¨¨¨ ,xi “ tpxi`1, ¨ ¨ ¨ , xnq : px1, ¨ ¨ ¨ , xnq P Au .

f |x1,¨¨¨ ,xi : pxi`1, ¨ ¨ ¨ , xnq ÞÑ fpx1, ¨ ¨ ¨ , xnq.

½n5.1.4. A|x1,¨¨¨ ,xi , f |x1,¨¨¨ ,xi P
śn
k“i`1 Fk.
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ÿÝ. ~, éÜ= >�ˆ ^�,

P pξ P A1, η P A2q “

ż

A1

ż

A2

pη|ξpx2|x1qdx2pξpx1qdx1

“

ż

A1

µηpA2|ξ “ x1qµξpdx1q.

½Â5.1.1. pp¨, ¨q : pX1,F2q Ñ R, px1, A2q ÞÑ ppx1, A2q �

lpX1,F1q �pX2,F2q �=£¼ê, �:

(1) �½x1 P X1, ppx1, ¨q ´F2 þ�ÿÝ;

(2) �½A P F2, pp¨, Aq ´pX1,F1q þ��ÿ¼ê.

eX2 “
ř

nAn �ppx,Anq ă 8, @x P X1, @n, K¡pp¨, ¨q

�σ k��. (rN: y©�x Ã'.)

eppx,X2q ă 8, @x P X1, K¡pp¨, ¨q �k��=£¼ê.

eppx,X2q “ 1, @x P X1, K¡pp¨, ¨q �VÇ=£¼ê.
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PpX,F q :“ pX1 ˆX2,F1 ˆF2q, X̂ “ X2 ˆX1.

½n5.1.6. �pp¨, ¨q �lpX1,F1q �pX2,F2q �σ k��=

£¼ê. (1) & (3) @X1 þ�σ k��ÿÝµ1, D!X þσ k

��ÿÝµ ¦�

µpA1 ˆA2q “

ż

A1

ppx1, A2qµ1pdx1q;

(2) epX,F , µq þ��ÿ¼êf �È©�3, K
ż

X
fdµ “

ż

X1

µ1pdx1q

ż

X2

fpx1, x2qppx1, dx2q.

½n5.1.7(¦ÈÿÝ, Fubini½n). Esp, ppx1, ¨q ” µ2. d�

òµ P�µ1 ˆ µ2. ef �È©�3, K
ż

X
fdµ1 ˆ µ2 “

ż

X1

µ1pdx1q

ż

X2

fpx1, x2qµ2pdx2q

“

ż

X̂
f̂dµ2 ˆ µ1 “

ż

X2

µ2pdx2q

ż

X1

fpx1, x2qµ1pdx1q.
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X “
śn
k“1Xk, F “

śn
k“1 Fk.

½n5.1.9(8B{). (1) �pk �lp
śk´1
i“1 Xi,

śk´1
i“1 Fiq

�pXk,Fkq �σ k��=£¼ê. @X1 þ(σ k��)ÿÝµ1,

D!X þ(σ k��)�ÿÝµ ¦�

µp
n
ź

k“1

Akq “

ż

A1

µ1pdx1q

ż

A2

p2px1, dx2q ¨ ¨ ¨

ż

An

pnpx1, ¨ ¨ ¨ , xn´1,dxnq;

(2) ef �pX,F , µq þ��ÿ¼ê�È©�3, K
ż

X
fdµ “

ż

X1

µ1pdx1q

ż

X2

p2px1,dx2q ¨ ¨ ¨

ż

Xn

pnpx1, ¨ ¨ ¨ , xn´1,dxnqfp~xq.

½n5.1.10(¦ÈÿÝ). Esp. pkpx1, ¨ ¨ ¨ , xk´1; ¨q ” µk.
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§5.3 ���¦È�m�VÇÿÝ

���ÿ�m: pXn,Fnq, n “ 1, 2, ¨ ¨ ¨

X “
ś8
n“1Xn :“ t~x “ px1, x2, ¨ ¨ ¨ q : xn P Xn,@nu.

ÝK: πn : X Ñ Xn, πpnq : X Ñ Xpnq :“
śn
k“1Xk.

k��: 3Xpnq þ, Fpnq :“
śn
k“1 Fk “ σpQpnqq,

Qpnq :“ t
śn
k“1Ak : Ak P Fk, k “ 1, ¨ ¨ ¨ , nu.

^πpnq i\X. k���ÿ(Ý/)Î8:

Qrns :“
 

Qpnq ˆ
ś8
k“n`1Xk : Qpnq P Qrns

(

“ π´1
pnqQpnq;

Frns :“
 

Apnq ˆ
ś8
k“n`1Xk : Apnq P Fpnq

(

“ π´1
pnqFpnq.

·K5.3.1. Q “
Ť8
n“1 Qrns ´��, �X P Q;

A “
Ť8
n“1 Frns ´�ê;

F “
ś8
n“1 Fn :“ σpQq “ σpA q “ σptπn,@nuq.
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½n (½n5.3.2, Tulcea ½n)

�pk : p
śk´1
i“1 Xi,

śk´1
i“1 Fiq Ñ pXk,Fkq �VÇ=£¼ê, k ě 2.

K@pX1,F1q þ�VÇP1, D!p
ś8
k“1Xk,

ś8
k“1 Fkq þ�VÇP ¦

P

˜

n
ź

k“1

Ak ˆ
8
ź

k“n`1

Xk

¸

p‹q
“

ż

A1

P1pdx1q

ż

A2

p2px1,dx2q ¨ ¨ ¨

ż

An

pnpx1, ¨ ¨ ¨ , xn´1,dxnq.

(1) p‹q ½ÂFpnq “ σpQpnqq þ�VÇ(½n5.1.9), X;

(2) |^πpnq ��Frns “ π´1
pnqFpnq þ�VÇPn, X;

(3) y²Pn “ Pn`1|Frns , ���A “
Ť8
n“1 Frns þ�¼êP .

(4) y²P ´A þ�VÇ, l
��/*Ü�F “ σpA q þ.
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(4) y²Pn “ Pn`1|Arns .

@A P Frns “ π´1
pnqFpnq, D!Apnq P Fpnq ¦�A “ π´1

pnqApnq. K

PnpAq :“

ż

X1

P1pdx1q

ż

X2

p2px1,dx2q ¨ ¨ ¨

ż

Xn

IApnqpx1, ¨ ¨ ¨ , xnqpnpx1, ¨ ¨ ¨ , xn´1, dxnq.

D!Apn`1q P Fpn`1q ¦�A “ π´1
pn`1qApn`1q.

Apn`1q “ Apnq ˆXn`1: πpnq “ πpn`1qÑpnq ˝ πpn`1q, �

π´1
pnqApnq “ π´1

pn`1q ˝ π
´1
pn`1qÑpnqApnq “ π´1

pn`1qpApnq ˆXn`1q.

Pn`1pAq “ PnpAq: ˚˚ “
ż

Xn`1

IApnqˆXn`1px1, ¨ ¨ ¨ , xn;xn`1qpn`1px1, ¨ ¨ ¨ , xn,dxn`1q.
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(5) y²P ´A þ�VÇ.

P äk�\5. �Iy²P 3H (þ)ëY:

eAr1s, Ar2s, ¨ ¨ ¨ P A , Arns Ó H, KP pArnsq Ñ 0.

nd(½n2.1.6): �A1, A2, ¨ ¨ ¨ , A :“
ř8
n“1An P A , K

Arns “
8
ÿ

i“n`1

Ai “ A´
n
ÿ

i“1

Ai P A , P pArnsq “ P pAq´
n
ÿ

i“1

P pAiq.

�y{�y‹: ¸� P pArnsq Û 0, Kε :“Ó lim
nÑ8

P pArnsq ą 0.

�31 ď m1 ă m2 ă ¨ ¨ ¨ ¦�Arns P Frmns, @n.

Ø��mn “ n, ÄK�ÄBrks :“ Arns, mn ď k ă mn`1.

D!Apnq ¦�Arns “ π´1
pnqApnq, K

Arns “ π´1
pn`1qpApnqˆXn`1q Ě Arn`1s ñ ApnqˆXn`1 Ě Apn`1q.
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(5) y²P ´A þ�VÇ(Y).

Apnq ˆXn`1 Ě Apn`1q. �d/,

IApn`1q
px1, ¨ ¨ ¨ , xn`1q ď IApnqpx1, ¨ ¨ ¨ , xnq.

0 ď φ1,n`1px1q ď φ1,npx1q ď 1, Ù¥φ1,npx1q :“

ż

X2

p2px1,dx2q ¨ ¨ ¨

ż

Xn

IApnqpx1, ¨ ¨ ¨ , xnqpnpx1, ¨ ¨ ¨ , xn´1, dxnq.

5: P pArnsq “ PnpArnsq “
ş

X1
φ1,npx1qP1pdx1q.

-φ1 :“Ó limnÑ8 φ1,n, KdDCT,

ż

X1

φ1dP1 “ Ó lim
nÑ8

ż

X1

φ1,ndP1 “ ε ą 0, p�â¸�q.
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(5) y²P ´A þ�VÇ(Y).

Dx̃1 P X1 ¦�φ1px̃1q ą 0.

x̃1 P Ap1q. ÄK

IApnqpx̃1, x1, ¨ ¨ ¨ , xnq ď IAp1qpx̃1q “ 0 ñ φ1,npx̃1q “ 0,@n.

φ2px2q “Ó limnÑ8 φ2,npx2q, Ù¥φ2,npx2q :“

ż

X3

p3px̃1, x2,dx3q ¨ ¨ ¨

ż

Xn

IApnqpx̃1, x2, ¨ ¨ ¨ , xnqpnpx̃1, x2, ¨ ¨ ¨ , xn´1,dxnq.

Dx̃2 ¦�px̃1, x̃2q P Ap2q ¦�φ2px̃2q ą 0. ¨ ¨ ¨ ¨ ¨ ¨

px̃1, x̃2, ¨ ¨ ¨ q P
Ş8
n“1Arns “ H, gñ!

�P pArnsq Ñ 0, =P 3H (þ)ëY.
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½n (½n5.3.3, Kolmogorov ½n)

�Pk �pXk,Fkq þ�VÇ, KD!p
ś8
k“1Xk,

ś8
k“1 Fkq þ�ÿ

ÝP ¦�

P

˜

n
ź

k“1

Ak ˆ
8
ź

k“n`1

Xk

¸

“

n
ź

k“1

PkpAkq.

y: �pk : p
śk´1
i“1 Xi,

śk´1
i“1 Fiq Ñ pXk,Fkq �Pk =�.
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§5.4 ?¿Ã¡�¦È�m�VÇÿÝ

�x��8ÜtXt, t P T u. Ù¥, �I8T Ø�ê.

¦È�m. X “
ś

tPT Xt :“ ttxt, t P T u : xt P Xt, t P T u.

5: eXt ” X0, Kx : T Ñ X0 �T þ�X0 ��/¼ê0.

ÝK/��. @t P T , @U Ď S Ď T ,

πt : X Ñ Xt, x ÞÑ xt;

πS : X Ñ XS “
ź

tPS

Xt, x ÞÑ xS :“ txt, t P Su;

πSÑU : XS Ñ XU , πSÑU ˝ πS “ πU .
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�ÿ(�. �Ft ´Xt þ�σ �ê, @t P T .

k���ÿ(Ý/)Î8: |S| ă 8.

QS “

#

π´1
S

˜

ź

tPS

At

¸

, At P Ft,@t P S

+

; FS “ σpQSq.

·K5.4.1 & 5.4.2. QS , Q “
Ť

SĎT,|S|ă8QS ´���Q X.

·K5.4.3. A :“
Ť

SĎT,|S|ă8FS ´�ê�Ě Q.

·K5.4.4. F :“ σpQq “ σpA q, �

F “ σptπt, t P T uq “ tπ
´1
S A : A P FS , S��u.

51: ‹ :“ σ
`
Ť

tPT π
´1
t Ft

˘

.

52: y²F0 “ tπ
´1
S A : A P FS , S��u ´σ �ê.
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 �ÅL§. pΩ,S q �(��)�ÿ�m.

�I8T À�/�m0. ��t P T , ���m�pXt,Ftq.

ft : Ω Ñ Xt, @t P T .

f :“ tft, t P T u À�Ω Ñ X :“
ś

tPT Xt �N�.

½n5.4.5. PF “
ś

tPT Ft. K

f : pΩ,S q Ñ pX,F q iff ft : pΩ,S q Ñ pXt,Ftq, @t P T.

epXt,Ftq ” pS,S0q, K¡f ´�ÅL§; ¡S �(�)��

m/G��m; ¡fpωq “ tftpωq : t P T u P ST �;�.
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pXt,Ftq ” pR,BRq

(1) @n ě 1, t1, ¨ ¨ ¨ , tn P T pØ�Ó, Pt1,¨¨¨ ,tn ´Bn
R þ�VÇ.

(2) ét1, ¨ ¨ ¨ , tn �?¿­ütp1q, ¨ ¨ ¨ , tpnq,

Pt1,¨¨¨ ,tn

˜

n
ź

i“1

Ati

¸

“ Ptp1q,¨¨¨ ,tpnq

˜

n
ź

i“1

Atpiq

¸

,

(3) Pt1,¨¨¨ ,tn,tn`1 p
śn
i“1Ati ˆ Rq “ ‹‹.

½Â5.4.1. eP :“ tPt1,¨¨¨ ,tn : n ě 1, t1, ¨ ¨ ¨ , tnu ÷v±þn

^, K¡§´�N�.

d(2) �½ÂPS , @S Ď T , |S| ă 8.

d(3), |S| ă 8, U Ď S ñ PS ˝ π
´1
SÑU “ PU .
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½n (½n5.4.8, Kolmogorov ½n)

eP ´�N�, KD!pRT ,BT
R q þ�VÇP , ¦�

P pπ´1
S Aq “ PSpAq, @|S| ă 8, A P BS

R.

F0 “ tπ
´1
T0
pAq : A P FT0 , T0��u.

Step 1. (Ún5.4.6). �½���T0 Ď T , ½ÂP pπ´1
T0
Aq.

òT0 ¥��I?Ò: t1, t2, ¨ ¨ ¨ , À�1, 2, ¨ ¨ ¨ .

dnÑ n` 1�N,��)�K^�VÇ,d==£VÇÿÝ.

^Tulcea ½n, X.

Step 2.1. (Ún5.4.7). éØÓ?Òû½. d­ü�N, X.

Step 2.2. éØÓ�T0 û½:

T1, T2 ��, π´1
T1
A1 “ π´1

T2
A2. KPT1pA1q “ PT2pA2q.
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Step 2.2. éØÓ�T0 û½.

T1, T2 ��, π´1
T1
A1 “ π´1

T2
A2. KPT1pA1q “ PT2pA2q.

T0 “ T1 Y T2 ��. ~, πT0ÑT1 ˝ πT0 “ πT1 , �

π´1
T1
A1 “ π´1

T0
pπ´1
T0ÑT1

A1q
∆
“ π´1

T0
A0, Ù¥, A0 “ π´1

T0ÑT1
A1.

�Iy²PT0pA0q “ PT1pA1q, Ù¥A0 “ π´1
T0ÑT1

A1, =,

PT0 ˝ π
´1
T0ÑT1

“ PT1 , (3FT1q þ.)

QT1 :“
Ť

SĎT1,|S|ă8
QS ´��, �σpQT1q “ FT1 ;

LHS �RHS Ñ´VÇÿÝ, 3QT1 þ��, �X.
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Step 3. P �VÇ.

�A1, A2, ¨ ¨ ¨ P BT
R , üüØ�.

DTn Ď T ��, Bn P BTn
R ¦�An “ π´1

Tn
Bn.

-T0 “
Ť8
n“1 Tn. PT0 ´FT0 þ�VÇ, �X.
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½n (½n5.4.9)

pR,BR, Ptq, t P T ´VÇ�m. KD!pRT ,BT
R q þ�VÇP , ¦�

P ptx : xti P Ai, i “ 1, ¨ ¨ ¨ , nuq “
n
ź

i“1

PtipAiq.

5: ½n¥�P P�
ś

tPT Pt.
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