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§1.1 8Ü9Ù$�

1.½Â

�m(�8): X, ��.

��(:): x, y, ¨ ¨ ¨ .

8Ü(f8): A,B, ¨ ¨ ¨ , �8: H.

ÎÒ:

x P A, x R A, x P Ac, A Ď B,AYB, AB “ AXB,

BzA (�rNA Ď B, �^B ´A), A∆B.

��Æ!(ÜÆ!©�Æ.

Ø�: AXB “ H. �rNØ�, �^A`B.
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�x8ÜtAt, t P T u:

ď

tPT

At :“ tx : Dt P T ¦� x P Atu,

č

tPT

At :“ tx : x P At, @t P T u.

üüØ�: At XAs “ H, @s ‰ t.

�rNüüØ�, �^
řN
n“1An ½

ř8
n“1An.

éóÆ(De-Morgan {K):

˜

ď

tPT

At

¸c

“
č

tPT

Act ,

˜

č

tPT

At

¸c

“
ď

tPT

Act .
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üN(�8Ü)S�:

�ü, An Ò: An Ď An`1, @n;

�O, An Ó: An Ě An`1, @n.

üNS��4�:

e An Ò, K lim
nÑ8

An :“
8
ď

n“1

An,

e An Ó, K lim
nÑ8

An :“
8
č

n“1

An.
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?¿S��þ4�:

lim sup
nÑ8

An :“
8
č

n“1

8
ď

k“n

Ak

“ tx : Dn1 ă n2 ă ¨ ¨ ¨¦�x P Anr ,@r ě 1u “ tAn i.o.u.

?¿S��e4�:

lim inf
nÑ8

An :“
8
ď

n“1

8
č

k“n

Ak “ tA
c
n f.o.u.

eþ!e4���, K¡TS��4��3, ¿P

lim
nÑ8

An :“ lim sup
nÑ8

An “ lim inf
nÑ8

An.
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§1.2 8ÜX

8ÜX: A ,B, ¨ ¨ ¨

π X: P ��; é�$�µ4, =,

A,B P P ñ AXB P P.

~1. X “ R, PR “ tp´8, as : a P Ru.

��: Q ´π X, eA,B P Q �A Ě B, K�3k��üü

Ø��C1, ¨ ¨ ¨ , Cn P Q ¦�

AzB “
n
ď

k“1

Ck “
n
ÿ

k“1

Ck.

~2. X “ R, QR “ tpa, bs : a, b P Ru. (5: H P Q.)

‹‹ ��K. (SK�!4)
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�: R ��, é¿!�$�µ4, =

A,B P R ñ AYB, AzB P R.

5: AYB �U�A`B: AYB “ AzB `B.

~4. X “ R, R “
Ť8
n“1 t

Ťn
k“1pak, bks : ak, bk P R,@ku.

�ê!�: A ´π X, X P A , �éÖ$�µ4, =

A P A ñ Ac P A .

5: �ò/π X0U��$�µ4; ½�KX P A :

� A P A ñ Ac P A ñH “ AXAc P A ñ X “ Hc P A .

·K1.2.1. ��´π X, �´��, �ê´�.

�yR �π X: AXB “ AzpAzBq.

y: AYB “ pAc XBcq
c, AzB “ AXBc.

�= �� & é¿$�µ4, �ê= � & ¹X(SK�!6).
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üNX: eA1, A2, ¨ ¨ ¨ P M �An üN, K lim
nÑ8

An P M .

λ X:

X P L ; A,B P L � A Ě B ñ AzB P L ;

A1, A2, ¨ ¨ ¨ P L � An Ò Añ A P L .

σ �ê(σ �):

X P F ; A P F ñ Ac P F ;

A1, A2, ¨ ¨ ¨ P F ñ

8
ď

n“1

An P F .

·K1.2.2. λ X´üNX; σ �ê´λ X.
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·K1.2.3. σ �ê= �ê& üNX.

·K1.2.4. σ �ê= λ X& π X.

y/ð0:

λX
ñ Ac “ XzA P F

πX
ñ �ê

λX
ñ σ �ê.

σ �: R ��; A,B P R ñ AzB P R;

A1, A2, ¨ ¨ ¨ P R ñ
Ť8
n“1An P R.

5: ‹ ¥�^�yA1, A2, ¨ ¨ ¨ üüØ���/=�.

σ �= � & üNX, σ �ê= σ � & ¹X, (SK�!6).
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eF ´X þ�σ �ê, K¡pX,F q ��ÿ�m.

�A ´X ���f8, E ´8ÜX. ½Â

AX E :“ tAX E : E P E u.

SK�!13. pX,F q ´�ÿ�m. A ´X ���f8,

KpA,AXF q ��ÿ�m.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE
(�®�ÆêÆÆ�)



 
lÐ�VÇØ��Ýw�ÿ�m: pX,F q.

���σ �ê: tH, Xu,

���σ �ê: T “ TX :“ tA : A Ď Xu.

k
�.¥, T ��.

/�ÿ0:

X P F ; A P F ñ Ac P F ;

A1, A2, ¨ ¨ ¨ P F ñ

8
ď

n“1

An P F .
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§1.3 σ �ê�)¤

E ´���8ÜX.

½Â1.3.1. ¡G �E )¤��(üNX!λ X!σ �ê), e:

(1) G Ě E , (2) é?¿‹‹ G 1,

G 1 Ě E ñ G 1 Ě G .

E )¤�‹‹ = �¹ E ����‹‹.

·K1.3.1. E )¤�‹‹�3.

y: ò�¹E �¤k‹‹P�A, KT P A.
Ş

G PA
G =�¤¦.

©OP�rpE q, mpE q, lpE q, σpE q.
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½n (½n1.3.2)

eQ ´��, K

rpQq “
8
ď

n“1

#

n
ÿ

k“1

Ak : A1, ¨ ¨ ¨ , An P Q �üüØ�

+

.

y: �é¿$�µ4, �rpQq Ě G .

�L5,  yG ��: ��X; b�A,B P G ,  yAzB P G .

u´, AXB “ AzpAzBq P G .

?�Ú,

AYB “ pAzBq ` pBzAq ` pAXBq P G .
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 yAzB P G : b�A1, ¨ ¨ ¨ , An, B1, ¨ ¨ ¨ , Bm P Q ¦�

A “
n
ÿ

i“1

Ai, B “
m
ÿ

j“1

Bj P G .

AzB “
řn
i“1pAizBq “

řn
i“1

´

`

pAizB1qzB2

˘

z ¨ ¨ ¨ zBm

¯

.

 ém ^8B{, ±y²‹ “
řni
r“1Ci,r, u´y..

m “ 1 �, d��5��y.

mÑ m` 1:

‹zBm`1 “

˜

ni
ÿ

r“1

Ci,r

¸

zBm`1 “
ni
ÿ

r“1

pCi,rzBm`1q “
ni
ÿ

r“1

mr
ÿ

s“1

Di,r,s.
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ü�­��½n9ÙíØ.

½n1.3.3.

½n (üNa½n)

eA ´�ê, KσpA q “ mpA q.

íØ1.3.4. A Ď M ñ σpA q ĎM .

½n1.3.5.

½n (λ-π½n)

eP ´π X, KσpPq “ lpPq.

íØ1.3.6. P Ď L ñ σpPq Ď L .
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 ½n (½n1.3.3, üNa½n)

eA ´�ê, KσpA q “ mpA q.

σpA q ´üNX, �Ě A , ÏdĚ mpA q.

�L5,  ympA q ´σ �ê, �Ě A , ÏdĚ σpA q.

mpA q �üNX. �, �I�ympA q ´�ê.

(1) ��:

A´�êñ X P A Ď mpA q.
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(2) Ö$�µ4: @A P mpA q, Ac P mpA q.

 yG Ě mpA q,

G :“ tA : Ac P mpA qu.

 yG �üNX �G Ě A (X, Ï�A ��ê).

eA1, A2, ¨ ¨ ¨ P G , An Ò A. K

Acn P mpA q,@nñ Ac “Ó lim
n
Acn P mpA q.

eA1, A2, ¨ ¨ ¨ P G , An Ó A. K

Acn P mpA q,@nñ Ac “Ò lim
n
Acn P mpA q.
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(3) �$�µ4: @A P mpA q, @B P mpA q, AB P mpA q.

@A P mpA q, @B P mpA q, AB P mpA q.

 y: (1) @A P A , ‹, ‹ ¤á; (2) ÷v‹, ‹ �A |¤üNX.

(1) �½A P A .  y: @B P mpA q, AB P mpA q. =

(1.1) @B P A , ‹ ¤á, X; (1.2) ÷v‹ �B |¤üNX.

Ún: eM ´üNX, K@C, GC ´üNX, Ù¥

GC :“ tD : CD P M u.

Ún�y²:

Dn P GC ,@n � Dn Ò D ñ CD “Ò lim
n
CDn P M .

Dn P GC ,@n � Dn Ó D ñ CD “Ó lim
n
CDn P M .
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(3) �$�µ4: @A P mpA q, @B P mpA q, AB P mpA q.

@A P mpA q, @B P mpA q, AB P mpA q.

 y: (1) @A P A , ‹, ‹ ¤á; (2) ÷v‹, ‹ �A |¤üNX.

(1) �½A P A .  y: @B P mpA q, AB P mpA q. =

(1.1) @B P A , ‹ ¤á, X; (1.2) ÷v‹ �B |¤üNX.

Ún: GC :“ tD : CD P M u ´üNX.

�M “ mpA q, C “ A. UPD “ B, �(1.2) X. �(1) X.

�M “ mpA q, C “ B, UPD “ A, K÷v‹, ‹ �A |¤

G “
č

BPmpA q

GB.

GB Ñ´üNX, �G ´üNX, =(2) X.
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½n (½n1.3.5, λ-π½n)

eP ´π X, KσpPq “ lpPq.

σpPq ´λ X, �Ě P, ÏdĚ lpPq.

�L5,  ylpPq ´σ �ê, �Ě P, ÏdĚ σpPq.

�I�ylpPq ´π X, =, é�$�AXB µ4.  y

AB P lpPq, @A P lpPq,@B P lpPq.

Ún: eL ´λ X, K@C P L , GC ´λ X.

GC :“ tD : CD P L u.

(1) @A P P, ‹, ‹ ¤á:

(1.1) @B P P, ‹ ¤á, X; (1.2) GA �λ X, X.

÷v‹, ‹ �A |¤G “
Ş

BPlpPq GB ´λ X, �(2) X.
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 yÚn: GC :“ tD : CD P L u, @C P L .

ESλ X�½Â:

X P L ; A,B P L � A Ě B ñ AzB P L ;

A1, A2, ¨ ¨ ¨ P L � An Ò Añ A P L .

(1) X P GC , Ï�CX “ C P L .

(2) eD1, D2 P GC �D1 Ě D2, KD1 ´D2 P GC :

CD1, CD2 P L , CD1 Ě CD2 ñ CpD1´D2q “ CD1´CD2 P L .

(3) eDn P GC , @n �Dn Ò D, KD P GC :

CDn P L , CDn Òñ CD “Ò lim
nÑ8

pCDnq P L .
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Borel 8.

X �ÿÀ�m, O �¤km8|¤�8ÜX.

¡BX :“ σpOq �X þ�Borel σ �ê/Borel 8ÜX.

eB P BX , K¡B �Borel 8.

¡pX,BXq �ÿÀ�ÿ�m.
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§1.4 �ÿN���ÿ¼ê

N�, f : X Ñ Y , x ÞÑ y “ fpxq.

y: ¼ê�, x ?�f �.

��: B Ď Y , E ´Y þ�8ÜX,

f´1B :“ tx : fpxq P Bu, �P� f´1pBq, tf P Bu,

f´1E :“ tf´1B : B P E u.

·K1.4.1.

f´1H “ H, f´1Y “ X,

B1 Ď B2 ñ f´1B1 Ď f´1B2,
`

f´1B
˘c
“ f´1pBcq,

f´1
ď

tPT

At “
ď

tPT

f´1At, f´1
č

tPT

At “
č

tPT

f´1At.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE
(�®�ÆêÆÆ�)



 

·K (·K1.4.2)

éY þ�?¿��8ÜXE ,

σpf´1E q “ f´1σpE q.

y: f´1σpE q ´σ �ê, �Ě f´1E , l
Ě σpf´1E q.

�L5,  yf´1σpE q Ď σpf´1E q, =,

@B P σpE q Ñ÷vf´1B P σpf´1E q.

­::  �yG ´σ �ê. § Ě E , � Ě σpE q.

G :“ tB Ď Y : f´1B P σpf´1E qu.

�y: f´1H “ H, f´1Y “ X,

B1 Ď B2 ñ f´1B1 Ď f´1B2,
`

f´1B
˘c
“ f´1pBcq,

f´1
ď

tPT

At “
ď

tPT

f´1At, f´1
č

tPT

At “
č

tPT

f´1At.
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b�pX,F q �pY,S q �ü��ÿ�m, f : X Ñ Y .

ef´1S Ď F , K¡f ��ÿN�/�Å�/�ÿ�, P�

f : pX,F q Ñ pY,S q ½ pX,F q
f
Ñ pY,S q ½ f P F .

f �ÿ�: f´1B P F , @B P S . �d/, σpfq Ď F , Ù¥,

σpfq :“ f´1S

�¦f �ÿ���σ �ê, ¡�f )¤�σ �ê.

½n1.4.3. �E ´Y þ���8ÜX. K

pX,F q
f
Ñ pY, σpE qq ô f´1E Ď F .

½n1.4.4. epX,F q
f
Ñ pY,S q

g
Ñ pZ,Z q, Kg ˝ f �ÿ.

y: @C P Z , g´1C P G , �pg ˝ fq´1C “ f´1pg´1Cq P F .
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2Â¢ê: R :“ RY t´8u Y t8u.

S�«m: ´8 ă a ă 8, @a P R; X, r´8, as.

oK$�: ˘8ˆ 0 :“ 0; X, 8´8, 8{8 Ã¿Â.

�Ü�KÜ: @a P R,

a` “ a_ 0, a´ “ p´aq _ 0.

a “ a` ´ a´, |a| “ a` ` a´.

-

BR :“ σ pBR Y t´8u Y t8uq .

·K1.4.5. BR “ σptr´8, as : a P Ruq “ ¨ ¨ ¨
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½Â1.4.1. �ÿ¼ê�

f : pX,F q Ñ pR,BRq.

�ÅCþ�

f : pX,F q Ñ pR,BRq,

�¡�k���ÿ¼ê, �ÿ¢�¼ê.
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½n (½n1.4.6)

pX,F q ��ÿ�m.

f : X Ñ R p½f : X Ñ Rq,

Kf ��ÿ¼ê(½�ÅCþr.v.) ��=�

tf ď au P F , @a P R.

r.v. �: -E “ PR “ tp´8, as : @a P Ru. K

f �ÿ iff σpfq “ f´1BR “ σ
`

f´1E
˘

Ď F

iff f´1E Ď F .

�ÿ¼ê�: -E “ PR “ tr´8, as : @a P Ru.
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~1. f : pX,TXq Ñ pR,BRq �ÿ.

~2. f ” a �ÿ.

~3. «5¼ê/�«¼êIA �ÿ, @A P F ;

~4. �F¼ê

a1IA1 ` ¨ ¨ ¨ ` anIAn

�ÿ, Ù¥, A1, ¨ ¨ ¨ , An P F üüØ�, a1, ¨ ¨ ¨ , an P R.

Borel ¼ê�pR,BRq
g
Ñ pR,BRq.

~: ëY¼ê´Borel ¼ê.

~. ef ´r.v., g ´Borel ¼ê, Kgpfq “ g ˝ f �´r.v..

íØ1.4.7. ef , g ´�ÿ¼ê, Ktf “ au, tf ă gu, ¨ ¨ ¨ P F .
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§1.5 �ÿ¼ê�$�

½n (½n1.5.1)

�ÿ¼ê�oK$�(ek¿Â, K)�ÿ.

X: ef, g �ÿ, f ` g ØÑy8` p´8q �/, Kf ` g �ÿ.

y: @a P R, tf ` g ă au “ A1 YA2 YA3,

A1 :“ tf “ ´8, g ă 8u Y tf ă 8, g “ ´8u P F ,

A2 :“ AX ptf “ 8, g ą ´8u Y tf ą ´8, g “ 8uq “ H P F ,

A3 :“ AX t´8 ă f, g ă 8u “ tf ă a´ gu X ‹

“

˜

ď

rPQ

`

tf ă ru X tr ă a´ gu
˘

¸

č

‹ P F .
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½n (½n1.5.2)

�ÿ¼ê�4��þ!e4�Ñ�ÿ.

4�: X, ef1, f2, ¨ ¨ ¨ �ÿ, Kinfně1 fn �ÿ, Ï�

"

inf
ně1

fn ě a

*

“

8
č

n“1

tfn ě au.

5:

"

inf
ně1

fn ą a

*

Ď
Ş8
n“1tfn ą au Ď

"

inf
ně1

fn ě a

*

.

AO/, f �ÿ, Kf` “ f _ 0 �f´ “ p´fq _ 0 �ÿ.

4�:

lim inf
nÑ8

fn “ sup
Ně1

inf
něN

fn.
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X �k�©��: tA1, ¨ ¨ ¨ , Anu ÷v

A1, ¨ ¨ ¨ , An Ď X, üüØ�, �
Ťn
i“1Ai “ X.

pX,F q �k��ÿ©��:

?�Ú, A1, ¨ ¨ ¨ , An P F .

{ü¼ê�:

f “
n
ÿ

i“1

aiIAi ,

Ù¥, tA1, ¨ ¨ ¨ , Anu �k��ÿ©�, a1, ¨ ¨ ¨ , an ´¢ê.

k.¼ê�: |fpxq| ďM , @x P X.

::Âñfn Ñ f �:

fnpxq Ñ fpxq, @x P X.
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½n (½n1.5.3)

ef �ÿ§K�3{ü�f1, f2, ¨ ¨ ¨ ¦fn Ñ f . (a) ef ě 0,

Kfn ě 0, @n �fn Ò f ; (b) ef k., Kfn Ñ f .

�f ě 0. �

fn “
n2n´1
ÿ

k“0

k

2n
I
t k
2n
ďfă k`1

2n
u
` nItfěnu.

fn ě 0, fn Ò. ¿�fnpxq Ñ fpxq, @x P X, Ï�

0 ď fpxq ´ fnpxq ď 1{2n, � fpxq ă n;

n “ fnpxq ď fpxq, � fpxq ě n.

qef k. M , K‹, @n ěM , �fn Ñ f .

f �ÿ, Kf “ f` ´ f´, �Äf˘ =�.
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½n (½n1.5.4)

�g : pX,F q Ñ pY,S q. K

pX, g´1S q
h
Ñ pR,BRq iff h “ f ˝ g, Ù¥, pY,S q

f
Ñ pR,BRq.

5: pR,BRq �U�pR,BRq ½pra, bs, ra, bs XBRq.

ð X,  yñ.

;.�{: �y‹‹, @h P g´1S ,  �g�y‹‹, @h P Hi:

H1 : «5¼ê; h “ IA, @A P g
´1S ;

H2 : �K{ü¼ê; h “ a1IA1 ` ¨ ¨ ¨ ` anIAn , ai ě 0; @i;

H3 : �K�ÿ¼ê; hn Ò h;

H4 : �ÿ¼ê; h “ h` ´ h´.

5: H1 Ñ H2 Ñ H3, I‹‹ é�K�5$�µ4, 4�µ4.
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½n (½n1.5.4 �7�5)

pX, g´1S q
h
Ñ pR,BRq ñ h “ f ˝ g, Ù¥, pY,S q

f
Ñ pR,BRq.

H1: �h “ IA, Ù¥A P σpgq. K

A “ g´1B, B P S ñ f “ IB =�.

H2: �h �K{ü, =, h “
řn
i“1 aiIAi ,

Ù¥tA1, ¨ ¨ ¨ , Anu ��ÿ©�, a1, ¨ ¨ ¨ , an üüØ�. K

DBi P S ¦Ai “ th “ aiu “ g´1Bi ñ h “

˜

n
ÿ

i“1

aiIBi

¸

˝ g.
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H3: �h �K�ÿ. Dhn �K{ü, hn Ò h.

hn “ fn ˝ g, @nñ h “ f ˝ g,

Ù¥, fpyq :“

#

limnÑ8 fnpyq, e4��3�k�,

0, Ù¦.

H4: �h �ÿ, Kh “ h` ´ h´ “ pf` ´ f´q ˝ g.
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��/, ��y‹‹, @h P H1. =, h “ IA, @A P F .  �y:

G :“ tA Ď X : IA ÷v ‹‹u Ě F .

é�êA Ď G ¦�F “ σpA q, ¿y²G ´üNX.

½, éπ XP Ď G ¦�F “ σpPq, ¿y²G ´λ X.
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�K2Â¢�¼ê|¤�üNa�:

f, g PM, a, b P R, af ` bg ě 0 ñ af ` bg PM;

f1, f2, ¨ ¨ ¨ PM, fn Ò f ñ f PM.

½n1.5.5. �A ´�ê, M ´‹‹. eIA PM, @A P A ,

KpX,σpA qq þ��K�ÿ¼êþ3M ¥.

H1 ĎM: G ´üNX,

G :“ tA Ď X : IA PMu Ě A ùñ G Ě σpA q.

Ñ H2 Ñ H3: M é�K�5$�µ4.
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�K2Â¢�¼ê|¤�λ a�:

1 P L;

f, g P L, a, b P R, af ` bg ě 0 ñ af ` bg PM;

f1, f2, ¨ ¨ ¨ P L, fn Ò f ñ f P L.

½n1.5.6. �P ´π X, L ´‹‹. eIA P L, @A P P,

KpX,σpPqq þ��K�ÿ¼êþ3L ¥.

H1 ĎM: G ´λ X,

G :“ tA Ď X : IA P Lu ĚP ùñ G Ě σpPq.

Ñ H2 Ñ H3: L é�K�5$�µ4.
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