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Supplementary Material to “Intrinsic Riemannian Functional Data

Analysis for Sparse Longitudinal Observations”

Lingxuan Shao*, Zhenhua Linf, and Fang Yao*

S.1 Additional Background on Riemannian Manifold

Here we provide formal definitions related to Riemannian manifolds, starting with perhaps the most basic

geometric space — the topological space.

Definition S.1 (Topological space). A topological space is a set and a class of subsets of the set, called the
open sets, such that the class contains the empty set and is closed under the formation of arbitrary unions
and finite intersections. Such a class is called a topology.

The most commonly seen topological space is R together with the standard (but often not explicitly
mentioned) topology that contains all open intervals, as well as the d-dimensional Euclidean space R? together
with the standard topology that contains all open balls. In real analysis, continuous functions play an
important role. The concept of continuity can be generalized to functions defined on and/or taking values

in general topological spaces.

Definition S.2 (Continuity and homeomorphism). A function f: 77 — T2 between two topological spaces is
continuous if to every open set B of Tz, the set f~1(B) = {x e Ty : f(x) € B} is an open set of Ty. If f is
continuous and bijective and its inverse is also continuous, then we say f is a homeomorphism between Ty
and Ta. Two topological spaces are homeomorphic to each other if there exists a homeomorphism between
them.

When both 77 and 75 are R with the standard topology, the continuity defined in the above coincides
with the one via the e-§ definition. For instance, it is well know that f(x) = 23 is a continuous function,
and indeed, to every open interval (a,b), f~*((a,b)) = (a*/3,b/3) is also an open interval, and this holds for
all open sets of R; see Example 1 of Section 18 in Munkres (2000). A property of a topological space is a
topological property if it is preserved under a homeomorphism. Therefore, homeomorphic topological spaces
share the same set of topological properties. A concrete example of topological properties is connectedness
that is related to Assumption 4.4(a). A topological space T is connected if it is not the union of two
disjoint non-empty open sets. For example, R is connected, but R\{0} is not. If to every two points p,qe T
there is a continuous path connecting them, i.e., there exists a continuous function 7 : [0,1] - 7 such that
~v(0) = p and (1) = ¢, then we say T is path-connected. A topological space T is simply connected
if and only if it is path-connected, and for any two continuous paths 7; and 7, with the same start and
end points, 7; can be continuously deformed into 7», i.e., there exists a continuous function ~:[0,1]*> - M
such that v(s,0) =1 (s) and v(s,1) = v2(s) for s € [0,1]. Intuitively speaking, a topological space is simply
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2 Shao, Lin and Yao S.1 RIEMANNIAN MANIFOLD

connected if there are no holes passing through the space. For instance, R? and spheres are simply connected,
while the torus is not. Here, connectedness, path-connectedness and simple connectedness are all topological
properties, i.e., preserved under homeomorphisms.

There are topological spaces that locally resemble a Euclidean space R?, but globally may not be home-
omorphic to R%. Such spaces are called topological manifolds. An example of topological manifolds is the
surface of our earth that may be roughly parameterized by the two-dimensional sphere S2 = {(z1, 2, 73) €
R3 : 22 + 23 + 22 = 72} of radius 7 ~ 6371km. Each small neighborhood of S? looks like a (subset of) two-
dimensional plane, and this is why our ancients perceived the flat earth model. However, there exists no

homeomorphism between S? and R? for any d.

Definition S.3 (Topological manifold). A topological space T is a topological manifold modeled on R, if
for each point p € T there exists an open set that contains p and is homeomorphic to R%. Here, d is called

the dimension of T .

In the above example of S2, let U = S2\{(r,0,0)} and Us = S?\{(~-r,0,0)}. Then every point in S? falls
into one of these two open sets. Moreover, both U; and U, are homeomorphic to R?, with the following

corresponding homeomorphisms

r

1 (w1, 22, 3) = (72,73) € R?

r—x

p2(1,22,73) = (22, 23) € R%

T+
This formally shows that S? is a topological manifold of dimension 2.

Due to the local resemblance between R? and a topological manifold, one might parameterize a local
neighborhood of the topological manifold by using RY, as we did in the above for neighborhoods U; and
Uy of S2. Intuitively, the map ¢; (resp. ¢o) assigns each point in U; (resp. Us) a coordinate in R?. Since
Uy uUy = S2, each point gets a coordinate. However, for those points in U; n Us, such as the points in the
equator, are assigned two coordinates, one from ¢; and the other from ¢5. In this case, one can obtain the
coordinate under ¢, if we know its coordinate under ¢o, and vice versa. For example, for (x1,x2,z3) € U1nUs,
if its coordinate under ¢; is (y1,21) € R?, then its coordinate under ¢o is (y2,22) = (P2 0 é7')(y1,21),
where o represents the composition of functions, i.e., (fo g)(z) = f(g(x)) for generic functions f, g and
argument . Moreover, ¢ o ¢7!, called a transition map, is a continuous function, since both ¢; and ¢, are
homeomorphisms. Noting that ¢3 0 ¢7! is a function mapping R? onto R?, we might impose regularity more
than continuity on the transition maps, for instance, differentiability or smoothness. This consideration leads

to the concept of differentiable and smooth manifolds.

Definition S.4 (Differentiable and smooth manifolds). Let M be a d-dimensional topological manifold. For
k>1, a C*-atlas on M is a collection of pairs (Us,ds) that are indexed by an index set J and satisfy the

following axioms:
e FEach U, is an open subset of M and Upes Uy =M, i.e., the domains U, together cover M;
e Each ¢ is a homeomorphism between U, and the open set ¢o(Uy) = {¢a(x) e R 12 € Uy} of RY;

e For each pair of a, B € J, if UynUg # @, then the transition map ¢a0¢él 2 pg(UanUg) = ¢o(UsnUp),

illustrated in Figure S.1, is k times differentiable; we say ¢ and ¢z are compatible.

Two C*-atlases are compatible if their union is again a C*-atlas. An atlas is mazimal if it contains any
other atlas compatible with it. A C*-manifold is a topological manifold together with a mazimal C*-atlas. A

C*-manifold is called a smooth manifold.
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Figure S.1: Hlustration of the chart and transition map.

The pair (U, ¢,) or sometimes ¢, itself is called a chart (or coordinate map). One can check that
compatibility defines an equivalence relation among atlases, and a maximal atlas is simply the union of
atlases within the same equivalence class. Therefore, a differentiable manifold is essentially completely
determined by an atlas, in the sense that any compatible atlas gives to the same differentiable manifold and
incompatible atlases result in distinct differentiable manifolds. In light of this, in practice, we can describe
a differentiable manifold simply by providing an atlas. For instance, in the example of S2, the collection
o ={(U1,¢1), (Uz, ¢2)} forms a C*-atlas that turns S? into a smooth manifold.

Let M be a d-dimensional differentiable manifold in the sequel. One merit of the differentiable manifold
is that we can discuss regularity of functions taking values in a differentiable manifold. For instance, for an
interval I ¢ R, the function v : I - M, which is also called a curve on M, is differentiable at ¢ € I if the
function ¢ o~ : I - R? is differentiable at ¢ for a chart (U, ¢), and thus all charts, such that v(¢) € U in the
maximal atlas associated with M. The derivative, denoted by 7'(t), measuring the velocity of the curve ~
at t, has different representations in different charts. However, once we know its representation in one chart,
we can then obtain its representation in another chart via the transition maps. In this sense, the velocity of
v at t is essentially well defined, and is denoted by '(t). Note that this sense of “well-definedness” applies
generally to other concepts and quantities in differential geometry, that is, a manifold-related concept, such
as the differentiability of a curve, is well defined if it holds for all relevant charts, and a manifold-related
quantity, such the derivative of a differentiable curve at ¢, is well defined if its coordinate in one chart can
be determined from the coordinate under another chart.

Consider all differentiable curves 7 : I - M with v(¢) = p. They may give rise to different derivatives
~'(t). If we fix any chart (U,¢) with p € U, then each ~'(¢) is represented by (¢ o ~)’(¢t) which is a
vector in R and all possible values of (¢ ov)’(t) form exactly the vector space R%. Therefore, with r
denoting the collection of differentiable curves v : I — M such that y(t) = p, we can view the space
TyM = {y/(t) : v € T'},} as a vector space with the vector addition ~(t) + 75(t) defined to be y3(t) € T,M
such that (¢ ov1) (t) + (¢ ov2) (t) = (¢ o~3)'(¢), and the scalar multiplication av’(t) defined to be n'(t)
such that a(¢ o) (t) = a(¢ o n)'(t), where ~,71,7%2,73,n € [, and a € R. Note that, the representation
of both ~v{(t) + v5(¢t) and av'(t) in other charts is determined from its representation in (U,¢), and thus
they are well defined manifold-related quantities. The space T, M is called the tangent space at p and
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its elements are called tangent vectors at p. Such (informal) definition also shows that 7, M depends on
p through its dependence on F;. This agrees well with the physical meaning of the tangent vector ~'(t)
that represents the direction and amount to move if one wants to get to v(¢t + At) from ~(¢) within an
infinitesimal amount time At, i.e., v'(¢) encodes both the velocity and the base point p. In the chart (U, ¢),
7/(t) can be represented by (6(p), (607)'(£)), 71 (£)+4(2) by (6(p), (6071)'(£) +(#07)' (1)), and ay/(t) by
(¢(p),a(pov)'(t)), respectively; here note that in the above coordinate representation of the vector addition
and scalar multiplication operations, the coordinate ¢(t) for the base point p does not participate in the
operations.

The formal definition below of the tangent space and tangent vectors, with the same essence of the
above informal discussion, eliminates the dependence on I and v(t) = p. We say two differentiable curves
v and 7 on a differentiable manifold M is equivalent at p € M, denoted by v ~, 7, if y(s) = n(t) = p and
(poy)(s) =(pon)(t) for some s,t € R and for all (U,¢) with p e U. One can check that for each fixed

p € M, ~, defines an equivalence relation among differentiable curves passing p.

Definition S.5 (Tangent space and tangent vector). Each class of equivalent differentiable curves at p is a

tangent vector at p, and the collection of tangent vectors at p is the tangent space at p.

The above formal definition seems abstract, but we can perceive tangent vectors and tangent spaces
by using the aforementioned essentially equivalent informal definition, as well as the concrete coordinate
representations. One thing we shall emphasize is that tangent vectors at distinct points are not directly
comparable, since they have distinct base points. This is also evidenced by the abstract definition, as
tangent vectors at distinct points are equivalence classes of distinct equivalence relation. For example, a
tangent vector at p is an equivalence class under the relation ~,, while a tangent vector at ¢ is an equivalence
class under the relation ~,. In general, equivalence classes derived from different equivalence relations are
not directly comparable.

For some manifolds, the tangent space might be visualized as a hyperplane that is tangent to the manifold.
For instance, as depicted in Figure S.2, the tangent space at p € S? can be viewed as the two-dimensional
affine plane that is tangent to S? at p; such affine plane is regarded as a vector space with p as the origin.

In elementary calculus, a function that maps a subset of a Euclidean space into potentially another
Euclidean space is smooth if it is infinite times differentiable. Based on this elementary concept of smoothness,

we can define smoothness for functions between smooth manifolds.

Definition S.6 (Smooth manifold map). Let M be a dy -dimensional smooth manifold and N a da-dimensional
smooth manifold. A function f: M — N is smooth if to each chart (U,¢) of M and each chart (V,p) of N
such that V 0 f(U) # @, the function @ o fo ¢, that maps a subset of R4 into R, is smooth.

Definition S.7 (Diffeomorphism). A bijective map between two smooth manifolds is a diffeomorphism if
it and its inverse are smooth. Two smooth manifolds are diffeomorphic to each other if there exists a

diffeomorphism between them.

Let M be a d-dimensional smooth manifold in the sequel. A vector field V on a set A of M is a
function that maps points in A into TM := UpepTp M, such that V(p) € T, M; here TM is called the
tangent bundle of M. Intuitively, at each point in U, the vector field V assigns the point with a tangent
vector at that point. Recall that for each tangent vector u € T, M and chart (U,¢) with p e U, u has a
coordinate representation (¢(p),x1,...,24), €.g., (21,...,24) = (¢ 0v)'(t) for some differentiable curve ~y
with v(¢) = p. This gives rise to a local coordinate representation of a smooth vector field, i.e., for a chart
(U, ¢) such that AnU # @, the coordinate of V' at u is the coordinate of the tangent vector V(u) € T, M.
Let ®4(u) denote the coordinate of the tangent vector w in the chart (U, ¢). Then ® oV, restricted to the
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domain A nU, is a function mapping U into R*?. We say V is a smooth vector field if to each chart
(U, ¢), the function ® oV is a smooth manifold map. An example of (smooth) vector fields is the vector field

for the movement of air on Earth that represents the wind speed and direction at each location.

Definition S.8 (Riemannian manifold). A Riemannian manifold is a smooth manifold M endowed with an
inner product (-,-), on T,M for each p € M such that, for any smooth vector fields V1, Va on M, the function
p e (Vi(p), Va(p))p is a smooth manifold map defined on M. The inner products (-,-), are collectively referred
to as Riemannian metric or Riemannian metric tensor.

For a Riemannian manifold, each of its tangent spaces is now an inner product space, and thus along a
normed space with the induced norm v, = (v,v), for v € T,M. As a vector space, each tangent space is
entitled to an independent basis. For Riemannian manifold, since each tangent space is an inner product
space, it is also entitled to orthonormal basis. In this context, a frame refers to a map that assigns each
point of the manifold an independent basis, and when all of such basis are orthonormal, we say the frame is
an orthonormal frame.

The Riemannian metric also induces a (canonical) distance daq on the Riemannian manifold, as follows.
For a smooth curve 7 : I > M, the restriction to an interval [a,b] c I is referred to as a segment of v and is
denoted by v([a,b]). The length of the segment v([a,b]) is defined by

b
6(@b) = [ @Ol pat

Such definition can be extended to regular curves that are formed by connecting a finite number of smooth
segments, i.e., the length of a piecewisely smooth segment is defined to be the sum of the lengths of its
smooth segments. For a connected Riemannian manifold M, we can define the distance between two points
p,q by

dm(p, q) = inf{l,(a,b) : v(a) = p,7(b) = ¢, and ~ is a regular curve}.

The distance da then turns M also into a metric space. If such metric space is complete, then we say
M is a complete Riemannian manifold. By Hopf-Rinow theorem, on a connected complete Riemannian
manifold, two points can be connected by a minimizing geodesic of which the length is exactly the distance
of the two points. By definition, a geodesic is a curve v : I - M such that for all sufficiently small ¢ > 0
and all interior ¢ € I, y([t,t +€]) is a shortest path that connects y(t) and (¢ +€), and ¢,(s,t) = a|s — ¢t
for a constant a and all s, € I. In words, geodesics are constant-speed curves that are locally shortest
segments. Note that a geodesic may not be globally a shortest path connecting two points. For example,
~(t) = (0,cos(27t),sin(27t)) for t € [0,1] is a geodesic, but it is not a shortest path from ~y(e) to (1) for
any € € [0,1/2). A minimizing geodesic refers to those geodesics 7 : I - M such that v([s,t]) is a shortest
path connecting y(s) and (t) for all s,t € .

Remark S.1. In some textbooks, the term “curve” (and similarly, “geodesic”) is sometimes used to denote
the image of v : I - M on the manifold M, rather than the map . In this paper, we do not adopt this
practice. When we say a curve, we always refers to the map v itself. One shall note that, the length of a curve
is invariant to parameterization, i.e., if n: J - M is another curve such that t = g(s) for a smooth function
with g'(s) # 0 and n(s) = v(g(s)) for all s € J and I = g(J), then £,(g(a),g(b)) = £,(a,b) for all a,be J.

. . b Vi b ! b 4
This is because, £(g(a), 9()) = 2% 17/ (8) Iyt = L2 17/ @)oo d9(5) = [ 10 () lgsyds = € (a,b).

Below we assume M is complete and connected. The Riemannian metric also induces the Riemannian

exponential map for each point. For a unit tangent vector u € T, M, let ~,(t) be the geodesic such that
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v.(0) = p and 7,,(0) = u. As a starting point specified by p and an initial direction specified by the unit
tangent vector u together uniquely determine a geodesic, the celebrated Hopf~Rinow theorem asserts that

the following map Exp,, is well defined at each p € M on the entire tangent space T, M.

Definition S.9 (Exponential map). The map Exp,(u) =~y s (|ulp) for u € T,M is called the exponential

Hqu
map at p.
Remark S.2. Ezponential maps might be defined also for incomplete Riemannian manifolds, but potentially
only locally, i.e., Exp,u may be only defined for tangent vectors u € Ty,M in a neighborhood of the zero
tangent vector 0 € T, M.

For p € M and u € T, M, the curve 7,(t) = Exp,(tu) is a geodesic with speed |u[,. The cut time
¢(p,u) is defined to be t € R, such that 7,([0,t - €]) is a minimizing geodesic for any € > 0 but v,([0,¢])
is not, i.e., ¢(p,u) = sup{t € Ry : 7,([0,]) is a minimizing geodesic with v,(t) = Exp,(tu)}. Let &, = {tu :
uweTM, |ul, =1,0 <t <c(p,u)}, which is a neighborhood of the zero tangent vector in T, M, and define
D, = {Exp,u:ue&,}. Then Exp, is bijective between £, and D, and thus its inverse exists on D,,.

Definition S.10 (Riemannian logarithmic map). The inverse of Exp, on D,, denoted by Log,, is called the

Riemannian logarithmic map at p.

Remark S.3. Generally Log,, is defined in a neighborhood at p. When ¢(p,u) = oo for all u, then D, = M

for a complete and connected manifold M, and in this case, Log, is defined on the entire M.

The Riemannian logarithmic map, illustrated in the left panel of Figure S.2, has important applications
in statistical analysis of manifold-valued data. For example, a M-valued random process X (t) with the
mean function p(t) may be converted by the logarithmic map into Log, ()X (t), a process taking values in
T),(tyM for each ¢, for further analysis. As ¢ varies, Log,, ;)X (t) moves across different tangent spaces. This
requires us to consider the space formed by the union of all tangent spaces. Such space is a special case of
vector bundle in which each point of the manifold is associated with a vector space.

T, M

Figure S.2: Left: Illustration of the tangent space, geodesic, Riemannian exponential map and logarithmic
map, where v;(0) = p, 7;(1) = ¢;, ¢; = Exp,v; and v; = Log,q;, for j = 1,2. Right: Illustration of parallel
transport. The tangent vector u at p is parallelly transported along geodesics v and 2 to ¢; and go, resulting
in tangent vectors uy = ?glu and us = PgQU, respectively.

Definition S.11 (Vector bundle). A smooth vector bundle, denoted by m: E - M or simply £, consists
of a base smooth manifold M, a smooth manifold £ called total space, and a smooth bundle projection m,
such that for every p € M, the fiber m1(p) is a k-dimensional real vector space, and there is an open
neighborhood U ¢ M of p and a diffeomorphism ® : n=(U) - U x R* satisfying the property that for all
zeU, (mo® 1) (2,0) = 2 for all v e R¥ and the map v — ®71(z,v) is a linear isomorphism between R* and
771(z2).
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Figure S.3: Illustration of the vector bundle. The closed curve in the bottom represents the base manifold
M and the figure on the left represents the total space £, where each vertical line represents a fiber. The
thickened segment U c M represents an open subset of the manifold M, while ® is a local trivialization
defined on 7~1(U) that is highlighted in gray in the total space.

The map @ in the above definition is called a local trivialization. As graphically illustrated in Figure
S.3, a vector bundle locally resembles the product space U x R* for some integer k. A function V defined
on M is called a section of the vector bundle if V(p) € 771(p) for all p € M. As previously mentioned,
the union of all tangent spaces of a manifold, called the tangent bundle of the manifold, is a prominent
example of vector bundle, where the tangent space at each point is a fiber. In particular, a section of a
tangent bundle is also a vector field.

For a smooth function f: M — R and a tangent vector v € T, M, the covariant derivative of f at p along
the direction v, denoted by V, f, is defined by

(Vo)) = (07)'(0) = limg 7O 2T @)

where v : [-1,1] - M is a differentiable curve such that v(0) = p and +/(0) = v. For a smooth vector field
U, Vv(p)f is a real-valued function of p. Let C*°(M) denote the collection of smooth real-valued functions
defined on M. In addition, for f € C*°(M) and a smooth vector field U, fU denotes a smooth vector field
defined by (fU)(p) = f(p)U(p) for all pe M. Let I'(€) be the collection of smooth sections.

For a smooth curve in a Euclidean space, it is meaningful to discuss its acceleration which is represented
by the second derivative of the curve. Note that the definition of second derivative involves differentiating
the first derivative. To generalize the concept of acceleration to manifold-valued curves, we then need to
differentiate the velocity — represented by tangent vectors — of the curve, and this involves the concept of

connection.

Definition S.12 (Connection). A connection in a vector bundle € is a map V :T'(E) xT'(€) - T'(E), with
(V,U) » Vv U, that satisfies the following properties:

e VyU is linear over C*(M) inV, i.e., Viv,equU = [V U + gV, U for f,g e C*(M) and V1,V5 €
L(€);

e VyU is linear over R in U, i.e., Vy(a1Us +a2Us) = a1 Vy Uy +aaVy Us for a,as € R and Uy,Us € T'(E);
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» Vv(fU) = fVvU=+ (Vv )U for feC=(M).

In the above, the value of Vy U at p depends on V only through its value at p (Proposition 4.5, Lee,
2018). This observation leads to the definition of covariant derivative of a vector field at p along v € T, M.
Consequently, the expression V,U is sensible for v € T, M, and is called the covariant derivative of U at
p along the tangent vector v.

Let fuv(p) = (U(p),V(p))p. For a connection V on the tangent bundle of M, we say V is compatible
with the metric on M if v, fu v = (V,U, V), + (U, V, V), for all smooth vector fields U and V, each p e M
and each tangent vector v € T, M. For vector fields U and V, we use [U, V'] to denote a new vector field such
that Viyv1f = VuVyf-VyVyf forall feC®(M). Similarly, for u,v € T, M, [u,v] denotes the tangent at
psuch that Vi, 1 f = VuVo f =V, Vy f forall f e C*(M). A connection is torsion-free if ViV -v,U = [U, V]
for all smooth vector fields U, V. For a Riemannian manifold, there exists a unique connection is both torsion-
free and compatible with the Riemannian metric. Such connection is called the Levi—Civita connection
and deemed the canonical connection in the tangent bundle.

To identify different fibers, one can introduce a parallel transport &2 on a vector bundle along a curve =y
on the base manifold. Such parallel transport must satisfy the following axioms: 1) &2 is the identity map
on 7 1(p) for all pe M, 2) 9::((3) o 93((2)) = 3”3((3, and 3) the dependence of & on 7, s and t are smooth.
An example is the vector bundle and the parallel transport constructed in Section 2.4. For a tangent bundle,

such parallel transport can be induced by a connection.

Definition S.13 (Parallel transport). Let V be a connection in the tangent bundle of a Riemannian manifold
M. A smooth vector field U is parallel along v : I - M (with respect to V) if Vy)U =0 for allt € I. The
parallel transport of v e TyM along ~ with p =~(0) is U(v(t)) for the unique smooth vector field U along v
such that U is parallel along v and U(0) =v.

Unlike FEuclidean spaces, manifolds are often not flat and exhibit curvature that measures the degree of
deviation from being flat. For smooth vector fields U, V, W, we define the map R(U,V,W) = VyVy W -
VvVuW = Vy,yW. It turns out that the value of R(U,V,W) at p depends only on the values of U, V, W
at p, and therefore it is sensible to write R(u,v,w) for tangent vectors at the same point.

Definition S.14 (Sectional curvature). The sectional curvature at p is a real-valued function on T,MxT,M
defined for u,v € TyM by R(u,v) = (R(u,v,v),u)p/({u, u)p(v,v)p = (u,0)3).

Note that sectional curvature is invariant to the length of tangent vectors v and v. We say the sectional
curvature of a Riemannian manifold M is upper (lower, resp.) bounded by « if R(u,v) < k (R(u,v) > k,
resp.) for all pe M and u,v e T, M.

S.2 Asymptotic distribution of the covariance estimator

In this section, we provide a weak convergence result for the estimated covariance under the assumption
fi = p that is also adopted in Zhang and Wang (2016) for simplification. With the consistency property of
[1, the derived asymptotic normality under the assumption 4 = p may approximate the reality well when
sample size is sufficiently large. To drop this assumption, a detailed analysis on the asymptotic normality
of /i seems needed. However, this turns out to be very challenging in the context of Riemannian data due
to the curvature effect. Since the focus of this paper is the construction of the covariance vector bundle
framework rather than the mean estimation by local linear smoothing, we decide to leave it for future study.

For v, € T,,(5yM and vy € T),(y M, let vy, o, = (Cvs,v¢) iy and o, 0, = (@((géj))”g((f;;é(s,t)vs,vt)u(w. It is

seen that each pair (vs,v;) defines a linear functional on L(u(s),u(t)). Then ,@éﬁ((s))ﬁgf;;é(s,t) is weakly
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20 convergent to C(s,t) if we can show that 4, ., weakly converges to ¥, ., for all (vs,v;) according to the
Cramér—Wold device. Below we demonstrate this for the random design; similar result can be proved for the
hybrid design, and for deterministic design by utilizing the concept of design densities (Sacks and Ylvisaker,
1970).

To state the result, let f be the probability density of 711, and |K|? = [ K?(u)du. Define

Vi(s,t,vs,v¢) =Var{(Log,, 1,y X (T1), vs {(Log ,(1,) X (T2),v¢) | T1 = 5, T2 = t},

Va(s,t,vs,01) :COV{<LOgM(T1)X(T1)7US)(LOgN(Tz)X(T2)aUt>7 <LOgM(T1)X(T1)»’US)<LOgM(T3)X(T3)a'Ut> |
Tl = SvTZ :t7T3 = t}a

V3 (s,t,vs,v¢) =Cov{(Log,, )X (T1),vs){Log,, 1, X (12), vt), (Log#(TS)X(Tg),vs)(Log#(n)X(ﬂ),vt) |
T1 = S,Tg :t,Tg = S7T4 = t}

Theorem S.2.1. Suppose that Assumptions 2.1, 2.2, 3.1, 4.1, 4.4, 4.5 and 4.6 hold. In addition, assume
s he —» 0, anh% — 00, m‘gh?Z < n, and mhe — ¢ for some constant ¢ € [0,00]. Then for s,t € T and
vs € TyyoyM and vy € Ty, () M,

12 D
5 (B = Yo, — blhe) + 0p(hE)) = N(0, 1), (8.1)
2 2
where b(h) = h?( [ w?K (u)du) (g?;y(s,t) + g%(s,t)) and

_ HKH4 Vi(s,t,0s,0¢) HKH2 F(8)Va(t,s,v,v05)+f(E)Va(s,t,vs,vt) (m—-2)(m-3)V3(s,t,vs,v¢)
Be ={(1+ Lo stz "5 * wtmetyie 70 b+ nm(m-1) :

The proof for the above theorem follows from Zhang and Wang (2016) once one realizes that 4,, ,, is
the estimated covariance based on the raw covariance (Log,, (1, )X (Ti;), vs){Log (1, X (Tik), vt). From the
theorem we then observe the same phase transition as that in Zhang and Wang (2016) in the following

20 corollary.

Corollary S.2.1. Assume the conditions of Theorem S.2.1.

1/4 -1/4

(a) When m > n''*, with he < n and mhe — oo, one has

N D
\/E(f}/vs,ut - "sz,v,,) - N(O> Vi (53 ta Vs, vt))~
(b) When m/n** > ¢o, with he = can™ %, one has

A~ D
\/ﬁ('yvs,vt = Yvsor ~ b(h)) — N(0,%,)
where

_ HK“4 Vl(S,t,Us7Ut) HKH2 f(s)VQ(t’s,yt’vs)+f(t)V2(S,t,Us,Ut)
Y. ={1+ 1s=t}{ 22 f(s)f(D) + CoCa f(s)f(t)

} + VB(Svtavsv'Ut)'

1/4

c) Whenm < n with he <~ Y%m=13 one has
(c) , ;

2 D Vi(s,tvs,vt
P (A, 0 = Yo = b(R)) = N0, {1+ Lo I afonsn) )
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S.3 Proofs of Main Results

Proof of Lemma 2.1. We prove this result for any fixed ¢ € 7. First, we show E{Log,,;)X(¢)} = 0. Suppose
that v is a geodesic emanating from p(t) with velocity v € T),;) M and [vll,ucty = 1. According to Proposition
2.10 of Oller and Corcuera (1995), one has

LF((5),0), =B (X(0), 1(0)) costv, Log, 0y X ()}

=2E{|Log,, ;) X (t) | cos(v, Log,,(;) X (£))}.

Since F'(p,t) reaches the minimum at p = u(t), we have —F('y(s t)’ = 0 for any v € T,(xuy M. As

|Log,, 1) X (t) ] cos{v, Log,, ;) X (t)) is the projection of Log,, ;) X (t) onto v, E{ |Log,, 1y X (t) ] cos{v, Log,,; X (1))} =

0 for all v € T),(;)M then implies E{Log, ;)X (t)} = 0. According to the definition of Y'(¢), it holds that
E{Log, Y ()} = 0. Similarly, it can be shown that the derivative of F*(-,t) = E{d3,(Y (t),-)} vanishes at
wu(t). With Assumption 2.1, this implies that p(¢) is the unique minimum of F*(-,¢) and thus is the Fréchet
mean of Y (t). O

Proof of Theorem 2.1. The mean continuity and joint measurability ensure that Log, X is a random element
in 7 (u). According to the definition of C(s,t), for any u,v € 7 (u),

fC(s Yu(s)ds, v)) [ / (C(s,t)u(s),v(t))wdsdt
= [ ] B{{Log, ) X (5):u())uo Logy X (1), v(t) o Yasat

B { [ (108,00 X (), 1) uyds [ (Logn X (0,000
“E((Log, X, u), (Log, X, v),.) = (Cu.)

which implies that (Cu)(t) = [-C(s,t)u(s)ds. O

Proof of Theorem 2.2. To see that {(7(Uy x Ug), pa,p) : (a,3) € J?} is a smooth atlas, it is sufficient to
check the transition maps. Suppose that (p,q, Z;{kﬂ V1 Ba,;j(p) ® Bgr(q)) € 7 (Uy x Ug) n ™t (Ug x Us)
is also represented by (p,q,Z?,kﬂ Uk Ba,j(p) ® Bz (q)). The transformation from the coefficient vector
v = (V11,V12,- .., 0Vaq) t0 U= (D11, V12, ..., Taq) is smooth, since 0 = {J; (p) ® T; (¢)}v and T (p), T (q) and
their Kronecker product J; (p) ® jﬁT(q) are respectively smooth in p, ¢ and (p,q), where J,(-) denotes the
Jacobian matrix that transforms the basis {Ba 1(-),...,Ba.a()} into {Ba 1(:),...,Ba.a(-)}.

According to the vector bundle construction lemma (Lemma 5.5, Lee, 2002), it is sufficient to check that
when U := (Uy xUp) N (Us xUp) # @ for some indices a, 3, & , 3, the composite map ®, 5 o 1 from U x RY’
to itself has the form @, g O(I)a - =(p,q, I (p,q)v) for a smooth map J : U - GL(d? R), Where GL(d% R) is
the collection of invertible real d2 x d? matrices. From above discussion, we have J(p,q) = J, (p) ® J;(q) is
smooth in (p,q). In addition, J(p,q) € GL(d?,R) since both J (p) and JJ (q) are invertible and so is their
Kronecker product. Note that the vector bundle construction lemma also asserts that any compatible atlas

for M gives rise to the same smooth structure on L. O

Proof of Theorem 2.3. One can show that the parallel transport defined in (5) is a genuine parallel transport
satisfying the property of Definition A.54 of Rodrigues and Capelas de Oliveira (2007) on the vector bundle.
Then the conclusion directly follows from Definitions A.55 and A.57 of Rodrigues and Capelas de Oliveira
(2007) and the remarks right below them. O

10
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Proof of Theorem 2.4. We first show that the definition (7) is invariant to the choice of orthonormal bases.
To this end, fix an orthonormal basis in T, M, and suppose that {&1,...,éq} is another orthonormal basis
in Ty M and is related to {e1,...,eq} by a d x d unitary matrix O. Let A; and A, be the respective matrix
representation of L; and Lo under the basis {ej,...,eq}. Then their matrix representation under the basis
{€1,...,€4} is A; = 0A; and A, = OAs, respectively. The inner product Gpq(L1,L2) is then calculated by
tr(ATAp) = tr(AJOTOAy) = tr(A] Ay), which shows that G, (L1, L) is invariant to the choice of bases in
T, M. Its invariance to the choice of bases in 7, M can be proved in a similar fashion.

The smoothness of G can be established by an argument similar to the one leading to Theorem 2.2 in
conjunction with smoothness of the trace of matrices. To see that the parallel transport (5) preserves the

bundle metric and thus defines isometries among fibers of L, i.e., for any Ly, Lo € L(p1,q1),

- (p2,92) (p2:42)
G (pran) (L1 L2) _G(pz,qz)(‘@(if,gf)l’l"@(512,;112)1’2)’

suppose that {ey,...,eq} is an orthogonal basis of T),, M. Then {PF?ey,...,Ph?eq} is an orthogonal basis of
Ty, M. This further implies that

(DI L) (PP2ey), (P01 L) (PR er))a

(p1,91) 1 (p1,91)

M=

(p2,92) (p2,92)
G(pzafh) (‘@(pl,ql) Ly, g(m,lh) L2) £

Il
—

M=~

: (Pas [La(er) ], P [L2(ex)]) g

Il
=

M=

(Ll(ek)aLQ(ek»lh = G(phlh)(leLQ)a

i
A

which completes the proof. O

Proof of Proposition 3.1. Suppose that (Bml, RN Bij,d) is another orthonormal basis for T (7, )M, and O;;
is the unitary matrix relating (Bjj 1,...,Bija) to (Bij1,-..,Bija). Then the coefficient vectors Z;; and gy ;;
of Log,(r,,)Yi; and 1/A)k(Tij) under the basis (Bij,l, .. .,Bij)d) are linked to z;; and gy ; by Z;; = O;;2;; and
Gk,ij = Oijgk,ij, respectively. Similarly, C; j is linked to C; ;i by C; j = 04;C; ;O];. More concisely, if we
put

Oimi

then Z; = 0,2, Gk,s = Osigk,; and ¥, = 0,%;0], which are the counterpart of z;, gi,; and X; under the bases
(Bij,l, .. .,Bmd), respectively. Note that f];l = (oiziog)*l = O;TZglOi’l = OZE;lOZT since O;; are unitary
,OZOZ-E;lOZTOizZ- = g;_izglzi, which clearly

matrices and thus O;! = O]. Now we see that g ,571Z; = g} .

implies that the scores éik calculated under the bases (Bij’l, e Bij,d) is identical to the one computed under
the bases (Bi]'717 SO ;Bij,d)- O

Proof of Lemma 4.1. Notice that

Hp(z;; 73;11 Loquy - 7)51 Lngzy Hm

2 2

=1y P Pat Pas Loge,y = PpiLogy, e,

2

SHPgi P[Z))f 7)511 7):1121 Loquy - LOgQQyHQQ + HLquQy - Pg; LogprH(IQa

11
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where the equality follows from the fact that parallel transport preserves the inner product. Note that the
operator PRPP2PPIPL moves a tangent vector parallelly along a geodesic quadrilateral defined by the the
points p1,p2,q1,q2. The holonomy theory (Eq (6), Nichols et al., 2016) and the compactness of G suggests
that there exists a constant ¢; > 0 depending only on G, such that for any v € Ty, M with |v],, < diam(G),

IPEPrPiv=vlq, <ci1]|Log,,palq = c1drm(p2; g2),
|PEPY Pl — vy, <cifLogg, pillg, = crdm(pi, 1),

which further imply that

H'pqupmpmpth,v ,UHQQ — H('PQQ'])pszpl )('PQflpgll 7):11; )”U _ qu2
< (P Py Py ) (Ppi P Pay )o = (P Pai Pas Jollaz + 1 (P Pay Py Jv = vlla,
< c1(dm(p2, @2) + dm(pr, ¢1))-

According to Theorem 3 in Pennec (2019), we have

ILog,,y - PlzLog,,ylq, < c2|Log,,p2lg, < cadm(p2,q2)

20 for some constant co > 0 depending only on G. The proof is then completed by taking c = ¢1 + ca. O

Proof of Propositions 4.1 and 4.2. Simple computation shows that

(Q71(y7 7_) - F*(ya T))

_ia(7) 1 o 0, (T - T)(dM(Ym,y) F*(w))

63(1) nm

“%Ej;n;zm,m DT BV - F 7))
D S K (T = ) Ba Vi) - P (07) - 0. ()T - 7))

0 ij

uég;ninZKh J'_T)(Tij_T)(d.%\/l(yvijvy)_F*(va)_a'rF*(yaT)(Tij—7')).

90

Below we focus on the fist term, noting that the second term can be analyzed in a similar way.
Define

U:= %ZK}M(TU _T)(dgvl(yij:y) - F*(y,7) - 0-F*(y, 7)(T3; —T))-

Then, according to either Lemma S.4.1 or Lemma S.4.3, the rate of the first term depends on the rate of U.
By Taylor expansion of F*(y,T;;) at 7 and Assumption 4.5(a), we have

1 * * *
sup |[EU|= sup E(ZKhN(Tij—T)(F (v, Ti5) - F*(y,7) - 0-F (yaT)(Tij_T)))l
TeB(t;h) TeB(t;h) nm i;
1
= sup |Bl— > Ky (Ty-7 xOh%) =0(Rh?).
N e NG R ) | Bty

12
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For the random and hybrid designs, define the envelop function

2diam(K)?
:7( ) Z sup Kh”(le—T).
m j=1T7eB(t;h)

H:

According to Lemma S.4.1(a), we have E(H?) = O(1 + ﬁ) and thus

1 1
sup |U—EU|:Op( —+ )
n

TeB(t;h) nmhu

according to Theorems 2.7.11 and 2.14.2 of van der Vaart and Wellner (1996). Lemma S.4.6 asserts that the

last equation also holds for a deterministic design. With Lemma S.4.1 we deduce that

. . T 1
sup ‘Qn(yaT)_F(yaT)’:Op(hi"'\/+ )
TeB(t;h) n nmhu

A similar argument leads to

(Qn(y1,7) = Qu(y2,7)) = (F*(y1,7) = F*(y2,7)) ‘ =0, (Mi + 04 /% + m;h ) ) (S.2)

for any y1,y2 € K and § > 0. Following from the argument in the proof of Lemma 2 in Petersen and Miiller

sup

da(y1,y2)<8
TeB(t;h)

(2019), one can verify that for any x>0

limlimsupPr{ sup (Qn(yl,T)—Qn(ygm))—(F*(yl,T)—F*(yQ,T)) >/<g}:07
-0 pooo dam(y1,y2)<d,7eB(t;h)
and further
sup  da(p(7), (7)) = 0p(1) (S.3)
TeB(t;h)

given Assumption 4.5(b).

325 To derive the rate we apply (S.2) with y; =y and y, = u(7) to obtain

1 1
=0, (5hi+5, /5 r— ) (S.4)
i

By (S.3), the the event {da(f(7), (7)) < m} occurs with probability tending to one. On this event,

sup  [(Quly,m) = Qulu(r), 7)) = (F*(y,7) = F*(u(7), 7))

dpq (y,1m(7))<8
TeB(t;h)

according to Assumption 4.5(c), we have

F*(i(r),7) = F*(u(7),7) = Crdpa(p(7), u(7))* 2 0.

Since fi(7) is the minimizer of Q,,(y,7), we have Q. (1(7),7) = Qn(fi(7),7) > 0 and the following inequality
on the event {dn(((7), (7)) <m},

(F* (), m) = F* (u(7),7)) = (Qu(ia(7),7) = Qulp(r), 7)) 2 Crdpa (il7), (7)), (S.5)

13
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Let a, = hi ++/n7t + (nmh, ). Below we fix an arbitrary e >0, and find M > 0 accordingly to satisfy

Pr{ sup dM(ﬂ(T),/.L(T))>MCLn}S€

TeB(t;h)

To this end, for R > 0 to be determined later, let

SRS

Br(9) LS (@u(y.7) = Qulu(r), 7)) = (F*(y.7) = F* (u(7), 7))
B

<o+ Jle L)L
» nmh,,

By = {2 Ma, < swp du(a(r).u(r) <27 May),
TeB(t;h)

B ={ sup dm(i(r), u(r)) > 171}

TeB(t;h)

Let jo > 0 be an integer satisfying %771 < 20t Ma,, <n;. We then have

Pr{ 15912211) dp(p(7), pu(7)) > Man} < jZO Pr{B; n Br(2m)} + Pr{Bc n Br(2n)} + Pr{Q\Bgr(2m)}

(F*(p(r),7) = F*(u(7),7)) = (Qn((7),7) = Qu(ua(7), 7))

> Cl(2jMan)2})

=0 TeB(t;h)

Jo
<> Pr (Bj N Br(2m1) ﬂ{ sup

+Pr(Bg) + Pr{Q\Br(2m1)}

Jo R R )
<5 Pr(lBRWM%) sup (F*(y,7) = F*(u(r),7)) = (Qu(,7) = Quu(r),1))| > cl<2ﬂMan>2)
7=0 dpaq(y,n(7))<29t Man,
TeB(t;h)

+Pr(B¢) + Pr{Q\Br(2n:)}

27+1 Ma
<R Z C1(27 May, )2 + Pr(BC) + PT{Q\BR(QTH)} < 041}]%»1 + Pr(BC) + PY{Q\BR(z"]l)}

Since limy, ..o Pr{Bc} = 0 according to sup,cps.n) dm (1), (7)) = 0p(1) and lim g0 liminf,, . co Pr{Q\Br(2m1)} =
0 according to (S.4), there exist ng and Rg such that for any n > ng,

Pr{O\Bg,(2m)} < g and Pr{B¢} < %

Taking M = 15201%107 we have

Pr{ sup dag(i(7), (7)) > Man} < (2nm)} <e.

TeB(t;h)

Therefore,

lim hmsupPr{ sup  dm(p(7), pu(1)) > Man} =0.

M—oo poco reB(t;h)

This yields the desired convergence rate of Proposition 4.2.

To establish the other proposition, by using the techniques in the proof of Lemma 5 of Zhang and Wang
(2016) for the random and hybrid design, and Lemma S.4.6 combined with the above argument for the

14
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deterministic design, we can show that

. . T
sup |Qn(y77)—F (y77)| =0, (hi+ . )(logn)l/z.
TeT ,yek n. nmh,
Together with (S.5), this proves Proposition 4.1. O

Proof of Theorems 4.1. We divide the proof into three steps. In the first step, we identify two key terms
that determine the convergence rate. In the second step and third step, we address the terms separately.
Note that vy = - = v, = 1/{nm(m-1)}.

Step 1. Define v := [i to simplify notation in the sequel. Since the parallel transport ’P((f; ((j))s ((f)))) preserves

the fiber metric according to Theorem 2.4,

gz(ﬂ(s)vﬂ(t))

5 _ (1(8),1(t)) gp(v(s),7v(t)) 5
(W(S)ﬁ(t))c(s’t)_argﬁo ZVZ']; |2t N 2 Cijk

ﬂoﬂhhiﬂéﬁ(sm(t)){ - (1)) 7 QT A (Tin)
= Bo = B1(Tij = 8) = Ba (Tt = OZ 0y eery e (5 = Tij ) K (1 - Tik)}-

Simple computation shows that

ZE Ayl =Cls,t)

_ (520502 = S%1 ) Roo — (S10S02 = S01511) Rio + (510511 — So1.520) Roa (S.6)
(520502 = 5%,)S00 = (S10502 = S01511)S10 + (S10511 = S01520)S01

where R, and Sy, are defined as

Ry = Run(s.8) 1= Y01 3. (T, Tia) (L )“ (Tim)b [PEOHD) @A) 6 c(s,)),

— 7t . he (v(s)v(@®) 7 (v(Ti)7(Tiw))
% J+k
Tii-s a e b
Sab = Sap(s,1) =Y v ) w(TijaTik)( I ) (Thkc t) ’ (8.7)
i J+k

with w(s’,t") = K. (s — 8" )Kp. (t —t") for s',t' € T to further simplify notations.

Define C; ;1. = ‘gz((fj((;z;,;sz)Tik))(LOgu(Ti,-)Yij ® Log,, (1) Yir) € L(pu(s), u(t)). We consider the decomposi-
tion (()a(8)) p(1() 1 (2))
p(s),p Y(s),y 5
PG 1) L ATy () Cinik = C(5,1)

() ) p ;
=B ) 2 Uy G = i} + {Cign = €, )}

(S.8)

according to which we split Rqp into Rep = Rap,1 + Rap,2 With

Ravy =Y vi Y, w(T, Tir,) (Tij*s )a (T““_t )b {9”(“(8)’“(0)9’(7(3)’”(”) ¢ éi,jk} ;

ey he he (().7(8) 7 (¥ (Ti3) A(Tir)) “ 13k~
i j+k
s\ \b ~
Rap 2 IZZZ/i%w(Tij,Tik)(TZC ) (Thkct) {Cijn—C(s,t)}.
4 VES

15
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Combining (S.6) and (S.8), we deduce that

DUy (s, = Cs,1)

(820502 = S71)[Roo,1 + Roo,2 — 0sC(s,t)heS10 — 0:C (s, t)he So1]

(820502 = S31)S00 — (S10S02 — S01.511)S10 + (S10511 = So1.520) So1

(810502 = S01511)[R10,1 + Ri0,2 = 95C (s, ) heS20 = 9C (s, 1) he St ] (5.9)
(520502 = S71)S00 = (S10S02 = S01.511)S10 + (S10511 = S01520) So1
(510511 = S01520)[Ro1,1 + Ro1,2 = 0sC(s,t)he S11 — 0:C(s,t)he So2]
(520502 = 52,)S00 — (S10S02 — S01511)S10 + (S10511 — S01520)S01

In light of Lemmas S.4.2 and S.4.3, the convergence rate of (S.6) depends on Rgp 1 and Ryp 2—95C(s,t)heSar1,6—
(9tC(S, t)hc Sa,b+1 .

Step 2. In this step we address Rgp,1. According to the definition of & in (5), the first part in Equa-
tion (S.8) is

w(s)pv(s) w(t) pv(t) w(s) w(t)
(7)7(3) P’y(Tij)LOg'Y(Tij)}/ij) ® (P'y(t) Pa,(Tik)LOgv(Tm)Yik) - (Pu(Tij)LOgu(Tu)Yij) ® (Pu(Tik)LOgu(Tik)Yik)'

Then according to Assumption 4.4(b) and Lemma 4.1, its rate is
(1(3)s11 (1)) gp(7(8),(1)) 5 _C -
|2 P st G CM’CHG‘O( N dM(V(T)’“(T)))‘
T:|T=s|<hc or |T—t|<h¢

By Proposition 4.2, we conclude that

Rab,lep(hi+ Ly 1 )

nmh,,

Step 3. In this step, we first analyze the term Rog,2 —9sC(s,t)heS10—0C(s,t)h¢So1 in (S.9), which equals
to

U= vi y @(Tijs Tiw) {Cijie = C(5,1) = 0sC(s,t) (Tij — 5) = 0.C(s, ) (T ~ ) } .

i j*k

We start with bounding its mean. Let T ={T;;:i=1,...,n, j=1,...,m;} and observe that

. () (1))
E(Cijk | T) = 25, iy C (T Tin) -

s In addition, since C is twice differentiable and the parallel transport & is depicted by a partial differential

equation, we have the following Taylor expansion at (s,t),

P ) C (T Tir) = C(s,8) + ,C(5,6)(Tyj = 5) + OC(s,) (T =) + O(h) (S.10)

for all T;;, Tix, such that |T;; — s| < he and [Ty, — t| < he, where O(hZ) is uniform over all T;; and Tj), due to
Assumption 4.6 and the compactness of K. Then we further deduce that

E(U)

=E{Z vi y, w(Tij, Tix,) O(hé)} = 0(hg).

% j*k

Z V; Z ’w(TZJ,le) {CNi’jk —C(S,t) - 8SC(s,t)(ﬂj - S) - atC(S,t)(Tik - t)} ’T]}

(] J#k

16
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For the random and hybrid designs, the i.i.d assumption on trajectories and Lemma S.4.2 imply that

n

1
E|U-EU|% < — 2 E

- Ti:, T, él o <@(#(S)uu(t)) C(T;;,T;
n? & Hm(m—l)zw( g k){ gk ( g k‘)}

: (i) (Tix))
J+k

1 1
=0+ ——=).
(n+nm2h2)

Lemma S.4.7 asserts that this also holds for the deterministic design. Combining this with EU = O(h%)7
we deduce that E|U - EU|% = O(n™ + n™'m™2hg?), and with Markov inequality, further conclude that
Roo.2 - 9:C(5,t)heS10 — :C(s,t)heSor = Op(hZ +n~M? + n=H2m~1hzt).

Similar arguments can show that the terms R0 2—-05C(s,t)h¢S20—-0:C(s,t)heS11 and Ro1,2—0sC(s,t)heS11—
0:C(s,t)heSo2 in (S.9) are of the same order. The equation (10) is then obtained by inserting the results in
Steps 2 and 3 into Step 1. O

2
G
2
~ 4

< 4diam(M) E

n

1
@ (Tij, Tin)
m(m-1) J;; ’

Proof of Theorem 4.2. Similar to the proof of Theorem 4.1, we only need to consider the uniform rate of the
term ROO,I + ROO’Q - aSC(S,t)thm - atC(S,t)th()l in (89)

Due to boundedness of K and Lemma 4.1, we have

sup P A Pt ot Gk = Ciikla < Csupdar(3(r), 1(7).

Therefore, according to Lemma S.4.2 and Proposition 4.1, we deduce that

logn logn
sup | Roo,1]a < C(Sup |Soo|) (Sup dM(’Y(T)hU’(T)) =0p (hi + 50, 80 )
st st T nmh,, n

for a universal constant ¢ > 0 depending only on K.

The uniform convergence rates of Roo2 — 0sC(s,t)heS10 — 0:C(s,t)heSo1 and other similar terms are
obtained by arguments similar to those in Theorem 5.2 of Zhang and Wang (2016), except that no truncation
argument is needed due to Assumption 4.4(b), and moments of some random quantities are calculated by
using the techniques in Lemma S.4.2 for the hybrid design and by using Lemma S.4.7 for the deterministic
design. O

S.4 Technical Lemmas

The following lemma is used to establish the convergence rate of the mean estimator under the random or

hybrid design.

Lemma S.4.1 (mean, random). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5. Under either Assumption
4.1 or Assumption 4.3, if h, - 0 and nmh, — oo, then for any t and h = O(h,), we have

2
(a) E|% Y SUPrep(t:h) Kh#(le—T)| :O(1+%m)"
(b) sup,er|an () = Op(hk) for k=0,1,2;

(c) infrepen) |62(7)| % hi(l +op(1)).

17



18  Shao, Lin and Yao S.4 TECHNICAL LEMMAS

Proof of Lemma S.4.1. Under either Assumption 4.1 or Assumption 4.3, Tj1,...,T;, are identically dis-
tributed (since they are exchangeable), and we deduce that

ZE K, (Tij - m)(Tyy - )F]| = Jsglg)hJEKh (T =7)(Th - 1) |‘O(hk)

sup |Edg|= sup
TeB(t;h) TeB(t;h)

Define an envelop function
1
Hy = — Z sup |Kh“(T1j -7)(Th,; - 'r)k’
™M 5" reB(t;h)

for 4. Under Assumption 4.1, the second moment of Hy, is

E(H}) = — Z sup |Kh (Tyj, = 7)(Taj, = 7)"| % sup |Kh (Tyjy = 7)(Thjy = 1)
J1,J2 TEB(t TEB(

1
=—E sup |Kp, (T1j, —7)(Ty, - )P
M reB(t;h)

1
E{ sup |Kp,(T11-7)(Ti1-7)F|} xE{ sup |Kh (Tho - 7)(Th2 - 7)"|}
m TeB(t;h) TeB(t;h

:o(hi’“(uml%)).

Under Assumption 4.3,

m —
+

1
E(H})=—5 Y {E sup |Kp, (Tyj, —7)(Tyj, —7)"|x sup |Kn, (T1j, - 7)(Tyj, - 7)"|
J1,J2 TeB(t;h) TeB(t;h)

1
=—E sup |Kp, (Tij, —7) (T, - T)k|2
M reB(t;h)

m —
+

1
E{ sup |Kn, (T11-7)(Tu-7)¥x sup |Kn, (Ti2—7)(Ti2—7)"]}
m TeB(t;h) TeB(t;h)

<O( ) +E[E{ SUD e B(#:h) \Kp, (T = 7)(T11 - 7)*] | S11, S12}

x B{ itzp |, (Tha = 7)(Th2 - 7)*| | S11, S12}]
TeB(t;h

2k—-
So(h )+O(h2k DE[E{Li_s,,-0(hp)<crist-s1+0(h,) | 911 E{Li—s15-0(h)<cract-S12+0(h,) | S12}]-

When h, s L7, E{1t—S11—O(hM)SC11St—S11+O(hM) | S11} is of order O(hL) when |S11 —¢| = O(L™"') and zero
otherwise, an similar observation applies to E{1t,512,o(h“)ngst,slﬁo(h“) | 512}. Together, they imply that

E[E{1i_s,,-0(h,)<cr1<t-51+0(hn) | S11 Y B{Li-811-0(h,)<c11<t-811+0(hy) | S12}]
= O(hp L) E{Ls,,--0(1-1)Ljs,-ti-0(1-1) } = O(h;, L)O(L™?) = O(h})).

When h,, 2 L7, E{1t—511—O(h“)g{llgt—511+0(h“) | 511} is of order O(1) when |S11 —t| = O(h,) and zero
otherwise, an similar observation applies to E{1,5_512_0(%)gcmg_slﬁo(hu) | 5’12}. Together, they imply
that

E[E{li-s;<ciict-sui+2n | S11JE{li-s1ccinct-s1042n | S12}]
= O(ME{Ls,,-t=0(n,) Lisis-tizo(z-1) } = O(1)O(h) = O(h},).

18
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In summary, we still have EH? = O (hik(l + %m)) under Assumption 4.3. Part (a) is then verified by taking
k =0 in the above.

Part (b) can be proved by an argument analogous to the proof for Lemma 4 of Zhang and Wang (2016).
For part (c), it is seen that Go(7) x {EdoEds — (Ei;)?}(1 +0p(1)), where the op(1) component is uniform
over 7. Define V := Ky, (Ty1 —7) and W := EV x 1. Simple calculation shows that

EdoEiy - (Bty)? = WE(V (T - 7) - WE{V(T11 - 7)}]?) < b,
uniformly over all 7€ 7. O

The following lemma is used to establish Theorems 4.1 and 4.2 under the random or hybrid design. Its

proof is similar to that for Lemma S.4.1 and thus is omitted.

Lemma S.4.2 (covariance, random). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4 and 4.5. Under either of

additional Assumptions 4.1 and 4.3, if he — 0 and anh% — 00, we have
sup E{Sa(s,t)} = 0(1),
s,teT
su;;|5’ab(s,t) —E{Sw(s,t)}|=0p(1),
s,te
sing{(SQOSOQ - 571)S00 = (510502 = S01511)S10 + (S10511 = S01.520)S01} X 1+ 0p(1),

2

1
E|—— S Kny(s-Ti;)Kno (t- T
sup m(m—l)];c he (8 = Tij) Kne (t = Tir,)

1
:O(1+7’n2h(2:)

The next lemma is used to prove the convergence rates of the mean and covariance estimators under the

deterministic design.

Lemma S.4.3 (mean and covariance, deterministic). Suppose that Assumptions 4.4(c)(d) and 4.2 hold, and

K is decreasing on [0,1]. If nmh, - oo and h % hy,, then
(a) sup,er |t (1) = O(hy) for k=0,1,2;
(b) sup,erlax(r) = by for k=0,2;
(c) infrer|63(7)| = h2.
If anh% — 00, then
(d) supg jer Sav(s,t) = O(1);
(e) infs 4e7{(520502 = 5%1)S00 — (S10S502 = S01511)S10 + (S10511 — S01520)S01} % 1;

Tir—t b
he

Tij*S a o
(f) SUDg teT Zi,j#k Vith(S_Tij)th(t_Tik) he =1

)

where Sqp, is defined in (S.7).

Proof. Part (a) can be verified by simple calculation. For part (b), we fix 7€ 7T and let W = ¥, K( Tiﬁ”*T).
The assumptions on the kernel function imply that K(u) > c¢o on [-3/4,3/4] for some constant ¢y > 0
depending only on K. In the sequel, we assume n is sufficiently large so that nmh, > 1. Assumption 4.2

implies that there are at least cynmh, /2 points within the interval [ - 3h, /4,7 + 3h, /4], from which we
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deduce that W > ¢ocinmhy, /2 > 0 regardless of the location of 7. Let w;; = K( 11_7) /W, which is well
defined. Observe that

Z wi; (Tij - ) .

ij

’ak(T) B nmh
o

According the assumptions on the kernel function and Assumption 4.2, at least c;nmh, /4 of the pairs (7,7)

satisfy |T;; — 7| > h,,/8 and w;; > c¢o/W. Thus,

k
w clnmhucihi L C0Cl
nmh, 4 W 8k ~ 23k+27H

’&k(T) >

regardless of the value of 7. Combining this with the first statement we prove the second statement. The
last statement can be established in a similar fashion.

To establish part (c), let E = ¥, wi;Tij. As w;; is nonzero if and only if T35 € (7~ hy, 7 + hy) and
¥ wij = 1, we have E € [T~ hy, 7+ h,]. We then observe that

52 = 7W w; T w; 2
0'0(7—) (nmhu)2 {Z ij (le ) } (nth)Q {Z i (sz )}
2
(nnV“I;LM)Q [wa {(Tw T) - Zwm (Tirjr 7’)} ]

w2
"~ G, ) {ZW”(T” Y }

According to Assumption 4.2, there are at least cynmh, /4 of T;; such that |T;; — E| > h,,/8 and w;; > co/W.
This implies that
cocrhl, W N cdet o

% >
%0(7) 2 =556 e, 2 312

regardless of the value of 7, where the last inequality is due to W > ¢ocinmh, /2 that we have deduced
previously.

The other statements can be established by similar arguments. O

An e-cover of a subset S of a pseudo-metric space (2,d) is a subset A c S such that for each p €
S there exists a ¢ € A such that d(p,q) < e. We define N(€,5,d) = min{|A| : A is an € cover of S} to
be the e-covering number of S, where |A| denotes the cardinality of the set A. An e-packing of S is a
subset A ¢ S such that d(p,q) > € for p,q € A. The e-packing number of S is defined by M(e,S,d) =
max{|A|: A is an € packing of S}. A standard relation between e-covering number and e-packing number is
M(2¢,S,d) < N(e,5,d) < M(e, S,d) for all €> 0.

Lemma S.4.4. Let (S1,d1) and (S3,ds) be two pseudo-metric spaces and (S1 xSz, dyxds) the product pseudo-

metric space with the pseudo-metric (dy x d)(p1 xp2, q1 % g2) = {d3(p1.q1) +d3(p2,q2) }/* for p1 < pa,qu x 2 €
S1 X SQ. Then N(E, Sl X SQ,dl X dg) < N(G/\/i, Sl,dl)N(G/\/i, SQ,dQ).

Proof of Lemma S.4.4. Let A; and As be an e/\/2-cover of A; and A, respectively. For each k = 1,2, for
every py € Si there exists p; € Ay such that di(pg,p)) < ¢/\/2. Then for each p; x py € Sy x Sy, we have
(ds xd3) (91 oy %B5) = (B (1, }) + B (2, ) }V2 < €. This shows that A = {p} xpl : p € Ay, ph € Ao} is an
e-cover. The conclusion of the lemma then follows from the observation |A| = N(e/\/2, S1,d1 )N (¢/\/2, S, ds).

O

20
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wo Lemma S.4.5. Let dj(yxt,zxs) = {h72|s—t[>+d%,(y,2)}/? be a distance on the product space M xT, and
¢>0 a constant. Then we have sup, diam(KC x B(t; ch)) < \/4c? + diam?(K). In addition, for all sufficiently
small € >0, sup, N(¢,KC x B(t;ch),dp, x dag) < coe 4L, where d is the dimension of M and cqy is a constant

depending on ¢ and K.

Proof. Given Lemma S.4.4, it is sufficient to show that N(e,/KC,daq) < cre™® and N(e, B(t;ch),dp,) < coe?
w5 for some constants cq,co > 0. The compactness implies that  has bounded sectional curvature. Bishop—
Giinther inequality (Gray, 2012) implies that M (e, KC,dnq) < c1e-?. Note that the space (B(t;ch),dg), with
dp(s1,82) = h7|s — so| for all 51,55 € B(t;ch), is isometric to the interval [~c, c] endowed with the standard
distance dg(s1,52)| = |s1 — s2|, which implies that N (e, B(t;ch),dg) = N(e,[-c,c],dg) < coe™t. O

The following lemma is used to establish the convergence rate of the mean estimator under the deter-

a0 ministic design.

Lemma S.4.6 (mean, deterministic). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5 and 4.2 hold. Let
]‘ * *
Uy,7) = v ZKhu(Tij —T)(df\,l(Yij,y) - F*(y,7) = 0:F*(y, 7)(T3; —T))-
ij

Then, if h, - 0 and nmh, — oo, then for any deterministic t € T and h = O(h,), for all sufficiently small
h

o

ES{ sup |U(y,7)-EU(y,7)|; =0 (n’1/2 + (nmh#)’l/Z) , (S.11)
Te&e(,;;h)

E{ sup [{U(y,7)-EU(y1,7)} - {U(y2,7) ~EU(y2,7)}|{ = O (5072 + 6(nmh,)"V/?), (S.12)
d(y1,y2)<8
TeB(t;h)

where 6 >0 is a constant. In addition, if h, -0, nh, 21 and nmh,[logn — oo, then

E{sup|U(y,7)-EU(y,7)|; =0 (n_l/2 + (nmhu)_l/Q) (logn)*/?, (S.13)
LT
E{ sup {U(y1,7) ~BU (y1,7)} = {U (1, 7) - EU(w)}]} = 0 (6n7% + 6(nmhy,)~H?) (logn) 2.
d(y1,y2)<8
TeT

(S.14)

Proof. To simplify notation, the symbol ¢ below, which denotes a constant not depending on n,m,h,, 7, t
but maybe depending on other constants such as diam(K), sup,[_1 17 & (u), Lipschitz constant of K, etc,
will often be re-used potentially with different values at each occurrence. Below we prove (S.11) and (S.13);
the proofs for (S.12) and (S.14) are similar and thus omitted.

415 We first consider the case mh, 2 1. Let

1h iK(Tl;L_T)(d%(”jvy)—F*(%Tw)) (S.15)

Vi(y,7) = -

21



22 Shao, Lin and Yao S.4 TECHNICAL LEMMAS

and

Zn(yaT) = % Zn;m(yv’r)- (816)

Then EV;(y,7) =0 and U(y,7) - EU(y,7) =n"Y2Z,(y,7). Now we observe that

|‘/i(y77—1) - ‘/i(z77-2)| <

i {K(T;Li;n) - K(Tﬁif)} (dgvt(Yz‘j’y) _F*(%Tij))

wl5=1
ZK( 4 T"’)(diA(Yij,y)—F*(% i) = A (Y, Z)+F*(Z7Tij))‘
H j=1
C |T2—T1| m
< — +d(y, 1, _ <7 +1,,_ .
mh“ ( h’/L (y Z))]Z;( 1=h,<Tij<T1+h), 2—h, <Tj;< 2+h“)

max(comh,,, 1
SC—( 2 u )dh(yxrl,zxrg)
mhy,

<cdp(y x 11,2 X T2)

where dp(y x 71,2 x 72) = {h;*|r2 = 11 |* + d3 (v, 2)}/? defines a distance on the product space K x 7. With
the entropy bound in Lemma S.4.5, by Theorem 3.3 of van de Geer (1990) we deduce that

Pr sup | Zn(y,7)| 2 2} < exp(-ca?), (S.17)
yelC,7eB(t;h)
which directly implies that E{ SUDyekc, re B(t:h) |Z(y,7)|} = O(1) and further E{ SUPyeic rep(n) U (Y, T) =
420 EU(y,T)|} = O(’I’L_l/Q).

Next we consider the case mh, — 0. Let

u

and

Zn(y,7) = ZV(y,T) (S.19)

\/nm woi=1

Then EV;(y,7) =0 and U(y,7) - EU(y,7) = (nmh,)/?Z,(y,7). Observe that

|V(y771) V(Z 7_2)| <C(| 2h d(ya ) Z T1—hu<Tij<T1+h, + ]‘T2*h}L§TijST2+hu)

w

<cdp(y x 11,2 X T2),

where we use the fact that Z;ﬁl(lﬁ Ry <Tij<mithy, + Lrg—h, <Ti <rath, ) < ¢ due to the assumption mh,, - 0 and
Assumption 4.2. Note that for all sufficiently small h,,, there is at most one non-zero item in (S.18) and thus
ws  Zy(y,7) in (S.19) is sum of independent random variables. In addition, there are only at most cnmh,, non-

zero terms in (S.19). Based on Theorem 3.3 of van de Geer (1990) again we see that (S.17) holds, which implies
that E{ SupyelC TeB(t;h) ‘Z (y77)|} O(l and further E{ SupyelC TeB(t;h) |U(ya T) EU ya 7-)|} O( \/W)

To establish (S.13), let R = [h;'|T]] = O(h,") and Ay, ..., Ap a partition of 7" with |A,| < h,. According
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to (S.17), we observe that, in either case of mh, 2 1 and mh, =0,

R
Pr{ sup |Zn(y,7)| 2 x\/logn} < Z Pr{ sup |Zn(y,7)| 2 x\/logn}
Yy r=1 Y

ek, e elC,TeA,
= O(h;l) exp(—czlogn) < O(nilhl’tl)nkz
=0(1)n'™,

which then implies (S.13). O

The following lemma is used to establish Theorems 4.1 and 4.2 under the deterministic design. Its proof
is similar to that of Lemma S.4.6 and thus is omitted.

Lemma S.4.7 (covariance, deterministic). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5, 4.6 and 4.2
hold. Let

U(s,t) =Y vy w(Tij, Tir) {(fi,j;c —C(s,t) = 0sC(s,t) (T35 — ) — 0:C(s,t)(Tir — t)} ,

i Jj*k
where w(s',t') = Kpo (s= 8 )Kp (t—t') for s, € T. If he = 0 and nm?h} — oo, then for all sufficient small
hC:

sup E{|U(s,t) - EU(s,t)[} = O (n™/2 + (nm?h3)~1/?). (S.20)
s,teT

If he - 0, nh2 2 1 and nm?hZ/logn — oo, then

E { sup |U(s,t) - EU(s,t)|} =0 (n_1/2 + (anhg)_l/Q) (logn)'/2. (S.21)
s,teT

S.5 Theoretical Results for Regular Design

In a regular design, each sample path is observed on a common set of time points {T}}i<j<m. From a
theoretical perspective, this design is fundamentally different from the designs discussed in Section 4, as
under such design, m — oo is required for the estimators i and C to be consistent. Below we consider both
random and deterministic regular design which includes the often-encountered equally-spaced design as a
special case.

Assumption S.5.1 (Regular Random Design). The design points {Tj}1<j<m, independent of other random
quantities, are i.i.d. sampled from a distribution on T with a probability density that is bounded away from

zero and infinity.

Assumption S.5.2 (Regular Deterministic Design). The design points {T}1<j<m are nonrandom, and there
exist constants co > c1 >0, such that for any intervals A,Bc T,

(a) ecam|Al =1 < ¥ 11,ea < max{com|A[, 1},
(b) exm?A||B|-1< ¥ 1r,ealr,es < max{com?|A||B|, 1},
where |A| denotes the length of A.
For any fixed ¢ € T, under either of Assumptions S.5.1 or S.5.2, the number of distinct observed time

points in the interval of length h,, is O(mh,,), and thus the condition of mh,, 2 1 is necessary for consistency
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of the mean and covariance estimators. Proposition S.5.1 presents the local and global uniform convergence
rates for the mean estimation under regular design. The optimal bandwidth h, x %n leads to the same

convergence rate as that from Cai and Yuan (2011) in the Euclidean case.

Proposition S.5.1. Suppose that Assumptions 2.1, 2.2, 3.1, 4.4 and 4.5 hold. Under either of Assumptions
S.5.1 or 8.5.2, if hy, = 0 and mhy, > 1/cy, then

. logn
sup i (u(1). (1)) = O, (i + 27 )
teT n

and for any fized t € T and h = O(h,),

sup &, (u(r), ji(7)) = O, (h;ﬁ " %) .

Ti|T-t|<h

In the above, the condition mh, > 1/c; ensures that there is at least one observation of the time point
for the interval [t —h,,,t+h,] for each ¢, according to Assumption S.5.2 for the regular deterministic design.
The proof of Proposition S.5.1 is similar to that of Propositions 4.1 and 4.2, where Lemma S.4.1 is replaced
with Lemma S.5.1 below for the regular random design and Lemmas S.4.3 and S.4.6 are replaced with

Lemma S.5.2 for the regular deterministic design.

Lemma S.5.1 (mean, regular random). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5. Define
1 * *
U= — 3 Kn, (T —T)(diA(Yij,y) - F*(y,7) = 0-F*(y, 7)(T; —T)).
ij

Under Assumption S.5.1, if hy, — 0 and mhy, 2 1, then for any fized t € T and h = O(h,),
(a) sub,ep e [U - BUI =0, (/3 )
(b) sup, ey |ix ()| = Op(hk) for k=0,1,2;

(c) infrepen) |62(7)| = hi(l +op(1)).

Proof of Lemma S.5.1. Define the envelop function

2di 2 m
= 71am(/C) Z sup K, (T - 7).
m j=1T7eB(t;h)

H:

Since mh,, 2 1, simple computation leads to E(H?) = O(1) and thus

1
sup |U-EU|=0, (\/7)
TeB(t;h) n

according to Theorems 2.7.11 and 2.14.2 of van der Vaart and Wellner (1996). Combining above results
together, we deduce part (a). Similar technique leads to part (b). For part (c), it is seen that o(7) =
{EioEdy - (Ed1)?}(1+0p(1)), where the op(1) component is uniform over 7. Define V := K}, (T11 —7) and
W :=EV x 1. Simple calculation shows that

EigEiy - (Bty)* = WE(V[(Th1 - 7) - WE{V(T11 - 7)}]°) < I,
uniformly over all 7€ 7. O
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Lemma S.5.2 (mean, regular deterministic). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5. Define
1 * *
U= o3 K (8 ) Vi) = F () 0, ()05 7))
ij

Under Assumption S.5.2, if hy, = 0 and mh,, > 1/ci, then for any fired t € T and h = O(h,),
(@) sub, e [U = BUI = 0, (/7 )
(b) sup,er [k (1) = Op(hy) for k=0,1,2;

(C) infTGB(t;h) |6'8(7')| = hi

Proof of Lemma S.5.2. Part (a) can be established by an argument similar to that of Lemma S.4.6 under
the condition mh, 2 1. Part (b) can be verified by simple calculation. For part (c), we fix 7 € T and let
W=y, K(TI{'L;T). The assumptions on the kernel function imply that K(u) > ¢g on [-3/4,3/4] for some
constant ¢o > 0 depending only on K. Assumption S.5.2 implies that there are at least 3cimh, /2 points
within the interval [7 - 3h, /4,7 + 3h, /4], from which we deduce that W > 3cocimh, /2 > 0 regardless of
the location of 7. Let w; = K(T;L;T)/W, which is well defined. Observe that 4 (7) = % X w; (T - 7).
According to the assumptions on the kernel function and Assumption S.5.2, at least ¢;mh, /4 of sampling

points T satisfy |T; — 7| > h,/8 and w; > co/W. Thus, for k =0, 2,

W Clmhuciiﬁ CoC1
mh” 4 w 8k T 93k+2 7K

’ELk(T) >

regardless of the value of 7. Combining this with part (b) we prove part (c). O

The following theorem provides the pointwise and uniform convergence rates of the covariance estimator
under a regular design, where the optimal bandwidth h, X h¢ x % leads to the same convergence rate as
that from Cai and Yuan (2011) in the Euclidean case.

Theorem S.5.1. Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5 and 4.6 hold. Under either of Assumptions
S.5.1 or S.5.2, if hy, —» 0, he = O(hy,), mh,, > 1/c1, m?h > 1/cy and nhe 2 1, then
2

sup
(s,t)eT?

DL, 1) - s, 1)|

logn
_ 4, 14
(2(s),(t)) =0p (h“ +he + ) )

G (), () n

and for any fized s,t €T,

ng(/t(s)vu(t))é(s’ t) - C(s,1) H

1
4 4
(A(s)(8)) Op (hu *he + ’) :

2
Gu(s)u(t)) n

The proof of Theorem S.5.1 is similar to that of Theorems 4.1 and 4.2, where Lemmas S.4.2, S.4.3
and S.4.7 are replaced by Lemma S.5.3 below to analyze the parts Sy, and U. The proof of Lemma S.5.3 is

similar to that of Lemmas S.5.1 and S.5.2 and thus omitted.

Lemma S.5.3 (covariance, regular). Suppose that Assumptions 2.1, 2.2, 3.1, 4.4, 4.5 and 4.6 hold. Define

U(S,t) = Z V; Z w(Tij,Tik) {é@jk - C(S,t) - BSC(S,t)(Ti]‘ - S) - atC(S,t)(Tik - t)} 5

% j*k

where w(s',t") = K, (s =" )Kp. (t—t") for s',t" € T. Under either of Assumptions S.5.1 or S.5.2, if h), -0,
he =0(h,,), mhy, > 1/cq, mth >1/c1, and nhe 2 1, then
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(a) Sups,teTE{Sab(Sat)} = 0(1);
(b) SUDg teT |Sab(svt) -E {Sab(s’t)} | = OP(]-);

(C) infs7t€7'{(520802 - 5121)800 - (510802 - 801511)510 + (Slosll - 501S20)S01} <1+ OP(I);'

(@ supy e [U(s,1) ~BU(s,0)] = 0, (/3 ).

S.6 Additional Illustration of Invariance

The covariance function and its estimator proposed in our paper are invariant to the manifold parameteri-
zation, choice of frame and embedding. This important invariance property is a consequence of the intrinsic

perspective we take, and below we demonstrate that it is not shared by non-intrinsic statistical methods.

A method non-invariant to parameterization and frame selection. An “obvious” estimator for
C might be obtained by utilizing a frame along [i(-) and the coefficient process of Lin and Yao (2019).
Specifically, fix a frame along fi which determines an orthonormal basis of Tj;;y M for each ¢t € T. Then
Logﬂ(Tij)Yij can be represented by its coefficient vector ¢;; with respect to the frame, and (f”k is also
represented by the observed coefficient matrix ¢;;¢],. Local linear smoothing (Yao et al., 2005) or other
smoothing methods can be applied on these matrices to yield an estimated coefficient matrix at any pair
(s,t) of time points, and the corresponding estimate ¢ (s,t) is recovered from the estimated coefficient matrix
and the frame. However, this estimate is not invariant to the frame, i.e., different frames give rise to different
estimates C (s,t). As a simple example, consider two frames that coincide on all Tu(t,;)M but not on Tj 5y M
and T}y M, and assume that s, ¢ g¢{Ti;:i=1,...,n,j=1,...,m;}. Then the coefficient matrices ¢;;¢], with
respect of the two frames are identical and thus this “obvious” estimator will produce identical estimated
coefficient matrix at the pair (s,t). However, since the two frames differ at s and ¢, the estimates ¢ (s,1)
recovered from the estimated coefficient matrix under the two frames are different. In addition, smoothing
methods optimize certain objective function of the observations which are the frame-dependent coefficient
matrices ¢;;¢], in this context, while most objective functions, like sum of squared errors, are not invariant
to the frame, and consequently the corresponding estimate is frame-dependent.

We now numerically demonstrate that the above method based on Yao et al. (2005) is not invariant to
parameterization and frame selection. For this purpose, we generate data from the two-dimensional sphere
S? = {(z,y,2) e R®: 2% +y? + 22 = 1} with the same setting in Section 5 with sample size n = 100 and sampling

rate m = 10. Consider the following three frames:
e The frame (B1(t) = %, Bs(t) = %) derived from the polar parameterization in Equation (12);
 The frame (B{™(t), B5™(t)) constructed by
B{™(t) = cos(4nt) By (t) +sin(knt) Ba(t), Bj™(t) = sin(4mt) By (t) + cos(4nt) Ba(t),
which is a rotated version of (B1(t), B2(t));
« The frame (B (t) = g—i, By(t) = g—f) derived from the parameterization in Equation (15).

For each of these frames, we apply the method described above to estimate C under the identical conditions,
e.g., with the same logarithmically equidistant grid of bandwidths h¢e = 0.20,0.28,0.40,0.56,0.80 and known
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mean function. If the method were invariant to frames, then we would expect to observe identical relative

root mean integral square error (rRMISE) quantified by

s B Sre 1660 =€) Bdsdr) V2
{2 [, D s} 72

for any fixed bandwidth. The results, presented in Table S.1 and based on 100 independent Monte Carlo
replicates, however, show that different frames lead to distinct rRMISE for a fixed bandwidth and distinct
minimum rRMISE over a grid of bandwidths, and thus clearly show that the above method based on Yao

(S.22)

et al. (2005) is not invariant to frames.

Table S.1: rRMISE under different frames and bandwidths

rRMISE he = 0.20 he =0.28 he = 0.40 he = 0.56 he = 0.80
(Bi1(t), B2(t)) | 25.48%(20.20%)  22.71% (19.38%)  20.69% (18.86%) 19.44% (18.29%)  19.94% (17.36%)
(BI™(t), B&™ (1)) | 116.32% (34.57%)  109.13% (30.08%)  98.24% (23.31%) 91.38% (24.19%)  93.07% (23.65%)
(B1(t),B2(t)) | 49.19% (21.77%)  46.63% (20.59%)  43.52% (19.38%)  39.78% (18.04%)  36.67% (16.83%)

A method non-invariant to embedding. We demonstrate that different embeddings for the method
of Dai et al. (2020) yield distinct estimates of the covariance function. Consider a plane M = (0,1) x [0,1]
with the metric inherited from R?. The underlying population X on M is X () = (0.25+ 0.5t + Z1,0.5+ Z5)
where Zy, Zy ~ Uniform(-0.1,0.1) and u(t) = (0.25 + 0.5¢,0.5). We generate n = 100 paths from X and for
each path we randomly sample Poisson(10) + 2 observations, where Poisson(10) is the Poisson distribution

with mean parameter 10. Consider the following three isometric embeddings of M into R3:

u s (z,y) = (2,9,0) plane;
1 1
to: (z,y) = (= sin(wzx), — cos(wx),y) half cylindrical surface;
v v
1 1
t3:(z,y) > (2— sin(27x), Py cos(2mx),y) cylindrical surface.
T T

For each of these embeddings, we apply the method of Dai et al. (2020) to produce an estimate of C and
calculate rRMISE (S.22) of these estimates, where for illustration, we consider logarithmically equidistant
grid of bandwidths he = 0.10,0.14,0.22,0.33,0.50 and the known true mean function u(t). If the method of
Dai et al. (2020) were invariant to embeddings, then we would expect to observe identical rRMISE for these
embeddings for each bandwidth. Table S.2 with the rRMISE results based on 100 Monte Carlo simulation
replicates, suggesting the opposite, clearly shows that the method of Dai et al. (2020) is not invariant to

choices of the frame.

Table S.2: rRMISE under different embeddings and bandwidths

rRMISE he = 0.10 he =0.14 he = 0.22 he =0.33 he = 0.50
" 26.91% (17.21%)  22.38% (15.72%)  19.50% (14.76%) 17.85% (14.49%)  19.25% (31.40%)
L2 51.52% (21.16%)  49.22% (19.54%)  47.88% (18.48%)  47.10% (17.92%)  54.57% (90.06%)
'3 81.83% (20.78%)  79.97% (28.08%)  78.49% (26.78%)  77.15%(25.40%)  90.01% (150.56%)

A real data example. We now demonstrate that different choices of the frame for the extrinsic method

based on Yao et al. (2005) lead to distinct statistical results for the real data analyzed in Section 6. Consider
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the frame {(By)}1<k<s induced from the parameterization

et 0 0 err  xy xs
6 +
¢: ($1,$2,$3,$4,5€5,5€6) eR” —> Ty er? 0 0 er? Ze eSyrnLC’

rs wTg €73 0 0 e*
and the frame {(Bk)}lgkgg derived from a rotation of {(By)}1<k<6 On each tangent space Tﬂ(Tij)Symzc by

{(Br)}1kes = {(Br) }1h<6

dia cos(4nT;;) —sin(4nT;;)\ [cos(4nT;;) —sin(4nTi;)) [cos(4nTi;) —sin(4nT;;)
8 sin(4nT};)  cos(4rTy;) | \sin(4nTi;)  cos(4nTy;) ) \sin(4nT};)  cos(4rTy;) ||’

where diag(M;, Ma, M3) for matrices My, My, M3 denotes the block diagonal matrix formed by M, My, M3.
For each of these two frames, we apply the extrinsic method based on Yao et al. (2005) to estimate the
covariance function and its eigenfunctions under identical conditions, e.g., with the same estimated mean
function (with h, = 10) and the same choice of bandwidth h¢ = 20. Figure S.4, depicting the first three
functional principal components obtained from the two frames, clearly shows that the two frames yield
distinct estimates. This demonstrates that the above method based on Yao et al. (2005) is not invariant to

frames.
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