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SUMMARY

Section S.1 contains auxiliary lemmas which serve as building blocks for establishing the main
theorems, and their proofs are collected together in Section S.3. Section S.2 provides proofs to
the main theorems.

S.1. TECHNICAL LEMMAS

In this section, we present some useful lemmas. It is necessary to introduce the following
matrices and vectors for notational convenience. Define, for m € N,

o D= diag{)&/Q, R )\71,{2}, 0; = (X;,8), & = (&i1y -, &im) T and m; = D¢
e by = (bot,. .. bom) , 0im = &g and brg = Dby;

b éz = (éila s agzm) 2 m — fTbo and 7) i = _151'-

In the sequel, we write [ pg and [ Apq for [ p(u)g(u)duand [ A(u,v)p(u)g(v)dudv. The
following lemma gives the moment bounds of ||7; — 7; H2 and (6; — 6; m)>.

LEMMA S1. Under Conditions 1-3 and 5, for each 1 <1 < n, on the high probability set
Qm(n, N),
ma+1

N

E|f; — |2 < m?ets 1+i 4 pApBat2etd
771 777/ ~ n Nh/ m

and

The following lemma shows that the second order derivative of the likelihood function, also
named Hessian matrix, is consistent.
LEMMA S2. Under Conditions 1-3 and 5, on the high probability set Q,(n, N),

1 n
EZﬁ ?—*me
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2 H. ZHOU ET AL.

Due to the fact that the variance of & tends to zero as k — oo, we need to do re-
parametrization such that the principal scores serve as predictor variables on a common scale
of variabilities. Define

n AT \2 R
L,(b) = — {Z(ﬁfbr)Y; — (mbr)} , b, =arg max L,(b,).

, 2 b, ER™
=1

Then b = Db, by definition. The following result characterizes the discrepancy between by
and b,9, which is a key building block in the proofs of Theorem 3 and 4.
LEMMA S3. Under conditions 1-5, on the high probability set Q,,(n, N),

”Br - bTOH2 =0, (an),

where

m 1 1 1 m2at3 1 motl
=— — — (1 _ — (1 - h4 3a+2c+3 AR O
an n+{N+n<+Nh>}{ . (*m)* ez g 1

The following lemma is to establish the minimax lower bound for the prediction error. We
define that Py is a family of probability measures, where 6 is the parameter of interest and
the corresponding expectation operator is denoted as Fy. Let H (6,60") = >, |0; — 0] be the
Hamming distance between the binary sequences 0 = (61,...,6,)" and & = (¢},...,6.)" on
{0,1}" = {(61,...,04,...,6,)" | 6; =0 or ; = 1}. In addition, for the probability measures
Py and Py with density function pg and py jointly dominated by u, the integration of their
minimal [ (pg A pg)dp is denoted as || Py A Py ||q-

LEMMA S4 (ASSOUAD’S LEMMA). The estimator T' is based on observations of the statis-
tical model Py, 6 € {0,1}". Let 1)(0) be an arbitrary transform of the parameter 6. Consider
the pseudo-distance d(-, -) satisfying weak triangle inequality d(x, z) + d(z,y) > Ad(x,y) with
A€ (0,1) and d(z,y) =377 dj(z,y). If dj (¥(0),% (') = gjr > 0 for H (0,0") =1 such
that 6 and ¢’ differ only in the jth coordinate, then for the distance d(T,(6)),

grA .
> — /
max Eo{d(T,¥(0))} > 5 H(g}l})lﬂ | Py A\ Py |

-
o> Where g, = E Gjr-
j=1

Lemma S4 provides a powerful lower bound for the maximum risk over the discrete param-
eter set {0, 1}", it can be adaptively applied to any parameter /() endowed with the pseudo-
distances d ; see Lemma 2 in Yu (1997) and Lemma 2.12 in Tsybakov (2008) for details.

S.2. PROOFS OF THEOREMS
S.2.1.  Proof of Theorem 1

Proof. We prove the first assertion of Theorem 1 by evaluating E/((A ;) dx, $;)?). By symme-
try, the choice of 7 does not influence the convergence rate and we assume 7 = 1 in the sequel.
By the definition of C'y), recall that 65,1, = X, Xir,,

[n/2]
1 1 1
(AP 95) “Tn/2] 21 NN = 1)11215# il ls
1= 1712

x /K (T“lh_ S) qsk(s)ds/K <T“2h_ t) ¢; ()dt.
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We first calculate the bias term,

E((Aq) Pk, ¢5))

_E {/X / (“ - 8) qbk(s)dsdu/Xi(v)}lL /K (T) gbj(t)dtdv}
:/C’(u,v)h/K< ;S) gbk(s)ds}lL/K (”h_t> ¢; ()dtdudy
:/C(u,v) {}11 /K (“ - S) Sr(s)ds — ¢k(u)} s
« {;L /K <”h_t> 6; (L)t — ¢j(v)} dudy
+ /C(u,v) {2 /K (“ - 5) di(s)ds — qﬁk(u)} ¢ (v)dudv
4 / C(u, v) {}11 / K <”h_t> 65 (t)dt — qu(v)} 61 (w)dudv.

In order to bound each term in the right hand side of (S1), by Taylor expansion and Condition
3,
1 v—t 2 L1 v—t 2
i [ () asmar-aw| = [ {5 [x (55 ) e - o0} ao
17 pl h24,2 . 2
:/0 [/ 1 K(u) {QZ)J(U) - hu¢§-1)(v) + T¢§2)(v )} du — gb](v)} dv

<ht|ol |2, < nhie.

(S2)
Then the first term in the right hand side of (S1) is bounded by

(2o [ 5

For the last two terms in the right hand side of (S1),

/c u,v { / (“;3> gi)k(s)ds—gbk(u)}qu(v)dudv
P () et - o)

Similarly, the last term in (S1) is bounded by h2k~%;¢. Combing equation (S1), (S3) and (S4),
under Condition 1-3 and 5, there is E((A1)dr, ¢5)) S h* (i~ k" + k=95¢).
For the variance term, denote

Aonts) = X by [ (T8 Y ontonasy, [16(F=0) oo

Ll

A1

< htjke. (S3)

2t et - o)

(54)

<\j < h? Ok

and there is

1

var((A )¢k, ¢5)) < EmE{Ai(%, o)}

40



4 H. ZHOU ET AL.

Denote din(s) =h7t [K{(u—s)/h}¢;(u)d and en(s) =h7t [K{(u—
s)/h} ¢k (u)du, the second order moment of A4; (¢, ¢J) can be decomposed as

E{A7 (¢, %)} = 4! (if) A (05, ) + 3! <]?\f> Aiz (05, dr) + 2! <];[> A3 (05, )

([ xoratin) { [ xtacon)

Ao (b5, dr) QEH 8)Pk,h (s }{/X 5)P51(5) }{/X2 )Bk.n(5)j.n(s)ds H
L E ( JREIE }[/ {X2<s>+a§<}¢§,h<s>ds])

o)

)

with

21 ¢]7 ¢k

B ( [x@aoas} | [ x +a§<}¢i,h<s>ds])

Aio1(dj, or) + Aiza(d5, dr) + Ai2s(9j, k),

Al 63) = ([/{X2 )+ oA otatwan] | [ {670 + %) o,

B ([ [ 2@+ & onatwosa(wan )

:Aigl (¢j, qbk) + Ai32 (¢j> (Z)k)

»s It can be checked that A;o1 < Ajo0 + Ajos and A;zo < A;31. In summary,

22 + Aoz n Aizt
N N2 )

1 A
var({(Ag)dr, 95)) S (Ail - (S5)

Under Condition 1-3 and 5, we can obtain ||¢, || = O(1) and E((X, ¢y p)*) < k=24 for each
k < m. Thus

Air(5,00) =B((X,661)(X,6;)") < {BX, o) VE(X, 61) I} S 5"k
Ain (65, 1) <2B{(X, dn)” (| X drll* + 0% 16k 1)}
+ 2B{(X, 6r) (X651 + 0% 105411°)) £ A + M

Ais(07, dn) S2B{(1X0sl* + 0% 05l ) X S I” + 0% Ndwnll®)} S 1.
(56)
Then the first statement of Theorem 1 comes from combing equation (S4)-(S6) under Codition
5.

s For E(||Aq) ||j2), by similar arguments and the definition of || - ||;,

T o
/ (S t>¢J< )dt L”/Q Z N N—l h Z 5zlll2 ( = >¢]h( zlz)

l1#l2
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and [|A 1) | can be decomposed to the bias and variance term analogously. For the bias term, by
Cauchy—Schwarz inequality and equation (S2),

/ [E{ / C'(l)(s,t)qu(t)dt} _ / C(s,t)qu(t)dtrds
/{/Chst@h dt—/Cstqb] }

/ [/ Cn(s, ){djnlt) — o5t )}dt} d3+/ {/{Ch(s,t) Ol )50 2d$ (S7)

<lléin — 5112 / 1Ch(s. ) 2ds + X2y — 2

Shig*,

where Cp(s,t) = h™! [ K{(u — s)/h}C(u,t)du. By similar arguments of (S5) and (S6), the
variance term can be bounded by

/ Var{ / C'(l)(s,t)gbj(t)dt} ds
2

1 1 1 ily —
fnmuv_wh?/E 2_ SusK ( 1 )%"( fulp |

11 #lo
< /E{th (djn, X)?} ds + N2 (58)
+ n—;h /E [{/K (“ . 3) X2(u)du +a§(} <¢j,h,X>2} ds
—a ]
= (1 * %)
where X},(s) 1 [K{(u — s)/h}X (u)du. Then the second assertion follows from equation
(S7)-(S8), Condltlon 1-3 and 5. O

S.2.2.  Proof of Theorem 2

Proof. For the first assertion pr{{,,(n, N)} — 1, by the derivation of Theorem 1 in Hall &
Horowitz (2007), it is sufficient to show that 72| A« [|fg — O as n — oo. Theorem 4.2 in

Zhang & Wang (2016) implies [|Ay)|[fg = Op (n7* {1 + Nh™!' + (N2h?)~1} + h?). Then,

m2a+2  p2042/2a+4

— 0 By (i) in Condition 5;
n

2a+2 3a+2c+4
m?2pt < p2arin” "2a+1 — ( By (iii) in Condition 5;

m2a+2
nIN2h2

— 0 By (i1) in Condition 5.
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6 H. ZHOU ET AL.
o By the proof of Theorem 5.1.8 in Hsing & Eubank (2015), for each j < m,

J(C = C)ss6n J(Cay = C) by = 83
$y; — ¢ = ; P Wa ; i b
o0 ()\_5\ ")s R .
" ;Zl ﬁ { / (Cay - C>¢u>,j¢>k} Ok (S9)

such kind of equnsions can be found in Li & Hsing (2010) and Hall & Hosseini-Nasab (2006).
The bound for H¢(1),j —j | can be derived by bounding each terms on the right hand side of
(S9).

For the first term in (S9), by Parseval’s identity and the definition of 7); and || - ?

2
> -7 {/(é(l) - C)¢j¢k} <02 Amll3- (S10)
k#j

7 Combing the second assertion of Theorem 1 and (S10),

2
ca+2
{ Zf O _Ak()wkm }5‘7” ( +];h>+h4j2a+20+2. (S11)
k#j

Next, we will show that the remaining terms in (S9) are dominated by (S11). From Bessel’s
inequality,

2

[(Cay - — ¢;)Px ICa) — CIPllday,; — &5l
E <K :
Z )\ - /\k) Okl (= (2n5)? (S12)

—E(léq); — 4l*);
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7

where the last inequality comes from the fact nj_l ]\C'(l) —C|l < 1/2 on Q,(n, N). Similarly,

on the high probability set £2,,,(n, V),

2

A(1)g { : ; }
- (Aj — 5\(1),3')2 { A - }2
—F - Cu b(1),;¢
g&; (Aj = A)2(Aay; — An)? /( Gt
<9 HC(I)A_ cl? Z {f( 1) — C)ojdi}?
(2n; = ICa) = CI)? iz (A = A)?
+
; ()\ - )\k)
g ICq) — CII? Z {[(Cuy — C)pj1}> N ICay — CI* 1
-9 I 77]2» oy (Aj — )\k) 773
2 {f(c 1y — C)ojon}? s D
<5 g W + 15 El9. — 1)

The proof is complete by combing (S9) to (S13) and the fact ||{[ ((]3(

Hgf) — ¢;|/?/2 (Hsing & Eubank, 2015, Theorem 5.1.7).

S.2.3.  Proof of Theorem 3
Proof. The £? discrepancy between 3 and B can be decomposed as

16 - BII* =

Z by, — Z bOk¢k

5 Z brd(1y.r — Z bok P
k=1 k=1

k:l

— ¢

00 2
Z Bk(é(l),k +depn) — D bondw
=1
- 2
> bokd
k=1

(S13)

1, — 95)0i 15l =

O

These two terms on the right hand side of last equation admit the same asymptotic behavior, we

only need to calculate the first term. By Cauchy—Schwarz inequality,

2

Z br(1) e — Z bok Pk
k=1 k=1
. 2
<311 (b — bor)dy k|| +3
k=1 k=1

The first term in the right hand side of (S14) is bounded by || D~1||2||b, — byo||2 = O

ZbOk S(1)k — k)

2

Z bok Pk

k=m+1

2

(S14)

p(mtan),

which is due to the compatibility of the matrix norm and the vector norm. The last term in the

right hand side of (S14) is O(m!~

2. For the second term in the right hand side of (S14), by
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Theorem 2,

2
E

> bor(By ke — )
pa

<Y ok bok, Bl 6 1) e — Sk b1 s — P l)

k1,k2

< Z Doty o LE (| 01y k1 — Dt 1PV E(| D) p — D |2
k1 ,k2 (S15)
2

=1 " boe{E(lléq) — onl*)}?

Lk=1
+2-b 1 2
1+ - +h2(1 +ma+c+2—b)
(Nh)2

_1+m

<

N B VIS

n

—0 (JWL) + o(an),

where the last equality holds under Condition 5. Combing (S14) and (S15),

mo.. > ? motl 1—9
E bk 1)k — E bok®k|| = Op < +m 7+ 5n> ;
k=1 k=1

n

where
1 1 1 m2a+3 1 ma+1 1
5. =mtd — ~ (1 - 1 - h4 3a+2c+3 )
w0 m{N+n(+Nh>}{ n <+Nh>+ " TN TN

Under condition 6, there is Nh > C and

1 m2at3 _2a42 2a43
N S n at+2bqpat2bn — O
n

1 1 _ 2atbtet1n 4
= phmBet2ers < = <N1/4n TCRDI)) > m3at2et3 _ o

N——

/N 7 N N

LR

1 ma+1 ma+1
= T 2at2b )
N N n a+2b
1 m2a+3 m2a+2 m (m) (516)
- — o)
n o n n o n n/’
1 1 _ 3a+2c+4 3a+2c+3 1 m
Z pip3at2et3 < —n T 2atd pat2b < — =9 (7) ;
n n n n
1 ma-‘rl - 1 ma+1 (m)
- - —of )
n N = nm?2et2 n/’
1 < 1 (m)
— < —=0(—).
nNh — n n

Then we obtain &,, = O,(m**/n) = Op(n(l—%)/(a-s-?b)). 0
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S.2.4.  Proof of Theorem 4
Proof. By the definition of £(6,,),

2

. 1 XM
£0n) =E. | [ 53— 5 S AEx;

B {(//sx* - /ﬁX)} NEYN {/B?(x*)? - </BX>} + X5

We can show that for any 3 = 3", b2 ¢, with [|3]|2 < oo,

s { faeer - (fox) b= Su(f#a-it) -0
k=1
On one hand

< +

— Y ( BQ(bQ_BQ) — Y B?¢2

o0 o0
<IBI* D MellgellZ + > Akbi < oo,
k=1 k=1

S b2
k=1

where the second inequality follows from ||¢x|lcc = O(1) by Condition 3. On the other hand,
bAy innsen ineqliaAlity, for any ke Ny, [ ,BQQ% > bi and the equality holds if and only if
B(s)pr(s) = | By for all s € [0,1], which is the trivial case. Thus, without loss of general-
ity, we assume that there exists a § > 0 such that [ B%¢? — b? > & and

S ([ me-i) |z a0 ([ -57) >
k=1

Then, the discretely observed prediction error becomes

EB,) = E6,) + O, <;]> . (S17)

Next we focus on the asymptotic behavior of £(6,,). By the definition of £(6,,),

E(0n) = E.((B— B, X")?%)

m 2 00 2
<2E, <B_572§Z¢k> +2E, <B—5, > §Z¢k>

k=1 k=m+1

=2§;A]—{/<B—/B>¢j}2+2& <B—ﬁ, i 5:¢k>2

k=m+1
=1 + I.

In this proof, we use 3 = oy lskgb(l),k instead of 3 = 0.5 >y Bk(ﬁgu),k + QZB(Q),k) to re-
duce the notation burden since this does not affect the asymptotic behavior. For I1, by expansions

90



10 H. ZHOU ET AL.
(S9),

/ B(s)d5(s)ds = / S by a()65(s)ds
k=1
mo. A s ) -
/;m( % o fl;i”“ s + 32 qﬁf_ 5 % s

14k 14k

+ ZZ Ao — l)sil (Aqydr, ) k) du(s) + (bayk — ¢k,¢k>¢k(8)) ¢j(s)ds

l#k s=1

—b +Z /\ ¢J’¢l€ k+Z<A( ¢ja¢ ¢k>

K Ak = A
A1),k - - - -
+ Z Z - )s+1 (A1) d5: 01) )bk + (D(1),5 — D5 D5)b;
k#j s=1
By Cauchy—Schwarz inequality,
m m m 2
2 9 (A)®js D)
L SZAj(bj — byy) +ZAJ- Zﬁb’f o) (S18)
j=1 7j=1 k#j
where
. 2
< " (A)®s, b1y k — Pk -
E:Z)\j (Z Y by,
J=1 k#j

2
Z {ZZ A(1 ¢]7¢ 1), k>3k} + Z)\j@(n,j - ¢ju¢j>2i)3
Jj=1 j=1

k#£j s=1

s is the remaining term.
For the first two terms in the right hand side of (S18), by Lemma S3

m

> Ni(by = b))% = [lbr — broll* = Oplawm), (S19)
j=1
and

pIRY (ZN k)

J=1 k#j

2
<221Aj (Z )\kﬁb]vgbk bkbOk) —1—22)\ (Z /\k¢]7¢k Ok) '
J= Jj=

(S20)
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For the first term in the right hand side of (S20), by Cauchy—Schwarz inequality and Lemma
S3

<m||by — byo|? Z)\ Z ‘z’”m
Jj=

By Theorem 1 and Lemma 7 in Dou et al. (2012),
) 1 _ _
Z)\ Z A fj ¢k S ;(m:} a+1)+h4<m3 a+26+1).
j=1  k#j b
Thus, Under Condition 5 100
. 2
(1)) ,<Z>k m? 4+ m®
>N Z A D (b — bog) p = O, — R (m3T2 4+ m) b ay,
J=1 k#j B
=0p (an) .

By (S41) in the proof of Lemma S3, the second term of (S20) is o, (o, ). For the remaining
part, we divide E into several parts,

2
e (z< e k)
2

ZZ 8( 1)B5> (1) ) Dok

j=1 k;é]sl
2
S A A(1)¢]7¢ k= Pk)
A b Aj b—b
DRICIEIRETES MY {g e w}
2
m m 00 )\_5\ s
+Z)‘j ZZW< ¢ja¢1)k>(l~c—b0k>
; - j

=k + FEy+ Es+ E4 + E5 + Eg. 110
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By equation (S42) to (S46) in the proof of Lemma S3, Ey + E3 + E3 = op(ay,). The following
equations show that £;, E5 and Eg are also o, (o).

2
A (b ,(b (5
{Z = ;\k - /\j ¢ (b — bOk)}

1 ki

= = ¢]a¢ - ¢k>2 = 2
< Z Z P > (bx — box)

pu ey (g — )\ ;) — (S21)
<mllli 2 HA(I)H%{S S 2
<m*||b, — bro| Z Nz > bk — ol

j=1 1 k=1

=op(an);

. 2
E5ZM{ZZW< )% b ,>(kb0k)}

j=1 k£j s=1

. 2
3 {E4 _;;sﬂ i 03— o
=1 kA L= k=1

<ma”b _brOH Z/\ Z ¢j>¢(1) k>

pec iy /\k— (S22)

R m m A : 2 m A y in - 2
5mabrbro2ZAj{Z<<§:¢3ff3 # 3 SO B }

=1 ki k]

<m®||b, — bro||? Z Aj (Qg(l),j — o] + Z ||§Z;(1),k - ¢k2)
=1

ki

=0p(an);

(UHHSZ boj = op(om).  (S23)

Es = Z )\j<§£(1),j — 5, 05)2(bj — bo;)? 211m)

|A
- (2
j=1

Thus, under Condition 5, combining (S20) to (S23) we have I1 = Op(a,).
As for I,

00 2
I =E, (<Bﬁ, > §Z¢k>)
k=m+1
m 00 2
<FE. (<23k<13(1),k, > §Z¢k>) (<Zb0k¢k, > §k¢k>)
k=1 k=m+1 k=m-+1

=11 + I,
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where

I = E < > bokdr, Z §k¢k> = D Abg = 0(m' ),

k=m+1 k=m+1 k=m+1

As for I51, by the orthogonality of the series {¢y }7° |,

0o 2
E, < Dby §Z¢>k>
k=m+1

L

=E, < b (b — b1), Z §k¢k>
k=m+1

L

<E, Z X Z br(P1) 5 — Pk)
k=m+1 k=1
m 2 m 2
<ml™e Z(bk — bor) ((1)k — D) Z bok(9(1).k — k)
k=1 k=1
m m m 2
<m!'™® Z by — bok) Z 0k — Gl +m! T x Z bok (B (1),k — D)
k=1 k=1 k=1

ml a
_Op <’I’LNh> +Op(04n),

where the last equality comes from (S15), Lemma S3 and Theorem 2. Thus I =
Op(m*=/(nNh)) + op(a,). Combining the rate of I; and I, under Condition 5,

o] 2
~ m —a—
ZlAj{/(ﬂ—ﬂm} =0y (S 4m! g ),
j:
where
1 1 1 m2a+3 1 ma—H ml—a

(R - - 4 3a+2c+3
5"_{N+n<1+nNh)}{ - <1+Nh>+hm + }+nNh.

Similarly, under Condition 6 and (S16), O, (8/,) = O,(m/n) = O,(n'~2=2/(@+2b)) and the
proof is comlete. U

S.2.5.  Proof of Theorem 5

Proof. To obtain the lower bound, we will construct 5 as a transformation of a new parameter
in some discrete space. Define X' := {X;(¢),¢ € [0, 1]}, and assume X;(¢) are random copies
of X (t) with eigenfunctions {¢}72, and eigenvalues {\,}72 ;. Note that G is the class of X
and [ satisfying properties 1 and 2 in Theorem 5. For each 6 = (61, ...6,) € {0 1}" and a small
€ > 0, define By =€), Opbrdr, with by, < Ck~ b The responses {Y;(6, €)}?_, are driven by

Yi(0,¢€) /BQEX +ei=ni(0,¢) +e; with n;(0,¢) = Engbké}k’
k=1

115

120
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14 H. ZHOU ET AL.

where e; ~ N(0,0%) and E(¢%) = \. Denote P the conditional probability measure of
{Yi(0,¢)}™_, given X, and its corresponding density is denoted as gp.

It is sufficient to find g, and a feasible lower bounds for ming g g/y—1 E(||Ps A Parl|,) by
applying Lemma S4 with ¢)(0) = € >, _, 0xbi¢dx. The prediction error

2 o0
d(B,B) = E(6n) ZA {/ )¢j} = > Ni(by —by)? (S24)
j=1
can be viewed as a semi-distance in £2[0, 1] and d(z, 2) + d(z,y) > d(z,y)/2. By definition,

d (v(0),1 (0") = d(Bo,e, Bor.e) Z)\k{/ Bo.e — Boe) } de (¢)),

where dj (¥(0),9 (0')) = \pe®(0), — 0x)?b2, k=1,2,...,r. Assume 6 differs from ¢’ only
in the jth coordinate, thus H (6,6') = 1, and d; ((9), (")) = €*A;b%, which implies g, =
€Y h_1 M} = €20(r1=72%). For any estimator 3 = Y,y b;é; based on {X;, Y;}7,, ap-

ply Lemma S4 with A = 1/2

9r
E > E{d )y > E(|Ps A Py $25
S {£(0.)} p X, {d(B, Bs.)} 1 (1P A Porl,)- (S25)

By the property of the total variation distance and Pinsker’s inequality (Tsybakov, 2008,
Lemma 2.1 and 2.5),

E(|Py A Pyll,) > 1 — E{K(Py | Py)/2}?). (S26)

To guarantee the positiveness of the right hand side of (S26), we need to show that
{K(Py | Py)/2}"/? is sufficient small for a suitable € > 0. For a fixed aj €{1,2,...,r}, the
log-likelihood ratio for normal noise in Condition 7 with K> = (202)!is

log (qa ) :% i (Y7, _ /5976)(1») /Xi(ﬂg,e — By ) — {/Xi(BH,e - 59/,e)}2]

Note that K (Pp | Py) = —Ep{log (qo/qs) | X},

, 1/2
EIK (P | Pu)/2)V%) = E {47;2 w;—ekﬁbif%k}
=1 (S27)

- 1/2
n n 1/2
s{QQXX%—@fﬁﬂém} = (i)
k=1

where the last inequality is by Jensen’s inequality. By |b;| < Cj -t Aj <Rj~ forj > 1 and
constant C, R > 0,

1/2 1/2
B(IPy A Pyll) 21— min & (Rnje+2)"* =1 = €€ (Rpp=tosa)*,

1<j<r 20 20
If we put r = Ln'/(¢+20)_for sufficiently small € > 0,
1/2 1/2
min_ ([P A Poll,) > 1 - 58 (Riim) * =1 =42 (8)* > 0.

H(0,0)=
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Then the proof of Lemma S4 for the Gaussian noise is completed by (S25), (S26), (S27)

and g, = € >7_) A\jb} = O (n(1=a=20)/(a+20)) For general noises satisfying Condition 7, the

bound (S27) still holds up to a constant and the proof is analogous.

S.3. PROOFS OF LEMMAS

S.3.1.  Proof of Lemma S1
Proof. We focus on E{(fzk — &1)?) first, for each i < n/2

2
N
Bl — &} 25 | {5 30 Xion(Tig) — (X, )
j=1
2

1Y A
+28 | |5 > Xif{d)n(Tij) — ok(Ti)}
7j=1

O

By the central limit theorem, the first term in the right hand side of last equation is bounded

by CN L. For the second term,

2
N
E %Z Xig{b@)u(Tis) — 0x(Tij)}
j=1
:% > Elbijija{b@x(Tij) — er(Tij) Ho@x(Tiz) — 0r(Tija)}]
j17éj2
N2ZE Tij) — ¢k(Tij) }?).

We first show that the second term in the right hand side of (S28) is o( N 1),

NQZE T,j) — on(Tij)})

= ( / BUXE ) + 0% Mooy ) — ()} | dayalc
Sy Blben -l =o ().

where the last inequality comes from Condition 3 and Theorem 2.

(528)

(529)

As for the first term in the right hand side of (S28), notice that (;AS L 1s independent of X;
and T;; for each ¢ < n /2. Therefore, for each j; # jo, mqb 2), k(Tijy) and qub ), i (Tij,) are

145

150
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independent conditional on X; and ngb 2).k

[zj1jz{¢(2 ( m) ( 131)}{¢ ( l]2) ¢k( zgz)}]
—E(E0ij,50{ 0@ #(Tig1) — éx( m)}{¢ #(Tijz) = ou(Tiz)} | Xi, b2y )

2
_E [ [ KBt - ¢><u>}du]
<BE(XPVE(ern — oxl?)

<k‘a+2 <1 + 1) +h4k2a+20+2
~on Nh ’

Thus, the first assertion of Lemma S1 has been proofed for ¢ < n/2 by

A 2 % a 2 2 m2ats 1 4 3a+2c+3 m®*1
(i —mll?) = Y K B{(En — )’} S T (14 57 ) + At T
k=1

For the second assertion,
(0 — 0im)? < 3(6; — i) + 3Bim — Oin)? + 30im — Oim)? (S30)
where 0; ,, = £7bg and & = (1, -+, Em) " with & = N~ Z;\le Xijon(Tij).
The first part in the right hand side of (S30) is bounded by E(|0; — 6; n|?) = > o Mbiy =

O(m!'~*=20) < N1 under Condition 5. For the second part in the right hand side of (S30),

2
m

N
_ 1 -
E(|0im — Oiml®) = E | |D 4 & — N > Xijow(Tiy) ¢ ok SN
i=1

k=1

For the last part in the right hand side of (S30),

m N
3 ) 1 R
E{(Bigm — 0im)?} =E | > bok, bok, N Y " Xii{ @y (Ti) — br, (1)}
=i

k1,k2
1

N2 P ZXu{cb 2k (Tij) = ks (Ti5)} ZX%J{d)(Q)kz( Tij) = ¢x:(Ti5)}

(S31)
ZXU{Qb k:g( Z]) Qbkz( )}

We first bound the expectation of each term in the right hand side of (S31),

N
S Blbusaddiay s (Ton) = 0 (T Hoa (Tin) — (T}

N#J2
1 & . .
+ 5z 2 B0 0 (T) — 0k (T) Ho @) 02 (Ti5) — 01 (Tig)}]
j=1

=l ko + 1Lk k-
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For I, ,, due to the fact that X; and (ZAS(Q)7 1. are independent for each i < n /2,

N
Lkt ks :% Z 2]132{¢ ( Tijy) — &k ( m)}{‘b@ kl( Tijy) — bk, ( ij)}]

J1#j2

N —
<

(X211 D) k1 = Drall b2y k2 = Brall | D2y P29 02)}

SE(1d@)r — D 6@ ke — Drall)
<{E(|6@).5 — S I E(d@ype — bral) }2,

where the second last inequality is valid by the sample splitting and the last inequality is from

Cauchy—Schwarz inequality.
By Theorem 2,

Z bOk’lbOkzIk’l ko | ~ Z bOkl{E ||¢(2 - ¢k1”2)}1/2 Z bOkz{E(||§Z)(2),k2 - ¢k’2||2)}1/2

k1,ko k1=1 ko=1

1 i 4 2a+2c—2b+4\ < 1 i i
< <1+Nh)—|—h(1—|—m )N 1—|—Nh toly )

where the last equality holds under Condition 5.

After similar calculation as (S29), we can show that ‘Z’,Z,Q bry by iy gy | = o( N1
the second assertion of Lemma S1 holds for i < n/2 and the proof is complete.
S.3.2.  Proof of Lemma S2
Proof. By triangle inequality,
1 « 1 «
n Z Azﬁ;r - Z 77177@ < Z i (i Th E Z (0 — ni)n;
i=1 i=1

n

%Z(ﬁi =) (i —

=1

<

an Ui 771

For the first term in the right hand side of (S32), under Condition 5,
1 1 «
E{ - > (= mi) (i —mi)" } < > E{I(h — ) (i — na) "1}
i=1

=1
1< . )
:EZE (% = mill?) = o(1).
=1

17

:%E |:E {/Xz((;g@),kl - ¢k1)/Xl(q£(2)’ (;SkQ) | ¢ kl’ kg}:|
1

). Thus
(I

(S32)

Then it is sufficient to show the second term in the right hand side of (S32) is 0,(1). By triangle

and Cauchy—Schwarz inequality,
1~ . T 1 . 2 2\11/2
Eql > (i—mini | p < - > AE (I —ml?) E (In:ll*) } 7 = o(1),
i=1 i=1

where the last equality holds under Condition 5 and Lemma S1.

155

160

165
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S.3.3.  Proof of Lemma S3
Proof. It is sufficient to show that for any given € > 0, there exist a large constant C such that

pr{ sup  Ly(bro 4+ an'/?u) < Ln(bro)} >1—¢. (S33)
[|ul]|=C,ucR™

Equation (S33) implies that there exists a local maximizer b, such that HBT —beol? = Op(an).
The true likelihood function I(/3) can also be regarded as a function of b,.. Define (b, ) as

ibr) =~ Z (n?br + > fikbk;) Yi—35 (mer + ) &kbk)
i=1 k=m+1 k=m+1
It follows from Taylor’s expansion that

Ln(brO + an1/2u) - Ln(brO)

2
—a, V2T 9Ly (br) Qn v 9 Ln(bfr)
Oy |y _py 2 ObObT |,
:anl/QuT al(br) +anl/2uT aLn(br) - 8l(b7~)
abr br:bro abr br:bro abr bT:bro
%UT aQLn(br)
2 0b0b," |,
=J1+ Jo + Js3,

where each element of b* lies between the corresponding element of b,¢ and b,o + anl/ 2u.
By the fact that E{(Y; — 6;)n;|X;} = 0. By the multivariate central limit theory,

ol(by.) 1 < m\1/2
== (Yi—0i)ni| = — :
KO B e B (R
Thus
ol(b,) olb,)
Ty = o, Pu” < a,'? X Jull = Op (am|lul]) -
by |y _p b |y, —p o »

By the law of large numbers,
1 n
— E 771'77; £> I,
n -
i=1

where I,,, denotes the identity matrix in R™*". Combining this with Lemma S2, there is

1 9L, (by)
- ) Il = o,(1).
n 6br8brT _— + Op( )
Therefore, J3 = —au, ||ul|?{1 + o,(1)}.
If we can show that
OLy,(by) ol(b;) 1/2
- = Op(an'/?), (S34)
‘ ‘ 61)7- br=bro abr br=bro !




Functional Linear Regression for Discretely Observed Data 19

then Jo = Op(ay||ul|) and J3 uniformly dominates both J; and Jo, which leads to (S33). We
decompose the left hand side of (S34) into several parts,

OL.(b)|  allb)
abr bribTO 8bT brfbro
1 & N
“n (0 — Oim)ii + n Z(Yz — 0:) (7 — i)
i=1 i=1
1 @ S 1 @
< |\ 20 = b)) + | — > (¥ = 60:) (i — )
i=1 i=1
=Hi + Hy
Consider Hy first,
5 1 . T 1 ¢ 2
H2 = ﬁ Z (1/11 - 911)(3/12 - ‘912)(771'1 - 77i1) (ni2 - 7712 ni Z ||771 H .
i100 i=1
Notice that E{(Y;, — 0;,) (%, — miy) | X4, Tijr €451 = 0,
QZE{ 14 — mill*}
== ZE (B {(Yi = 00213 — mill* | Xi, Tij e }] (835)
%S B — ) = ofan)
n2 — 1 1 njs
where the last equality holds under Lemma S1 and Condition 5.
As for Hq,
1< A 1< A \m
H, EZ(ez —0; m)nz + EZ(GI _ei,m)(ni _771') = Hy1 + Hya.
i=1 i=1
For H12,
E(Hy) < ZE{II (6 — Bim) (3 — ma)1}
n (S36)
1 A .
= > [B{(6: = 0:m)}E (|5 — mil*)]M? = O(on'?).
i=1
As for Hyq,
R ? . n ) ?
H? <2 —— 0; — 6; m)n: 2||—— 0; — 0; )il . S37

i=1 i=[n/2]+1
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For the fact that both terms on the right hands of (S37) admit the same convergence rates, we
only need to calculate one of them.
| }
(S38)

Ln/2]

(/2] Z (0; — ézm)nl
[n/2] [n/2] )
n/2 {Z E{(6i, = 0iy.m) (i, — Oion)nfimin } + D>, E{(6i — 9z‘,m)2m2}]

11712 i=1

Notice that ||m;[|* = Y7, Ay 1¢2 and by similar arguments in proofing the second statement
of Lemma S1, we obtain

Ln/lganE/EJE{e—w Iy =0 (™ {1<1+N1h>+1}>:o<an>.

w  As for the first term in the right hand side of (S38), given 45(2)7,@, (6i, — 0iy )i, and (65,
éi2 m )i, are independent for 1 < 4; # iy < [n/2]. Thus

[n/2]
n/2 /a2 ; E{(0iy — 0i1,m) (0i, — Oi )0 i} = Bl E{ (63 — Oy )iy | D20 HI?)-
11#19
) (S39)
By expansion (S9), the jth element of E{(6;;, — 0, )1, | @)} is
o & |
E <Z<Xi»¢(2),k: — ¢k)bor 1;2 (2))
k=1 Aj
B (A2) Pk P1) 5”
l;ék
(<13(2) k= Pk), 1) §ij | 2
E X;i( ’ dsboy—2
+ {Z/ l NN di(s)ds 0k 173 | B2) (S40)
#k J
{Z/X ZZ O _)\l s+1 A2¢ @)k P1)Pu(s )dSbOkﬁ | b }
l#k s=1
&ij
Z Xi(8){ by — Ok Dk Pk (5)dsbor—75 NE | b
j
:GLj + GQJ‘ + G37j + G47j,
where
@9 7¢ " (A Gk — O1): b
Gy, = 1/22 /\ (Be)du i), Gg,jzAjl-/22< @ /(\2>,i/\‘ k) ]>b0k,
kA TR kit j kA
1/2 (Ak — ) . 172,
w  Ggj= ZZ @)k i)k, Gaj =N (D)5 — Djs 95)boj-

k#j s=1
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Start with G'1 ;, by Cauchy—Schwarz inequality, Theorem 1 and Lemma 7 in Dou et al. (2012),

2
E (ZG%J) Z/\ 2 (Z N — m’% bOk)
=1
R L (AP D) (A (2) sy D)
ZA]E{ > (e — Aoy — Ay) O l0be

S < {E(<A(2)¢k1’¢>2)E(<A ¢k17¢> )} bOklbOkg
S2 N 2 B =) 0m =)

2
m E((A , 1/2
ZAJ‘{Z{ 4 (i\j]j;i] ek bOk}
m m _a,_a 2
SN !Z Akbgk)\‘ {j S (k5" + k™ ajc)}]
J

1
0 <n + h4m20_a+1> = o(aw,).

(S41)

A
[
7 N\
SR
+
>
S
<
&
N———
<
$
I

. 2
“ ik (A (D)% — k), D)
ZG%]-Z/\J»{Z 2 )\Qk_)\j L bok

_ “ ) - <A(2)(¢ — k1), ¢J>< (¢(2 — bky), ¢j>
"N 2 e A0 ) boisbor, G4

- " @) — Dkl B2y e — Pl
SHA(Q)”IQ‘ISZ)\] Z ‘)ik _)\IH)\k _QA“ : b0k1b0k2'
J=1 kika#j bR

By Theorem 2, Lemma 7 in Dou et al. (2012) and Cauchy—Schwarz inequality,

= P bk — Sk Sy ks — Sk
FE A . ’ bor.. b
(Z n> , Ay = AjlI Ak, — Al Of 02

- " AE(I9@)m — kD Ed@) 8 — Pral*)}?
D N s vy s w e T8
=1 ke f AR A (S43)

2
“ (Id@yx — dull?)H7?
e

1 1 1
NE 1 + m + m2a+5 2b logm (1 + M) } + h4m3a+572b+26 logm
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Thus
i i Hégz,k — Pk HH(Z)Q,k — Ok, ||
ZG 018 lfis)Op | DA D- T T e b,
j*l k’l,kg#j ’ kl ]H k2 ]|
—Op(an)
For G3 1,
m m 2
2)k ~
PREREDPPY ZZ O = A)°H (A@2)2) ks 5)bok
j=1 j=1 kAj s=1 K
X 2
= S (A= A)p)®
S2Z)\] ZZ ()\ IR )\())8+1 <A(2)¢(2),k7¢]>b0k
=1 Aty s=1 kT A
2
- P& (A — A)n)’
+2) ) ZZﬁ(A@)W(z)k — ®x), &5)bok
j=1 kAtj s=1 K
=G3,5,1 + G352
FOI‘G;},JJ,

“ “ = (Aey — Ay m)® 2 (kg — A@p)?

G =23 3 {3 letmnl s e o
X (A@2)P2) k15 Pi) (A 2)P2) ks D) OK: bOR,

= Moy = A@)kr My = A@) ko

BN

j=1 k1#ko#j ()\kl - )‘j)(j‘(Q),kl - )‘j) ()‘kz - )‘j)(;\(2),k2 - >‘j)

S44
X <A(2 ¢ 2) k17¢j><A(2)¢)(2),kQ7 ¢j>b0k1 bOkz ( )
(AN N (A2 Pry s D) (A 2) Pk D)
NE bok, box
@~ 1B 157 Z 2 On A0 A it
SZG%J = op(an)
j=1
190 Similarly,
. 2
m ™2 (k= Aoy)® )
G2 =2 Z Aj Z Z ﬁ<A(2)(¢(2),k — ®k), ¢j)bok
j=1 kit s=1 kT
2
2 m B
< 1A @) 1S By Z (A (D)6 — Pr), ¢J> - (S45)
20m = 1A llrs)? = | i Ak = Aj

m
S Z G%,j = op(am).
=1
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For the last term G4 ;, by the fact that |<<;A5(2)7j — 05, 05)| = ||§ZA)(2)J* — ¢;|?/2 and the perturbation
results in Bosq (2000),

1A 12
ZGM < wa ol < S A - o557

J=1 J

SIA @)l Z]“” Pllda)5 — 44l1> = oplan),

j=1

(S46)

where the calculation of last equality is analogous to (S43). Combing equation (S40) to (S46),
we get

E[”E{(ell - él1)nl1|¢§(2)}”2] = O(O‘n)'

Then equation (S34) holds by combing of equation (S35)— (S39). The proof of Lemma S3 is
complete.

S.3.4.  Proof of Lemma S4 195
Proof. For any 0 = (6h,...,0;,...,0;)" € {0,1}", define 67 = (01,...,1—0;,...,6,)" as
the perturbation of € such that 7 differs from 6 only in the jth position. By assumptions,

max Eo{d(T,y(0))} > % > D Ee{di(T,¢(0))}

0e{0,1}7 -
96{01}’"j_1
Bl (1.000) + By 4000}
— Ep{d;(T, (6
;Ge{zojl}ﬁ ' ;Ge{zozl}ﬁ
P 0,1.00)
pad ¥ (5 {{d (000 + T e )

J=16e{0,1}"

T By [{w,w(e)) T (T, 0(0)))

T

d;(T,(0)) + d;
AN | ; d;(T,(0))
ol D ([Ee{d]ww) YO o) s . W.))}

Jj=10e{0,1}"

) . j (Tv (9]))
B {df(“e)"z’“’”)dj<T,w< 0) + d,(T ,wwﬂ»}])

Agjr
-y ey pooinf  LEo(f1) + By (f2)}

Jj=1 0e{0,1}"

Ag; Ag
= § Tjj > 1Py A Pyll, > TTH(%P | Py A Parll,
0e{0,1}"

where the second equality is due to the identity > 7 ;> gcqo1y Eo{d;(T,¢(0))} =
> et 2oefony Eoild;(T,¢(¢7))}, the third last inequality is by d(z,2)+d(z,y) >
Ad(z,y), the second last inequality is due to d; (¢(6),¢(67)) > gjr, the last equality is from
the definition of || Py A Pp;||, (Tsybakov, 2008, Lemma 2.1), and the last inequality is by
gr =51 9jr> and || Py A Pys||, > ming(g.or)=1 | P A Por || - O o
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