Supplementary Material for
“Online Estimation for Functional Data”

In this Supplementary Material, we first derive the asymptotic distributions of the pro-
posed mean and covariance estimates, i.e., Theorem 1 and 2, in Section and [S.2] respec-

tively. The convergence of bandwidth selection and lower bound of relative efficiencies are

shown in Section and [S.4l

S.1.  PROOF OF THEOREM 1

Proof. This proof is in analogy to the proof of Theorem 3.1 in [Zhang and Wang (2016).
Denote the current time by K and recall {77“2) wk=1,....K } is the pseudo—bandwidth
chain at time K. We omit the superscript “(K)” of i, k) h(K) in (18), pL j) in (14) and &

in (10) in the proof when no confusion exits. The online estimate can be written as

() = RoQ2 — Rih
QuQ2 — Q3

where for r =0, 1, 2,
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k=1 i=1 j=1 Nk k
N Mg Tk _t r
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We further denote for r = 0, 1,

K ngp mg;

r SKl Zzzwn k Tkl] ) kij — Zwkér,lm
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and define
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one can derive
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We also define

where 1/(+) is the first derivative of u(-). Then

i) Z Q1 ko Qo(R1 — p@y — ﬁuykﬂgjggo__%;fo — 1o — ﬁ“’kulQl). (S.2)

It is straightforward to show that both Qy and QyQ, — Q% are positive and bounded away
from 0 with probability tending to one,

Q1 =0, {Pm + <2f’_1> } )
K1

_ B N RS g 1
(R1 — pQ1 — Tt Q2), (Ro — Qo — k' Q1) = O | Pz + P + {pﬂ, 1 } + { » }

2
SK,l SK,l

Then by the Cramér-Wold device and Lyapunov condition, we can achieve the asymp-
totic joint normality of (Ry — ERy, él — Eél,éo — Eéo), where the rate of convergence
is min[(py,-1/Sk.1)"?, {Q2/ Sk 1 /7.

Explicitly for r,»’ = 0,1,

B(G,) = 177(6) + 5a(W){2rf (1) +  F"(6)} oz + 0 (02

E(Ro) = p(t)f(t) + %Q(W){u(t)f"(t) + 20 () f'(8) + 1" f ()} oz + 0p (Pu2)

Cov(G,, Gy) = @;11) ROW)E+ £(£) + o, (g;—ll) ,

2
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2
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Var(Ry) = (") ROW)(3(8) +(t,1) + 02) £ (1) + (SL> AN + 0 (p 4 Srea

Cov(Ro, G,) = <f’gﬂ—;> ROW)E u(t) f(t) + o, (pS”;) .

From the delta method, 7i(t) follows the asymptotic normality that

1
F;1/2 {ﬁ(t) _ M(t) _ 504(W)u(2)(t)pu,2 + oy (pu,g)} d) N(07 1)7
where
y(tt) +0° SLE
I, =RW)——"———pu—1+7(tt -
a W) Skaf(t) Pt + )Sgﬂ

When 7, 1 /(Ng)Y/* = 0 and h, = SK11/5, the first term in I', above dominates. When

m,x/(Ng)Y* = C and hﬂ = SK1/5 where 0 < C' < 00, the two terms of I, are of the same
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order as h4 When m,, 1/ (Ng)* — 0o and h = SKl , the second term of I', dominates

and the bias becomes negligible. Noting -, the proof of Theorem 1 is completed. ]

S.2.  PROOF OF THEOREM 2 AND LEMMA 1
We omit the superscript “(K)” of 7l nﬁY i h(K) , pffg and 7 in this section when no confusion
exits. The proof of Lemma 1 is similar to the proof of Theorem 2, with p, ;, j € Z replaced
by ?Lv. Before delineating the proof of Theorem 2, we state the following lemma which is a

preparation for the proof of Theorem 2.

Lemma S. 1. Let

Nyt Mt it

QORl S K1 Z Z Z Wn K Tk’z’j’ - Tkll)
kK'=1i= 1]’ 1

Nyt Meprir

ARy = —S¢ S Z Z > Z DO Wi (This — Wi o (Tea — OWs, (T — Tea),

k=1 1=1 j#l k'=1¢=1 j'=1
1
- (Yaij — 1(Thaj)) {Yk/z"j' — p(Thraryr) — §M,/(Tk:il>(Tk’i’j’ — Tkil)z} :

then

E(AR1/Qor,) = Op(Si} SichSks),
Var(AR/Qon,) = Oy (Si3 Sk Ska + Y suallobiind + Y swai i
k k

Y )+ S Y i)
k k

Proof. By easy calculation,

Nt Myt

EAél SK 1SK2 Z Z Z Z Z Z E{Wn Y Tk‘l] )Wﬁ%k/ (Tk:zl - t)

k=1 i=1 j#l kK'=14¢=1 j/'=1

Wi o (T = Trat) Yaig — 1(Thig)) Yirirgr — p1(Thoiry)) §

— SgiSks Z Z > B{Ws, (Taij — )Wa  (Teir = )Wa,, (Teir — Tea)

K My
k=1 i=1 j#l i'=1

- (Yaij = 11(Tkiz)) YVrigr — 1(Thig)) }

K
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Wi Tigr = Trir) Yrig — 11(Thig)) (Yeigr — M(Tkz’j'))}]
:Op (51;}131_(712SK73) )
and hence EAﬁl/QORl = Op(SI_{}lS;{}QSKjg). Note that

AR% :S;(?IS;(?Z Z Wkllljl Wklllll ( )Wkﬂli]i (Tklilll )Wk2i2j2 (S)Wk2izl2 (t)Wklgl’QJé (Tk2i212)
J1#l,ga#l2

1
" 2
* (Viyirjs — Mbyingy) {Yk'l ngn = Bk — Eluklilll(Tk'li'lj{ — Thyirny)
 (Viginis — Minings) S Yarit it — .._1” (T it it — Thinty)?
koinjo — HMhkgizjo Khihgh — Mkhibj) 2:uk2i2l2 Kkhibgh kaiala )

EAﬁ% is the summation of the following quantities:

(a) SK 15 E Z Wiyinis (8)Wiyinty (OWisit i1 (Thyinty ) Wainga (8)Whaigta () Wi j1 (Thoiaty )
(Y = ki YV = 10 (Y = Wkaiag (Y — 1)1,

(b) =— %Sf(?ls%?zE > Wiyini, () Weytis (O Wit 0 (Desistn) Wsings (8) Wikgiats () Wiyt iy (Lot

(Y = iy YV = 101 (Y = 1) kaiogo Wity (Tt iy, — Thoints)

(c) =— %SK,%SK,%E > Whyiniy ()Wt (OWit it (Teistn) Wsings (8) Waesiots () Wiyt iy (Thiats)
(Y = Wiy (Y = W kainga (Y — )i tieint, Tegir it — Thninn)?

(d) 2251?,215&2253 > Wiyini () Weytis (O Wit 0 (Teistn) Wsings (8) Wiksiats () Wigit iy (Thiats)
(Y = Wit V= Wkainio ity Ty gt = Thviatn) Hioyioty (Tigiy gy, — Thainta)”

which are computed as follows.

a. For (a), there are four cases according to the relationship between (ki,i1), (k2,i2),

(ky, %), (Kb, 1%) to make the quantity nonzero:
(B.1) Let AY = {(k,i1) = (ky, 1), (K2, i2) = (K3, i), (ki) # (Ko, d2), J1 # 1, 2 # I}

(al) :SI_(,QI SI_(,z2E Z Wk1i1j1 (S)Wklhll (t)Wklilljl (Tklilh )Wk2i2j2 (8)W/€2i212 (t)
At

) Wk2i2j§ (Tk2i2l2)(Y - /‘L>k1ilj1 (Y - M)k1i’1j1 (Y - :u)k2i2j2 (Y - :u)kzizjé

:S;(?l S;(,Q2 Z E {Wklilll (t)Wkliljl <S>Wk1i'1j1 (Tklilll ) (Y - :U’)kliljl (Y - l’l/)k‘lilljl }
At



-E {Wk2i2l2 (t)Wk2i2j2 (S)Wk2i2j§ (Tk2i2l2)<y - u)k2i2j2 (Y - :U')kzizjé}
—(EAR(s,1))>.

(B.2) Let A = {(k1,i1) = (ka,i2), (k1,3}) = (Kb, 45), (k1,i1) # (K1,40), 01 # L, je #
l27j1 %jé}a

(a.2) :S;(,ZIS;(,QQ Z E{Wk1i1j1 (S)Wi2j1k1 (s)(Y — :u)k1i1j1 (Y — M)i2j1/€1}
Ag

E Wklhh (t>Wl2j1k1 (t)Wk’lz’lji (Tk1ill1 )Wlé]ikll (leﬁkl)(y - M)k’lz’lji (Y - :U’)i’zjikg

=S1ASK2 > (s, )Vt ) F2(5) F1(E) + Op(pr2 + pu2)
Ag

=S58k %3 {7(5, )7t O F2 ()11 (1) + Oplpy2 + pu2) } -

(B.3) Let A3 = {(k1,i1) = (K3, i), (ka,d2) = (K1, 11), (k1,i1) # (Ko, d2), 51 # D, J2 # lo},

(a3> :S;(?IS;(,QQE [ Z Wkliljl (S>Wk1illl (t) szizji (Tklilll)
Ag

’ szizjz (8)Wk2i212 (t)Wklhjé (Tk2i212)
(Y = Whyins (V' = 1) kg (V' — 1) kginjo (Y — M)klm'g]

=(EAR,(s,1))

B.4) Let A = kl,il = kg,’ig = k/,?:/ = ]{7,,7:/ 7j1 # ll,jg 7é lg and omit the
4 11 2702
subscript ki,

(CL4) :SI_(?ISI_(,QQE{ Z Wj1 (S>VVI1 (t)WJi (ﬂ1)Wj2 (S)I/Vlz (t)vvjé (ﬂz)

4

Y = i (Y = @)y (Y = (Y = )y, b
It is the summation of the following sets,

Ay ={h =J2, 1 =5l = o, 1 # 1, o # b},
Afy = {r = Jo, g1 # Jo n # L, Jo # L} U g1 # Jo, J1 = Jon b = o, i # 11, o # 1o},

A$ 5 = {j1, J2, J1. J are not equal, jy # Iy, jo # lo}.
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Correspondingly, we define

Bua(s,t) = B{(Yi = u(Th))" (Y — p(T))|Th = 5, Ty = t},
Eya(s,t) = B{(Yi = u(T1))" (Ya — u(T2))) (Vs — w(Ty))| Ty = s, To = 1. Ty = t},
Eyu(s,t) =E{(W, 1)) (Y2 — u(T2)) (Vs — p(T3)) (Vi — p(Ty)) | Ty = s,

T2 :t,T3:S7T4:t}.

Then by easy calculation,

(@), =SS (fj Sk,gﬁu,iﬁ%i> ROV Eup (5. 01(5) (1),
@], = s;(is;(z{ (i sk,sﬁ;,,a> ROV B, 01(5) 1)

+ (ki Sk,ﬁ;}ﬁ;,;lf) R(W)2E2|4(t>S)fz(s)fQ(t)},
(@.4)]5y, = Sk SkcaSsBapa(s )17 () F1(1).

b. For (b) and (c), it is required that (kq,i1) = (kq,i9) = (K}, 7)), define
Eys(s, s,t) = B{(Y1 — w(Th)) (Yo — u(T2)) (Ys — pu(T3)) [Ty = 5, Ty = 5, Ts = t}.

By easy calculation,

(D) + () = SI}iS;(?Qa( VEo3(s, s,t) (Z 8137, k) )

c. For (d), we need (ki,i1) = (k2,12), then

(d) = 50X (W) ()Y (5, ) (5 (Z n)

From the above arguments,
Var AR, = EAR? — (EAR,)?
= 0y (S Sk + D seallhh 2+ D sl kil + D sl 4}
k k k

+ S[_(?Q Z 3k,4ﬁ3,k> :
k



Note that

K ng
Cov(Qorys AR) = =55 Sich (Z > miy(mu — 1)) Pu—1 R(W)y(s,) f(s) (1),

k=1 i=1

B(Qor) = F(0) + 50(0) " (D2 + 0 (02

Vor(@un) = (%) ROV + 0, (2.

By the delta method,

Aﬁl Var Aﬁl EAEl COV(C?OR1 s Aﬁél) EQAél Var QORl
Var = 2 +

Qor, | E*Qor, E3Qor, E*Qor,
— Oy (i3S Sk + D Shalabilyd + D swallhils + D Sk |
k k k
+ SI_<,22 Z Sk,4ﬁ;l,k> :
k
n

Now we give the proof of the asymptotic distribution of 7 in Theorem 2.

Proof. Denote

fl = Q2OQ02 - Q%la f2 = QlOQOQ - QOIQH; f3 = C2016220 - QIOQH-

Let 7 be the local linear estimate based on é,m-jl = (Yhij — ftkij)(Yei — fika) which can be

expressed as
5= J1iRoo — f2aRio — f3R01
f1Qoo — f2Q10 — f3Qo1

where for p,q = 0,1, 2,

K 2 Tk"—S P Tk‘l—t 1
0= S35 3 Wit - () (T
’y7

k=1 i=1 1<j#I<my; Nk

= E kapq,lm
k
K ng

1 Trij — s\’ [ Tea — t\? ~
Ryg=5Sh> Y Wi w (Tiij — $)Wi, o (T — 8) | —= — Chiji

k=1 i=1 1<jAl<my; Tk

= E Wk:qu,kr
k




Let

31 . = 1 f2(Ri0 — RooQ10/Quo)

’ Tk J1Q10 — f2Q%0/ Qoo — f3Q01Q10/ Qoo
32 P = 1 f3(Ro1 — RooQo1/Qoo)

’ Tk [1Qo1 — f2Q01Q10/ Qoo — [3Q3:/ Qoo
g* _ 1 fo(Riy — Rgo@10/Qoo)

b Tk J1Q10 — f2QT0/ Qoo — f3Q01Q10/ Qoo
Eékk _ 1 f3(Rg1 — RoQo1/Qoo)

ﬁ'y,k leOl - f2Q01Q10/Q00 - .][‘362(%1/62007

K Tk~—s P Tk'l—t 4
R, =8> > Y, Wm,k(TkiJ—S)Wm(Tku—t)( = ) < = )Cm‘jl»

k=1 i=1 1<j£I<my; Ny k&

K ng
qu = SI_(,IZ Z Z Z W%,k (Tkij - S>W777,k (Tkil Tkz]Tlgzl Z kapq k-

k=1 i=1 1<j£I<mp;

Then we can write

~ Ry ~ élo,k — 5Qoo = éol,k — tQoo
= — w - o_— - w . —7
ol Do zk: KBk o zk: k21 o
5 Roo_@'élo—SQoo_@.Gm—tho
Qoo Os Qoo ot Qoo ’
_. Ry 0y Gio—5Qo 07 Gu —tQoo

1
K ng 2
v —7% =0, |min (S;(?Q Z Z ?) ; (SKA/S?{,?)%

Now we derive the asymptotic distribution of 7. We first show that ¥ —5* = O,{(Ng) '}
(B.1) Calculate 7 — 7*.
From the definition of 7 and 7*, we have 7 — 7" = Ryg/Qoo. Note that

K ng
Roo =S5 Z Z Z Wi (8) Wit (t) Cra

k=1 i=1 j#l

K ng
IS;}}Q Z Z Z Wiij ($)What(8) { (Yeij — tiwis) Yeir — powir) + (Yeig — nig) (it — Forat)

k=1 i=1 j#l
+(pewis — Fowir) Yeir — owir) + (i — forig) (Bokir — forar) }
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K ng
“Rio+ Skh D> > Y Waai ()W (W) (Yaij — 1oaa) (bkia — i)

k=1 i=1 j#l

+ (:U’kij

Recall that in [S.I], we have

where

fi(t) =

'I‘

T’

then one can obtain
K ng
mZZZWm
k=1i=1 j#£l
K ng
=Sk 2D Whisls
k=11i=1 j#£
K ng
—SmZZZW’“J
k=11i=1 j£l
K ng

Ro Gy Gy
Qo Qo Q"
Nk M4
SN WM
k=1 i=1 j=1
NE Mg
D) NHC
k=1 =1 j=1
N Mg;

- ﬁkil)(qu - Nlcil)}-

o (R
(%

SKl Z Z Z Wn k Tkw )Tkz’j'

k=1 =1 j=1

Wit (8) Yris — tokig) (rit — ki)
IWhit(6) (Yiij — poniz) (kat — Fgir)

Wit () Yiij — fokij) {M(Tkil)—

=5k, 2Q0 1 Z Z Z sz] szl (Ykzg ,Ukz'j)

k=1i=1 j#l

: {Qo(Tkil)M(Tkil) -
K ng

=SiiSke@ ' DD D > > > Wi (Thij—9)

K My Myr

k=1i=1 j#£l k'=1i'=1 j/'=1

 (Yiij — (Thij )1 (Tit) — Yawarjr + Thrir o (Trar)

Wi, o (Tha —

Ry

Qo

Gi ,

"

7

— Thirpt' (Thit) }-

(Thir)

Ro(Trar) + G1(Tea) 1 (Trit) — TeaGo(Tea) 1 (Thar) }

OWi v

Take the Taylor expansion of ju(Tyi;) at pu(Tyj7) in the last bracket,

K ng

Sica D D> Wi () Wit (t) (Yiij — pkig) (bkit — Finir)

k=1 i=1 j#l

G
- TkuQ(O)M/(Tku)}
(Thwirjr — Thar)



Nk K My Myr

K
== SEhSKhQ0' YD D D> > Wi (Thij = 9)Wa, ,, (Tha — 1)
k=1 1=1

=1 j#l k'=1i'=1 j'=1

. Wﬁ;},,k/ (Tk’i’j’ — Tkll)(Yk’LJ — ,U,(Tkm)){yk/l/]/ — ,U(Tk’i’j’)"”

1
(W (Thir) — 1 (Thrirjr)) (T iy — Theat) + §M”(Tkil)(Tk’i’j’ - Tkiz)Q}-
Then take the Taylor expansion of p/(Tyj) at p/(Tyy) in the last bracket,

K ng
Sich > > Wiig(s)Wia(8) Yoy — pawag) (ira — Firat)
=1 i=1 j2l

Nyt Mgt it

SK ISK 2Q0 Z Z Z Z Z Z WW», 1% Tkw )Wﬁ%k/ (Tkil - t)

k=1 i=1 j#l k'=14=1 j'=1

1
L e T O M(Tkij)){yk%’j' = ilThewyr) = G (Tha) (T — Tkil)Q}'

Denote

K ng K ngr My

D20 Wi o (T — )W, (Tea — 1)

D 1
AR; = —SKISKQ
k=11=1 j#l k'=1¢=1 j/'=1

)

1
Wi o iy = Thit) (Yiij — #(Thig) {Yk’i’j’ — (Thrirjr) — §M//<Tkil)(Tk’z”j’ - Tkil)2} :

K Nk K Nyt Myt it

ARy ==SihSx2d D> > > > Wi (T = Wi, o (Tha 1)

k=11i=1 j#l k'=1¢=1 j/'=1

1
Wi o Drirgr — Thij) Yeir — (Tt ) {Yk’z"j’ — 1(Thrivjr) — §M//(Tkzj)(Tk'i'j’ - Tkij)z} ,
Qort =Qo(Tki), Qorz2 = Qo(Tkij)-

It can be written as -
ARy ARQ

QORl QORQ

The last terms in the right hand side are of the same order. By Lemma S[I] we have

E(AR1/Qor,) = Op(SihSxhSka),
Var(AR1/Qon,) = Op(SiASEA{Ska(l + Sihpu 1) + Skapy, 17,2
+ S4pu,—1Py,—1 + Sspy,—1 + 56} + Sf(?254 (Pu,2)2 )
Hence
7 =7 =0y (S Sih {51+ Sihpu 1) + Skcapu 104,
o Skapp 1P + S5y 1 + S5}t + SihST (ps) )
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(B.2) Asymptotic distribution of 7*.

Define

B Qoo Os Qoo ot Qoo

The asymptotic normality of 7* is accomplished by the asymptotic joint normality of

(RSO — ERSO? é()() — Eégo, élo — Eélo, é()l - Eéol)- Speciﬁcally, let

~* Rg, oy élo —5Qu Oy 601 — tQoo

Ei(s,t) = E{(Yi — u(T1))*(Ya — p(T)’|T; = 5, Ty = t},
Ea(s,t) = B{(Yi — pu(T0))2(Ya — p(T2))(Ys — p(To)ITs = s, T3 = £, Ty = t}.

By easy calculation, we have
BGy, =519/ (s) (1) + 50(W) {11 f"(s) (1) + 19 () ()} - 7B
4 50(W) {20/ (5)1(0) + 201 (5)} - 72 + o (i)

ERjy =150/ (511(0)+ (Wi { 5260610

2
25 (5.0 (5)0) + (5,0 ()10 + S (5,0 1015
12560 OF6) 250709} +0, ()

Var(Rgy) ={1+I(s = )} |[R(W)*Ei(s, ) f (s) f() S an7?

V(. 02 () L2055 + 0 (S ?)

K
+ 0, (S;(?Q Z g) + 0, (51}72254) ,

=1 ok

COV(épqa ép’q’) ={1+1I(s= t)}5p+p/tq+q/ R(W)2f<3)f(t)51_<,2zﬁ

+ ROV{S2 () (1) + ()P (D}S:5 ) ?—3]

k=1 "k

K
o~ _ Sk,3
+ 0p (SK,Q2777_2> +0p <SK,22 Z = ) )

k=1 Tk

Cov(Gg, Rig) ={1+ I(s = t)}s"t7 | ROW)>y(s, 1) f(s) f(t) San; 2
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+RWWW&ﬂU%$ﬂﬂ+ﬂ@ﬁ@ﬂ&é§:ﬁﬁ]

=1 1k
K s
_9—3 _ k,3
+0p (SK,Q2777_2> +0p (SK,QQ Z ~_> :

j—1 'k

From the delta method, 7(¢) follows the asymptotic normality that

172 [ 4y - s o Oy Z) L
n*%@wﬂw me@¢m+wao«ﬂ@-emmx
where

L Vi(s,t)
Do ={1+I(s=1)}< S n2RW)?—2~
=t 1t =0y { SRV
K
_ Va(t,s) + f(t)Va(s, t)
1523 S8 gy L9V + Va(s,£)S4/S2% .
<225 TG o(o8150/ S
The proof is completed combining the above arguments. [ ]

S.3.  PROOF OF THEOREM 3

We mention that Theorem 3 and Theorem 4 can be extended to the standard d-dimensional
local linear regression. To see this, we introduce the following notations and assumptions.
Notations and assumptions for d-dimensional local linear regression. The un-
derlying model is Y = m(X) + ¢ where X € RY Ee = 0 and Vare = ¢%(X). Suppose
we observe {(Yii, X : @ = 1,...,n%)} in the kth block and Ny = Zszl ng, 1.e., we use
nyk to denote the sub-sample size of the Kth data block and Ni = 215:1 ny to denote the
full sample size up to time K, which correspond to Sk 1, Sk in (6) for mean estimation
and sg 2, Sk for covariance estimation, respectively. We impose the following assumptions

which are in parallel to (A.1)—(A.3) and (A.6).

(B.1) Observations {Xy; :i =1,...,n5,k=1,..., K} are i.i.d. copies of a random variable
X defined on [0, 1]¢ whose density f(-) is bounded away from 0 with bounded second

derivative.

(B.2) The second and fourth derivatives of regression function m(x) are bounded and con-

tinuous.
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(B.3) Noises eg; are i.i.d. with mean 0 and variance ().

(B.4) The block size Kny/Ng —1as K — oo for k=1,2,..., K.

The optimal bandwidth at time K is bl < N ;1/ 9 The candidate sequence is {nl(K)}lel
and the pseudo-bandwidths are {%K) ck=1,...,K}for j =1,...,d. The centroids for the
candidate sequence are {gbZ(K) :i=1,...,L}. Further define

K i

=3 ;—Z (ﬁ(kK)) .

k=1
We also mention that the mean and covariance estimates corresponds the cases d = 1 and
d = 2, respectively.

When estimating p, all observations are pooled together and the index of subjects become

invalid, which is intrinsically one-dimensional local linear regression. Hence one can derive
the following result for standard d-dimensional local linear regression by the same arguments

in Theorem 1.

Lemma S. 2. Suppose assumptions (B.1)—(B.3) and (A.8)-(A.9) hold. If
- 1
R (NK4+d) . j=1,....d, (S.3)

then a fized interior point x € (0,1)?, as K — oo, the online estimate mX)(z) satisfies

d R(W)%%x))
AN (o, B2
(555

We prove in Section that (S.3) is satisfied by the proposed online method.
Denote X = {Xj; € RT 1k =1,... Kyi=1,...,n.}, 0 = [{30, 9*m(x)/023} f(x)da

and v = [} R(W)%0?(x)dz. Similarly, we adopt another online local cubic and online

1 d
[N/} | @) = m(a) — Sa(W) {Z m;’<x>} P2+ 0y (p2)
j=1

local linear to estimate # and v, which are denoted as 0U) and 7K ), respectively. Then the

optimal bandwidth and the online estimated bandwidth for m(-) are

1 " N(K) 4id 1
(K) _ v\ yTma 0o v ~Tra
RE) = (a2( )9) N7 p) = TS N (S.4)

The candidate sequence for § and v are {77(3,[1()}2]:1 and {771(,,11{)}21:1a respectively, and the pseudo-
bandwidths are {%{,? tk=1,...,K} and {ﬁffz) :k=1,...,K}. Then we have the following

conclusion.
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Lemma S. 3. Suppose assumptions (B.1)—(B.4) and (A.8)-(A.9) hold. When the online

bandwidths and candidate sequence for 6 and v are

h = GNMOD = RN 1 < GUR < o,
K K K K K K
776(),J)<"'<77é’,1):hé )a WIE,J)<"'<77£,1):h£ ),

then as K — oo, h'&) in (S.4) satisfies

7 K
Mm—hﬁnzo N
h)(kK) p K :

Proof. Using the same technique in the proof [S.I, we can derive that

E{(07) — 0)* | X} = (Aipos + AQNEIPQ,—z;—d)Q + AN py,—s—d

_ 2 _
+ Op <{p9,2 + NK1,00,747d} + NK2p9,*8*d> R
where A;, Ay, A3 are the same constants as in [Wand and Jones| (1994)), and
| X
Po,i = N_K an(n&k’)la t= 27 _57 —9.
k=1
By similar argument as , the online estimates #(%) satisfies
9 — ¢ 11
— =0, |14+=+—= ],
0K — ¢ ”( +J+J2)
ie., euO — g = O, (N [;2/ (d+6)), where J is the length of the candidate bandwidth sequence
for estimating 6. Substituting the expression of %) and b in (S.4), we obtain

R _p <9 )m(w-y) 1 g —g
: .

BT d+ 4\ g v ) d+4 0

When Al = N[_(l/5, o%(z) — o*(z) = Op(NIQZ/s) and then v — v = Op(Ng2/5), and hence

the convergence rate of 1) is dominated by o) — . |

The online estimate A attains the same convergence rate as the batch estimate B,
Similarly, in functional data analysis, one can prove that %K)—QM = Op(S’;{’l/ 7) and %K)—HW =
Op(S;{}Q/ 4), and the convergence rate of ELK) and E(WK) are dominated by %K) -6, and §§K’ —0,
respectively, in the four cases listed in Appendix B. Specifically, when estimating p based on

sparse data, from [Fan and Yao, (1998), when hi") = OP(SI_(}l/E’), TE(t) —r(t) = O,,(SI_(?I/5)
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and then IZ(LK) -V = Op(S[_{?l/ 5). For 7, one can prove that the convergence rate of D'SK) is

dominated by Ex®(s)®(t) in step 3 of case (b) in Appendix B which equals Op(S;(}Q/ %). For
dense data, we need only check the order of o%. From |Zhang and Chen| (2007), €kij — Ekij

—2/25

in step 2 of (c) in Appendix B is of order (Sk 1) , recall that £7;; is a debiased version of

£ and 0% is the average of £2, ., then 0% — 02 = O S12/%) n all the cases, estimates of
J K kij K P\~MK,1

0 are dominates those of v, which completes the proof of Theorem 3.

S.4.  PROOF OF THEOREM 4

Note that the asymptotic distributions of ;1 and 5 have the consistent form with the stan-
dard d-dimensional local linear regression, i.e., the bias is of O,(h?) and the variance is of
O,(N=1h=4), where d = 1 for mean estimation and d = 2 for covariance estimation. The
lower bound of the relative efficiency also holds for the standard d-dimensional local linear
regression. We adopt the notations of the d-dimensional local linear in the proof for notation

conciseness.

Proof. Recall that ) = 77§K) >0 > n(LK)

g(DRE) where g(1) < g(1) =1,1=1,..., L. Note that h(5) — h(K) = op(N;/(dM)) and the

, without loss of generality, we assume nl(K) =

candidate bandwidth sequence satisfies

~(K) -
o Ny\ #2
=— =g(l) | — + 0p(1).
h(K) 9() (NK) (1)

Write g(1) = {g(1)*/*}* and note that N; /Ny grows linearly with respect to k, then \ shall
be 1/(d + 2) and the optimal g(I)'/* shall be linear between (0, 1). Hence, the optimal 7 is
as in (19).

Next we derive the asymptotic lower bound for the relative efficiency of our local linear

estimator. Writing A% = h&K){l + Op(N[f/ (d+6))}, one can derive

9 2 -1
g Ko ~(K) 4 K ~(K) _ 2
~\—1 k T’k "l T]k 6d
R TR D Ih vl Crel B IR e Db ol 75 +op< K
(S.5)

As shown in Figure 1, when K tends large, there exists a breakpoint Ky: when k& < Ky, m;
equals the last candidate (1/L)Y @9, for the limit number of candidates and for k > Ko,
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there are sufficient and close candidates to make a choice. Hence

1 rs
~(K) L‘ﬁ-(fv\’—;> d+4+0p <Nk ‘”’*d), k< K,
k
= - = 1 T
h(K) {1—|—<Jj\\;—;—%>}d+4+0p(Nk6+d)7 k> Ko,

where [, = argmin, ;. |[Ny/Ng —/L|. Then when k < K,

Ko ~(K)\ ? -2 )
( ) —d+4-Ldi4(%) d+4+0p<Nk_6+d>,

Zﬂ Me ) 472
pt Ng \ hx) d+2 Nk

—d
i Nk %K) B d+4 L#ﬁ Nk, 1+ﬁ+0 N_ﬁ
k=1 Nk \ hE) S 2d+4 Ng PACH '

K ~(K) \ 2 )
o (B 1Mo, ()

o VK h(K) Ny

K —1

s () N (s
N \ px) Ny PATK ‘

The property of breakpoint K also guarantees that

- hY > B\
L k=1 Nico
which is equivalent to
Ko 5 k) 5 (k) 1K
h® /b by 1 7 ~2 (N
e ot - (—) > L+ O,V (—’“
L —1 NKO NK

1
1\ @
(E> 2 Ny b /R p{F

k=1
and under Assumption (A.5), we obtain

Nk, _ (d+4\""1 _z
< — 4+ 0, [ N ).
Ng _(d+3) A

Denote p = Nk, /Nk, one can derive from ([S.5)) that

_2
6+d

SO d d+4 2 2 2
A =g ey L )
4 d+4 _
+d+4{2d+4'Ldi“pl+di“+1—p}+0p (NK
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Note that (S.6) is strictly increasing with respect to p € |0, {(d +4)/(d + 3)}*** /L|. Hence

we have
— 20d+4C2 _ d _
P<1+ —— 21y —3L7?
efJ(m) =1+ d+ 4 It
where
Ayt (d+d S C R e £ R A S
YT d+3)2(d+2) \d+3) 7T (d+3)2+4(2d+4) \d+3)

This completes the proof of Theorem 4.
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