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1. Additional Simulation

It is of interest to inspect the performance of recovering new observations that are inde-
pendent of the sample used for calculating the Stein weights. Since blocking and soft-
thresholding methods are not applicable in this context, we compare only to the ora-
cle strategy cross two settings in which new data {6} };<,, of moderate/large sizes with
n = 100, 1000 and m = 500, 5000 are independently generated in each of 1000 Monte Carlo
runs, results shown in Table S1 The first setting draws new 8] from the same GSM (25) with
Ao = 20k~ 2ot | =1, ... m, which attains comparable recovery errors to the in-sample
results in Table 1 in the paper. The second setting is designed to violate the distributional

assumption such that 67, ~ U( — /2 log(mn), /2\k log(mn)) are independent across

k=1,...,m with A\, = 20k~ 2+t1)_ The increased recovery errors are seen to be bounded
within a factor log(mn) of those from the corresponding Gaussian experiments, supporting
the finding in Theorem 4 in the paper.

2. Useful Auxiliary Results

The following Results 1-5 are collected from various references, which are used repeatedly
in the proofs of the main lemmas, theorems and propositions. Result 1 below follows from
a union bound and the probability assessments of standard normal random variables.

RESULT 1. Suppose that z1,...,zn are N(0,1) but not necessarily independent. Then
for N >2 and v > /2,

p {i_r{1§¥N il > vaogm”z} < NP (s1)

Results 2 and 3 are borrowed from Freedman (1999). The first provides integral approxi-
mations and the second gives a concentration for bounding individual and maximal risks.
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Table S1. Average and maximal ¢2 errors (x10%) over n recov-
eries of new observations {0; };<, independently drawn from
Gaussian and uniform distributions, respectively, when the de-
cay parameter « = 2/3, the sampling rate m = 500, 5000
and the descending decay sequence Ay = 2ok~ 22V | =
1,,...,m. In the distribution-violated scenario with the uniform
distribution, it is notable that, when scaled down by a factor of
log(mn), the errors are bounded by those from the correspond-
ing Gaussian experiments.
Gaussian, 0;, ~ N(0, Ag)

n = 100 n = 1000
Avg Max Avg Max
Oracle 6] 436  7.45 436 8.60
m=500 0. (c?) 6.49 11.5 498 9.62
0% (62,) 593 103 503 9.74
Oracle 8, 1.19  1.66 1.19  1.83
m=5000 0. (c?) 1.86  2.69 1.39  2.10
0. (62.,) 162 2.28 139 2.11

Uniform, 6, ~ U( — /2Xi log(mn), /2Xk log(mn))

n = 100 n = 1000
Avg Max Avg Max
Oracle 0, 162  22.1 19.0 279
m=500 0. (02 30.3  56.5 304 447
0. (62,) 345 488 311 459
Oracle 8, 517 6.23 596  7.52
m=5000 8" (o2 137 174 101 129

0. (52.,) 1.2 139 101 13.0
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RESULT 2. Let 1 < a,b < o0 and 0 < ¢ < oo. Suppose that ab > ¢+ 1 and v, — oco.

Take s, x k%, t < k¢ and let g, = ”yZ—(HC)/a. Then for any integer q, it follows that
oo oo
tr k¢ & u®
li — =i —_— = —d
o ) T T e 2 Ty |
and ;
k —b+c/a
max —————— X .
E O s

RESULT 3. Suppose that z; gt N(0,1) and § > 0 satisfies 6||c||/||c||3 < 1 for any

c=(c1,c2,...) €L Define V=737 ci(22 — 1), then

P(|V|>8) < 2exp (—6%/12||¢|[3) .

Further, if V; i V., for & satisfying d||c||1|c||/llcl|3 < 1,

P(max [Vi| > dllelr) < 2exp (][el 36%/12]lcl3 + logn)

Result 4 relates the expectation of a random variable to its expectation taken over a
subset. The proof is a simple application of Cauchy-Schwarz inequality, thus is omitted.

RESULT 4. Suppose g is squared integrable and f is bounded by B on a set As. Then
we have that
|Efg — Efglag| < BPY?(4s)(Eg?)'/2.

The following provides a general result on lower and upper bounds for the “ideal” risk of
any block B C {1,...,m}. The upper bound follows from Jeson’s inequality and the lower
bound is achieved by conditioning and the facts that EX ! > (EX)~! for positive random
variable X and Eg(x2) = nE{g(x?,4)/X5+2} for Chi-square random variables. The proof
is omitted for brevity.

RESULT 5. For any block B (including singleton), denote the “ideal” block risk by R(B) =
E{(|05l53]Bl/m)/(|05]13 + B|/m)}, then

[[ABl[1]Bl/m
2/[ABllse + [[A5ll1 + Bl /m —

A L[Bl/m
R(B) L 57—
B = sl +181/m
3. Relation to Weak ¢,, Spaces

The following result allows us to establish upper bounds on weak £, norms in terms of
simpler maxima of independent variables.

RESULT 6. Suppose that z,y € R™ satisfy ©1 > x2 > - > xp, >0 and 0 < yp < ys <
- < ypn. Then for any permutation o : [n] — [n], it holds that

max r;y; < maxxy(;)\Yi-
ion iYi = ion o(i)Yi
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PROOF. Given that any permutation may be written as a composition of disjoint cycles,
it suffices to show that the maximum value of Tq(i)¥: dominates the maximum value of x;y;
on any cycle. Now a cycle of o of length r is a collection of points i1,...,14, satisfying
o(ij) =441 for j=1,...,r —1 and o(i,) = i1. Now let S = {i1,...,4,} and note that S
has minimum and maximum elements, say m, M. Further, set

D={(,j)eS:o(i)=j<i}

and observe that we must have (i,m), (M, j) € D for some i,j € S. This seems obvious,
but suppose not. Then there is no j € S for which o(M) = j < M, contradicting that S
is a cycle of ¢ as we may not cycle back from M. Similarly, there is no ¢ € S for which
o(i) = m < i, again contradicting that S is a cycle of o as we may not cycle back to m.
Nevertheless, this doesn’t come nearly as cleanly as above.

Now notice that since x is decreasing while y is increasing, for any (i,j) € D we have
that

To(i)Yi > MAX{ LY, Tjg1Y 41, - Tilfi )

Now we just need to show that D ‘covers’ {m,m+1,..., M} to get that

max,;\y; > max T;Y;.
ies U(l)yz_mSiSM iYi

But this is trivial, as we must return from M to m in order for the cycle property to be
maintained. Thus there must be a sequence (ix,ji;) € D, k = 1,..., K satisfying i1 = M,
Jjx =m and jgy1 > i, for k=1,..., K — 1. If this were not the case, we would not be able
to cycle back from some value. This in turn shows that each disjoint cycle of a permutation
increases the maximum and establishes the result. O

Next result establishes a precise connection of the decaying condition to the weak £,
spaces. Our model is §; ~ N (0, \;) with Ajy < 7~V for j € [m] and A; < j~@FD for
J >m. Thus there is some permutation o : [m] — [m] so that A(j) = A\(;) for j € [m], and
we find that

RESULT 7. Let o : [m] — [m] be the permutation taking \jy = N\,(;) for j € [m]. Then
for v >1/2 (relaxable) we have that
Dolw 00| R
max ————— < max —————— ~ max ————,
i<m \/log(1+4) — i<m /log(141i) i<m y/log(1+ 1)
with z; "k N(0,1). Consequently we find that for v < a+ 1/2 we have
sup _ e P
ieN y/log(1 + 1)

and so the random element 8 lies just outside of the weak £, space v = a+1/2 and in every
one for vy < a+1/2.

PROOF. The first claim follows as an application of the previous theorem combined
with the fact that y;(v) = i7/+/(log(1 +1)) is positive and increasing for v > 1/2 while, by
definition, |9|(1) > |9|(2) > 2> |9|(m) > 0.
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Now, from the first fact, we have that
\1/2
710 RN
SUp ———= < SUp ————.
ieN /log(1+1i) — ien y/log(l + 1)
The final claim of the theorem is now standard. See e.g. result of Durrett p 63 ex 2.3.13:

For X1, Xy, ... independent, sup,, X,, < oo a.s. if and only if ) P(X,, > A) < oo for some
A O

4. Proofs of Main Lemmas

We provide the proofs of Lemma 1-3 presented in the paper.
PROOF OF LEMMA 1. Denote P;(-) = P(:|0;) and E; = E(:|0,), let

A s ={IIYI]? < (1= &)n(h +1/m)}
Al s ={IIYkI? > 1+ 6)n(h +1/m)}.

Since Y, is Gaussian with independent elements, for any s > 0,

Pi(Als) < exp{=s(1+0)n(\ +1/m)}E;exp(s|[Yx|*)
= exp{—s(1+0)n(A\y+1/m)}
x exp(s07,,)(1 — 2s/m)/2{1 — 2s(\ + 1/m)}~ "~ D/2
exp{—s(1+d)n(A\x +1/m)}
x exp(st; ;){1 — 2s(\, + 1/m)} /2.

IN

On choosing s to satisfy § = 2(1 4 0)(A\x +1/m)s and s < §/2);, we find
P(Af 5) < exp(0671./20){(1 + 8) exp(—6)} /2.
Taylor approximation to log(1 + §) gives {(1 4 &) exp(—0)}"/? < exp(—nd?/6),
Pi(Af ;) < exp(8671,/2\k) exp(—nd?/6).
Similarly, we calculate that
Pi(A; ;) < exp{s(l—8)n(A\, + 1/m)}E;exp(—s||Yi|*)

exp{s(1 —)n(\x +1/m)}H1+ 2s(\p + 1/m)}*(n71)/2

<
< (=071 =) exp(9)}"?,

by choosing s to satisfy § = 2(1 — 6)(A\x + 1/m)s. Since § € (0,1/2), (1 —§)~1/2 <
V2, while Taylor approximation to log(1 — §) gives {(1 — ) exp(8§)}"/? < exp(—nd?/4) <
exp(867 . /2\k) exp(—nd?/6). Combining P;(A; ;) and P;(A{5) gives the first result and
application of a union bound gives the second. 1 7 O

To present the proofs for results on equivalence for fixed and random design we need to
setup some background and notations on piecewise constant approximations. For a given
integer k, let I ; = [j/k,(j +1)/k) for j = 0,...,k — 2 and I -1 = [1 — 1/k,1] so that
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the Iy ; form a partition of [0, 1] with the measure of each interval, |Ij ;|, constant at k1.
Let ¢y, ; = k/?1;, ; so that for a given k these functions form an orthonormal basis for the
subspace Sy of L?[0, 1] consisting of functions constant on each of the Iy ;. Any f € L?[0,1]
has a projection P f onto Sy given by

k—1

Pef = Ok ok,

Jj=0

where k20, = kY2 (f, ¢n;) = ||~ flk _f is the average of f over I ;. Thus Py f has
the interpretation of using the average of f ‘on each T, k,; to represent f on that interval and
intuition suggests that for a given k this approximation improves as f becomes smoother.
Further, for any J € N we may expand f in the Haar wavelet expansion

21
f=Puf+d (Punrf —Puf)=Puf+> Y w;(f)H,
>J 1>J j=0

where the H; ; = 2-1/2 (@141 95 — i1 9541) form the orthonormal Haar wavelet basis and
wy ;i (f) = (f, Hyj). Setting wo,o(f) = (f, ¢1.0) = fol f, these representations lead to a useful
scale of norms which can be used to characterize equivalence for both fixed and random
design. For a given o > 1/2 we define the scale of norms

1/2

00 2k_1
1f 1l =4 D22 > wi i (f) ;
k=0 1=0

which are closely related to a specific instance of Besov norms and are easily seen to provide
a generalization of various types of smoothness, e.g. Holder continuity, Sobolev smoothness,
in that the norms charachterizing these types of smoothness, for a given o > 1/2, may be
seen to bound the corresponding ||f||(4) norm.

PROOF OF LEMMA 2. From Theorem 2 of Brown et al. (2002) we have the bound

ARy, Win)) <2 sup Dy (f)
fE€EOM

where
92J+1

3
D (f) < §||f - P2Jf||%1/2) +
Given the assumption that for o > 1/2, ||f||%a) < B2, we calculate that

2l—1

I1f - P2Jf||%1/2) = ZQZ Z wlz,_](f) < 27J(2a71)B12n-

1>J  j=0

This gives

22,]
Dm(f) < 2B72n {2J(2o¢1) + _}
m
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and choosing a sequence J = J(m) to satisfy 27 m!/(2e+1) balances terms and yields the
bound for A(R,,, W,,)).

In ReiB (2008) a bound on Le Cam’s distance between fixed design and the white noise
model is derived which relies on the distance

m—1

If = Imfll3 where Tpf =" f((j+1)/m)iy, .

J=0

Here J,, f is a projection onto a design dependent interpolation space.

In what follows, we choose a sequence J = J(m) to satisfy m/2 < 27 < m. First notice
that if |z —y| < 277 lie in the same dyadic interval at scale J, i.e. z,y € [k277, (k+1)277)
for some k = 0,...,27 — 1 then we have that P,s f(x) = Py f(y) and so

2k 1

F@) =) =D > weilf)(Hea(x) — Hei()),

k>J 1=0

since || f[|(a) < 0o for @ > 1/2 guarantees that the wavelet representation converges uni-
formly. At each scale k, for each = € [0, 1], Hj;(x) is non-zero for only one index [ = lj(x).
Further, noting that || Hy || < 2%/? gives the bound

1F(@) = FW) <) 252wk @) ()] + Wi, () (F)])-

k>J

Applying Cauchy-Schwarz to the summand, we calculate that

lf(z) = fly)] < V2 Z Qk/Q(U’i,lk(m)(f) + wi,lk(y)(f))1/2
k>J
= V2) 2 TYIRRR (R o () F Wiy ) ()Y
k>J
1/2
< Vaarlenl/d Z 22‘”“(wi,zk<z>(f) + Wi 1 () ()

1>J

Now the condition m/2 < 27 < m guarantees that at most one dyadic k27 lies in any
interval [i/m, (i +1)/m]. Let I}, denote the set of indices [ =0,..., 2% — 1 so that [27% €
[i/m, (i+1)/m]. Then, by splitting the bound above where needed, for all x in this interval
we arrive at the bound

(f(z) = f((i+1)/m))> < 4.27CamDI N "a20k N ™02 1 (f).

k>J Ly,
This gives
(i+1)/m 4.9 (2a=1)J
[ U@ s ympe < TR Sk S ()
i/m k>J ler,

IN

8. 220¢ . m—2a Z 22(119 Z w%,l(f)

1>J leny,
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Noting that U?;Bll,?fi ={0,...,2F — 1} and summing these integral bounds gives
2k 1
1f = ImfI3 < Com=20 Y 2208 S g () S m ™2 f][F)-
E>J 1=0

From this the bounds of Reifl (2008) yield

AFm, W) S ml/2e s Ifll) < m~(e-D/2g,
p e m

and noting that for @ > 1/2, 2+ 1 > 2 and it is assumed that we take 1 < B, — oo
concludes proof of the theorem. O

Proor oF LEMMA 3. We calculate that

w(f) = 292 ( / f(a)da — / f(y)dy>

g1 +3k/2 / / (f(2) — F(y))dedy

21+3k/2/1 /[ (f(I) - f(y))11k+1,21 (I)11k+1,2l+1 (y)dxdy.

Now if f has a generalized derivative, we may write

f@) - 1w = [ " f(s)ds.

Then Cauchy-Schwarz gives that

y 2
wl%,l(f) < 2" fl(s)ds 11k+1,21 (I)11k+1,21+1 (y)da:dy,
I, I
ko S Ik B

Another application of Cauchy-Schwarz leads to the bound

Wi (f) < 2" /

I

|f/(s)|2d/8‘/l /I (y - $)11k+1,2z (x)1]k+l,2l+1 (y)d:cdy,
RSN

which gives

w?, (f) < 272 / I (5)|2ds.

It

From this, we find that at each scale k,

2k 1

> wi () <272 £113
=0

which, for a € [1/2,1) leads to the bound || f||?,) < 22(1=2) || /113 /(22(*=®) —1) and concludes
the proof of the lemma. O
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5. Proofs of Main Theorems and Propositions

In this section, we present the proofs of Theorem 1-7 and Preposition 1-3 presented in the
paper.

PROOF OF THEOREM 1. For notational convenience, we replace 1/m with 72, and
suppress the superscript in Gﬁf when no confusion arises. We first establish the inequality
in the case of \;, > d72. Write

Oire = Q1 Yik =

Ak
Y; nmk — v~ | Yik-
k—i—(a & )\k+7_2) k

_ "k
A+ 72
Using Y = Oix + 72 with zi ~ N(0,1) allows us to write A\pYix/( Ak + 72) — Oi, =
(/\kTZik — 7'291'1@)/()\1@ + 7'2), then

A 2
Ei(Oi — 0ir)* = R, (k)+E; (anm,k - 7k) Y7

A + 72
I
/\kTZik — Tzeik )\k
2B (S ) (@wmp — 5 ) Yir -
+ ( Mg + 72 Qnm.k A + 72 k

11
We proceed by bounding the terms I and I1. For ¢ € (0,1/2), on the event AJ"°, the norm
|| Vx| satisfies the bounds (1 — 8)n(A, + 72) < [|Yig||* < (14 §)n(Ag + 72) and
hy? - 30 72 B 512
e +72| T 1=\ +72 6/\k+7'27

where C5 = 3/(1 — §). Since both ay, x and A\,/(Ax + 72) lie in the interval (0,1), this
quantity is always bounded by 2. The fact 72/(\x + 72) < 1 gives

Opm,k —

Ak 2 2 22 2 92k+T2
Ei [ nmp — —F ) V214 < 2 i
<O‘ ok /\k+72) REAG = MO T AN T2
< O35 max(1,02, /).

Further, Y;i < 8(0% + 7424 gives (E;Y,1)/2 < {8(0%, + 374)}1/2 < V/24(62, + 72), while
writing 02, + 72 = (0%, /\p)A\x + 72 yields 02, + 72 < (A + 72) max(1,6% /). In the range
under consideration, 672 = min(\, 72), thus an application of Lemma 4 leads to

I < max (1,605, /\) {056 min (g, 67%) + \/ﬂPi/z(Af;”)()\k + 7'2)} .

It remains to bound the term I1. We begin by writing (A\x7zix — 720i%)Yie = ATz —
7201 ) (031, +72i1;) and expand to have (A, 72k —7201) Yir, = M 7223, — 7202+ (N7 —7%) 211,01

Hence
i NeT222 — 7202 + (AT — 73) 2ik Oi,
Ak + 72 \p + 72 :
Pass the expectation through and bound this quantity term by term. For the first term,
noting that E;jz?1am < E;z? =1,
)\k )\kTQZ-Q 5)\kT4 5/\k72
m < Cj < Cs .
Ak + 72 (Mg +72)2 A + 72

11 =E; (anm’k —

Ei (anm,k -
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Similarly, for the second term,

2602, Ak 502,74 02 SApT?
- kB e — ———— ) 1am < Cs—— < Oy [ =& )
A + 72 (a ok )\k+7’2> Ay = 5()\k+7’2)2_ 5()\k>/\k+7'2

Finally we write

/\k )\k
E; (Oénm,k - m) ZiklA:sn =E; (o‘nm,k - m) Zik(Ls,,<0 + 12,,50) 1 45,
and use the fact that E;z;; 1., >01ap and —E;2i; 1., <014y are both bounded by E;z;1.,, >0 =
(2m)~1/2 while 2(27)~1/2 < 1 to arrive at
572

Ak
E; (anm,k - m) Ziklap < Cém-

By analogous argument, we can reach a lower bound of —3572/(\x + 72). Noting the
fact, if a,b are arbitrary numbers with [b] < B and ¢ and d are positive numbers, then
la-b-(c—d)| = |a|-|b|- {max(c,d) —min(c,d)} < |a|- B-max(c,d). Using this, we find that
(A7 —7°) 0k M 8105 |7® max (A, 72)
Ak + 72 A + 72 (A +72)2

E; (Oénm,k — > ziglam < Cs

For any « € (0,2), since ab < (a? + b?)/2, we have

1—a/2 5a/2|9ik|72 2—a,_2 a 91'2k7-4 2—a, 2 a 9121@ AeT?
25 /ngé T+6 mgé T+6 <)\—k>)\k+7_2.
We observe that (A\p7zi, — 720;)? < 2(A37222 +710%) and Y7 < 2(7222, +6%,). Then ex-
panding (A\,72ix —720;1)2Y;2 and noting that E;z}, = 3, we arrive at the bound E;(\x72ix —
720,)2Y3 < 120272 + 7402) (72 + 0%) < 120,73 {max(1, 0% /\,)(Ax + 72)}2, which gives
the bound
E. ()\kTZii — 7'26‘1‘1C
! AL+ 72
Applying Theorem 1 yields

2
> Y7 < 12{max(1, 0%/ )\ + 72)}2

A2
AL+ 72

2IT < max (1,05,/\) {05(45 +0%)

+Cp07r% 4+ 4VI2P 2 (AP (i + 72)}

For § € (0,1/2), \ed72/(Ax + 72) < A\072 /(Mg + 672) < min(\, 672), while in the range
under consideration, §72 = min(\x, d7%). Taking o = 1 and using that min(\x, 72) < 72,
this reduces to

21T < max (1,02 /)\r) {605 min(\g, 072) + 4VI2P Y2 (A2 (Mg + 72)} .
Combining bounds for terms I and I gives the bound
Ei(éz‘k — Hik)Q < R;’k,m(k) + max (1, 91'219/)%) {C(/; min()\k, 67‘2)

+CP (A M+ 7). }
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where C§ = (6 + 0)Cs and C = (v/24 + 41/12), which provides the bound in (15) for the
case of A\, > 672

For the case of A\, < 672, min(\y, 672) = A\g, we have O,k = 0 on the event AY" which
implies that B; (0, — Gik)zlAgn < 62.. We also have E; (0, — 0;,)* < 4E; (02, + 7222)? <
24(0%, + 1), together with Lemma 4,

Ei(0ir — 0)° < 62 + V24P * (A7) (62, + 72)

< max (1,02,/\) {min()\k, 572) + V24P 2 (AT (A, + 72)}
which implies the bound in the second range and completes the proof. O

We state and prove an expanded version of Theorem 2, then Theorem 2 in the paper
follows immediately.

EXPANDED THEOREM 2. Consider multiple GSMs (/) with the decay assumption (6),

and suppose that n,m — oo with m™ < n < m” for any v2 > v1 > 0. Then the
~RS ~RS
terms bounding the conditional risks Rim(0; ) = Eo,||0; — 6, ||}, satisfy the following

inequalities for
d=+4(k+1)logm/n (S2)

on a set of probability at least {1 — O(n=2)}, where Cs and C are constants as in Theorem
1, and R;,, are the conditional oracle risk.

(i)
 _ = Ak/m —2a/(2041)
ringa;(Ri’m—{l—l—o(l)}z)\k_i_l/m xm :
(i)
max P1/2(Am) < exp{o(1)}m~"/2,

i<n

(iii)

maxe; < log(nm){cgzmin(/\k,(S/m)

isn k=1
C(1+[IAlZ )maXP1/2(Am)}
x log(mn) {62a/(2a+1)m—2a/(2a+1) + m—n/2}'

(iv)
max 62, = {1+ 0(1)} Z A ocm ™2,
- k>m k>m
It follows that m="/?log(mn) = o{m=2*/Ce+DY for k > 2, and

(oo}

. RS A/ m -
Eo,[10: - 0,112, = {1+ 0. /ey
max Al i e, ={1+0 }Z )\k+1/m ,

which achieves the optimal oracle risk.
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PROOF OF EXPANDED THEOREM 2. In the sequel, denote || - ||; = I|-1le, = >4 |z for

zeltand || 22 |le. Define Cim and n;m as
- 1/m ’ 2 2
Giom = Z m (03 — M)y Miym = Z (03 — k)
k=1 k k>m

and introduce sequences g, = (g¢,1,4¢,2,---), 4y = (@n,1,qn,2; - - -) € €2 With
Qn.k = )\kl(k > m)

Set v(q.) = llall,/lla.ll7,, where ||z[le, = >, |zx| for z € £, the decay condition (6)

2a+1)

together with Lemma 2 guarantees y(q.) m/( and 7(q,)) o< m. Further, Lemma 2

gives [|q.[|1 o m~2e/(2e+1) and llg, |1 oc m™2*. Then, for sets D5, and Ej, defined by

D = {maxIGinl > dc-laclh . Bs, = {maxlicnl > b, llay s |

we apply the concentration results of Lemma 3 to conclude that, for ¢ o m— /et g n
and 4, oc m~!logn, by adjusting constants, we have P(D;.) < 2n"? and P(Es,) < 2n™P
for any p > 0. Further, for v > /2, we have

P ( max |)\;1/29ik| > y{log(nm)}l/Q} < (nm)1_72/2,
i<n, k<m
Employing a union bound and choosing constants so that p > 2, then we have the the

following bounds hold simultaneously, with probability at least {1 — 4n—2 — (nm)1_72/ 2}
that reduces to {1 — O(n~2)} when v > /6,

max |Gi.m| < d¢ - [lgclly,  max|nim| < & -flgylh (S3)

and  max [\ 20 < y{log(nm)}"/2.

From Lemma 2, 3207 Av/m/(Ax + 1/m) o< [|g¢|l1 o< m™2%/(22+1) and the conditions on
m,n — oo implies ¢ oc m~1/ 22+ logn = o(1), which yields the assertion (i).
One can show that, with the sets Af 5 (respectively, A5"“) amended to

Afs = {1 = 0)n( +1/m) < |[Yi|* < n( +1/m)/(1 = )},

the concentration factor in Theorem 1 can be improved to exp(—nd?/4), and this change
affects only constants in the proof of Theorem 1, as (1 + d) and 1/(1 — J) are of the same
order as § — 0. Further, with this concentration factor and § = (12logm/n)'/?, we have
exp(—nd?/44+logm) = m~2. Then, on the set considered, max;<,, ||07 /Al|m.co < 7 log(nm)
and ¢ log(nm) = o(1), which proves the assertion (i7).

Assertion (iii) follows from applying the bounds in (S3) to Theorem 1 and assertion
(iv) holds due to (S3) together with ||g,[[; oc m™>*. Combining (i)(iv) leads to an upper
bound for the final conclusion. To show the lower bound, we see from the proof of Theorem
1 that |e;| satisfy the bound in the theorem in the range )\, > d72. Adding risks over
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~RS
110i =6, 117, > Dhn, 3502 Rin (k) —maxi<y, [e;]. By what has been
shown, the lower bound now follows by noting that

. A /m
> Riak) =Y m—lgaﬂéi,mh

i
kil >072 k:\p>6T12

combined with the fact that for § = o(1),

oo

Ak /m B Ae/m
k:AZ>6-r2m_{l+ }Z)\ +1/m’ .

PROOF OF THEOREM 3. The seminal paper Beran and Diimbgen (1998) has shown
that, for any blocking estimator 6; g (18), the risk satisfies

K

1/2
5oy A 4 112 10:.5, |15 Br|/m K, 71|02
Ri(0:8) = Eg,||0; — 0; 5|5 = g ) i LualiL iy )
: ; 16:.5, 115 + | Bkl /m m

I 17

Lemma 3 entails that
P([[10:]15 = [IAll1] > 61[All1) < 2exp(—c6?)

where ¢ = [|A||2/[|A]]3 o (4a + 1)/4a? is constant and bounded, given the assumption
on A\g. This in turn implies that, under the condition that n grows polynomially in m,
max;<n ||0:]]2 = Oa.s.(/]|A]]1 logm). Then, under the condition K, = o{m!/(@+1/2) /logm},
the second term of the block risk satisfies 1T = o0, {m—2*/(2e+D 1,

For now we drop the subscript 7 and control the first term for a single realization. Let
B denote the collection of blocks. First we discard O(logm) blocks are of size < logm to
retain the collection of blocks GB composed of the remaining blocks. Notice that, with
slight abuse of notation,

10531 B]/m. 105]131B]/m
R(9B),
gglleBllerlBl/m ng:BII@BIIﬁIBI/

and all blocks B € GB satisfy | B| > logm. Thus we can split each B € GB into a collection
of blocks of size {logm,logm + 1,...,2logm} to form a refinement of GB, say GB*. We
see that these risks are decreasing over refinements, since they correspond to solutions of
the same minimization problem with an increasing number of parameters (Tsybakov, 2009;
Johnstone, 2015), i.e., R(GB) > R(GB").

Define Z = mR(GB")/2logm, and we can show that it is a self-bounded function,
meaning that it does not change much if we vary the individual inputs, so that it satisfies
desirable concentration properties. Precisely, for k € B, where B € GB™, set

m 07| B|/m
2logm ||05])3 + |B|/m’

Zy =

Then, given the condition on the block sizes in GB*, |B|/2logm < 1 and consequently
0<Z— 27, <62/(||0B]|3 + |B|/m) < 1. Similarly, taking summation, we find the identity
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Z =3 gegn 2onen(Z — Zy), which verifies that Z is self-bounded (see Theorem 6.12 and
the following discussion in Boucheron et al., 2013). Then, for § € (0,1),
mER(GB*) 2

2logm  2+26/3

P{|R(GB*) — ER(GB*)| > dER(GB*)} < 2exp {_

From decreasing error under refinement, and Lemma 5,
REE) B S S G2 S S Sk
3 €gB keB

02 -
BeGB keB O +
Given that at most O(logm) blocks are of size < logm, we have

R(glg*) > 6—1[Om1/(2o¢+1) _ O{(log m)2}]/m Z m—2o¢/(2o¢+1),

since (Ap/m)/(Ax +1/m) > min(\g, 1/m)/2 and the decay assumption guarantees that the
remaining A, satisfying Ay > 1/m are on the order of [m!/(**+1) — O{(logm)?}]. This
establishes that there exists C' > 0 such that

ml/(2a+1) 52

P{|R(GB*) —ER(GB")| > dER(GB™)} < 2exp {_CT}
m

which in turn guarantees that R(GB™) = {1 + 04.5.(1) }ER(GB"). Further, a union bound

based on § 2 0m — 0 such that the r.h.s. is summable yields that this holds simultaneously
for n independent risks satisfying the growth constraints in m. Thus, letting R;(GB™) denote
the corresponding risk of the refinement of the ¢ observation, eventually for i = 1,...,n, we
have |R;(GB*) — ER;(GB")| < dER;(GB*). Hence

minR;(G) 2 minRi(GB") = {1+ 0.0, (1)} ER(GB").

i<n

We consider the lower bounds of Lemma 5 for a given block B. First consider that when
(we assume throughout w.l.o.g. that A\ = ||Ap||c0, for simplicity)

A < |B|1/2max |B| Z/\J’l/m
j>1

we have that
2\ + > A+ [Bl/m < (L+2[B72) [ YA +|B|/m
jeB jeB

This shows that for A; in this range,

[[Asll1[Bl/m - |B[*2 [|[Agll1|Bl/m |B|'/2 Z Aifm
2| Aglloo + Al + |Bl/m — 2+ |B|Y/2||AgllL + |B|/m 24 |B|1/2 Ai+1/m

Now noting that for positive a;, b;

it tan >minﬂ
b1 +---+b, — i<n b;
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shows that
1\5[L[B|/m > min | SRl BYm_ 5~ g/m

2Asllso + [As[l +B/m = 7\ 3[slloc +1/m’ &5 N+ 1/m

Further, when
A1 > | B|Y? max Zx\],l/m
1B
we have
AsllolBl/m B2 m s Ai/m BV (Bl = 1) ¥ A/m

Msllee + 1/m = 3 g Nt Lm 3 S+ (Bl D/

Then given that

(1Bl =1) > ;51 Ai/m Aj/m
Yo Nj (Bl -1)/m — Z/\ +1/m’

we find that in this range we have

1/2 )
DallBlm g (1,182 3 i
2A\slloo + [\l + B/m 3 ) &N +1/m

Now note that the decay assumptions imply there are at most ~ (m/|B|'/?)Y/(2¢+1) blocks
for which it holds that A\; > |B|*/2 max (|B‘ D is1 A 1/m). From this, it follows that the
risk ER(GB™) has a lower bound of

) ) |B|1/2 |B|1/2 s /m (m/|B|1/2)1/(2a+1)
segs (|B|1/2 ! 2. 2 N+ 1/m m '

BegB* jeB

Here the term we subtract off comes from the at most ~ (m/|B|*/?)/(2¢+1) blocks for which
[|IAB]loo/m(||AB||oc + 1/m) < 1/m was both added and subtracted to arrive at the factor

>\ [e3 —za [e3 (63
of > p ZJGB# Now note that (m/|B|*/2)Y/@e+1) /iy = =20/ Ratl) | g|1/(4at2) —

o(m=22/2aF1) gince |B| < logm. Then as the decay m=2%/(2e+1) = O(3" djenNi/(1+
mA;)) while for block sizes |B| > log m,

|B|'/? |B|'/? (logm)"/? (logm)'/?
min (m,min (1, 3 )) > min (m,min (Lf)) ~ 1,
ogm

we see that N /
m
R(GB) > (1+o0(1) > >
BeGB* jeB Aj+1/m:

As we throw away at most O(logm) blocks of size < logm to arrive at GB*, the risk
unaccounted for in GB* is at most O((logm)?/m) so that

Aj/m LN /m N\ /m
2 Z)\ +1/m Z/\ +1/m Z/\ +1/m’

BegB* jeB
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Thus combining the above, we arrive at

. = A\j/m
WinRi(6) 2 (1 + 0a..(1 Z/\ 1m

To show that the risk can be much worse for any realization 6;, the condition K,, =
o{m"'/o+1) /1ogm} implies that there must be some block of size |B| = m?*/(®+Dlogm,
otherwise we would have o(m) effects. Fix v > 0 such that P(|Z] < 7) = exp(—1) for
Z ~ N(0,1). Drop the subscript i,

< = — = .
P{k<rlxcl)g)l(( 9;@/)\(1@) *y} exp(—log K,,) = 1/ K,

Thus, with probability (1 — 1/K,,), at least one of these coefficients satisfies
H(k) > YAy > Ck™ (2atD) > (log K,,,) ™22 > (logm)~ 2o+,

Now suppose the permutation places the coefficients corresponding to the largest log K,
coefficients in |B|. Eventually, for the block under consideration, we have |B|/m < H(Qk) and
when this happens,

min(@%k), |B|/m) = min(@%k),m_l/@o‘ﬂ) logm) > m~ Y2t jogm,

Using the characterization of R(éB) from the first part of the proof, we have that, on the
event under consideration,

105131 B]|/m

R(éB) + Oa,s.{m72a/(2a+1)} > o2
10513 + |B|/m

> min (03, | Bl /m)/2.
Given the constraint on «, 1 < 2a. This establishes that, with probability at least (1 —
1/Kpm),

R(GB) > {1 + Oa.s.(l)}m_l/(a+l) logm > m—2o¢/(2o¢+1)' O

PROOF OF THEOREM 4. (i) A standard argument using Borel-Cantelli Lemma leads
to maxi<y |07 /Allm.co = {1 + 0a.s.(1)}21og(nm). Recall the definitions of hyper-rectangles
Apn e (Ak)s Bin k(Ak), Amn(X), Bmn(A) and @, (A) from the paper. Lemma 1 entails
that P(Ui<y, {0; ¢ Apnk(A)}) < (nm)' =2 and P(U;<, {0; & Binnk(M)}) < n(nk)'=b/2.
When a > (1 +2)/(y1 + 1) and b > (2y1 + 3)/(7 + 1), these events are summable, and
Borel-Cantelli Lemma implies they occur only finitely often. As a consequence, eventually
01,...,0, € O,,(N).

Next we prove the robustness guarantee (19) for recovering a new fixed 6*. We first look
at risk for a single frequency component, dropping the subscript k, and then lift the results.
As in the proof of Theorem 1, replace 1/m by 72, i.e., 0* = aY, where Y ~ N(6*,72),
10| < {CXlog(mn)}/? and « is the Stein coefficient formed from the data. Further, o is
independent of Y and enjoys the concentration results used in the proof of Theorem 1. We
are interested in the risk R(6*) = Eg- (Y — 6*)2 that can be expanded as

R(O*) = Eg-(aY —0%)° = Ep- {(a— 1)0" + az}’
0°E (o — 1)° + 72Ea?.
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Consider the regime where A > §72. Using the probability inequalities in Lemma 1 and
Theorem 1, we have

2
Eo? < A P(A?
SR g + P(AF")

E(a—1)2§(11+_255>2< r >2+P(Ag”).

A+ 72
Combining these inequalities and employing some algebra yield, for A > §72,

. 2 72 72 \?
R@ﬂg(it?) {CHQ+(A+ﬂ>(W2—M}+PO@NW2+9)

Similarly, when A < 672, we find that
R(07) < {1 +P(AT)}0"2 + P(AT)r2

For ¢ € N and z € {5 let P, denote the projection, P,z = (x1,...,24,0,0,...), and I the
identity Ix = z. Reintroducing indices k and taking summation, these inequalities provide

~*RS
an upper bound on Rm(H* ) as follows, substituting 72 = 1/m,

1426 < a/m 1ym \° .
(755) {kal/m > (v 4m) (9’“2”’“)}
+(1+[167|[5)P(AF) + ||(I = Pn)0”|]5.

Distributing supg-c@,,, (x) through the above expression and using integral approximations,
we completes the proof by noting that all terms are o[R,{® ., (A)}] with the exception of

m

sup _— 07 — M) <log(nm —_.
e*eemn(x),;()\k-l-l/m (6 ) ( ); At +1/m
To see that this is also a lower bound, note first that for x € [0, 1] we have

|[Ex — Exls| = Exl4. < P(A9),

which gives Ex > Ex1 4. — P(A¢). In the situation where we apply our estimator to a given
frequency (suppressing k) the risk of estimating 6, R (), satisfies
R(0) = 0*°E(1 — o) + °Ea’® > 0°E(1 — a)*

We may choose § = o(1) and set As, with P(A§) < Cm~? (with C independent of k),
on which (1 —8)n(A +72) < ||[Y]]?2 < (1 4+ §)n(A +72). On As we have 1 > 1 — o >
(1 =40)/m/(A+ 1/m) which gives that

1-0 0\ 1-0 0\
— 2 > c _ —2.
E(l-—«o)*> <1+m/\> P(AS5) > <1+m)\> Cm

Hence adding a subset of frequencies and taking superium over © we find that

2
sup R(0) = Z { (i) - m_2} A log(nm) = m ™29/ (o4 Jog(nm).

o 1+ mA
0€0 A <l/m,k<m + k
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This follows since Ay < 1/m happens when k > m!/(2¢+1) and in this range mA\; < 1 so
that (1 —9)/(1+mA;) > (1 —6)/2. This establishes that the logarithmic factor cannot be
eliminated. O

PROOF OF THEOREM 5. From the proof of Theorem 1, the derivation of the key oracle
inequality relies on sets Af, ; containing most of the probability mass. In the case of unknown
variance these generalize to

A s = {1 = 0) (N + 0% /m) < [[Y3]]*/n < (1 +6)(A\ + 0% /m)}.
Theorem 1 continues to hold in this setting with

P, (AJ") < 3exp(d max ||0f/)\||m)oo) exp(—n(52/6 + logm),

thus the conditional concentration of measure continues to guarantees that these sets cap-
ture “most” realizations. We now show that, for realizations in this range, a small amend-
ment as in (20) guarantees that they remain close to the optimal linear factors for estimation
of Hlk from Yk.

Recall the amended formula of cu,m 1 (p) presented in the corresponding section of the
paper, and denote 72 = 1/m and take gs = (1+268)/(1—§) = 1. After some algebra, on the
event A", we have o k(p) = 0 when A\ < 672 /(1 + 8) 4 K, Where ki, < QI (Ap,)
{(1 — p)ym}~2o+1) This means that, as in the proof of Theorem 1, we have v, x(p) = 0
when A\, < 67%/(1+ §). Further, with this choice of gs, it holds on AJ"“ that

— Ak
A + 72

Qn k (p)

1-5 P D

<{Q5+4+(q5+2)5}572+ﬁm 672 + K,

Adjusting the constants in the proof of Theorem 1 appropriately and using (§ + 7 2k,,) <
2(0% + 77%K2)), when A\ > 672/(1 + §), similar arguments give the bounds, with I and IT

as in the proof of Theorem 1,

I < max(1,65/ ) [2C5 {6(1 + 6) min(\g, 67°) + 77 k2, }
+2v24P % (A5) (A + 72)],
2IT < max (1,65,/\) [6Cs(1 + 0){min(Ae, 07%) + K}

+aVT2P 2 (A5) (A + 7).

Therefore, with slightly larger constants, the conclusion of Theorem 1 continues to hold
with the e;;, adjusted up by an additive term

Km (1 + 7'74/£m) max (1, ka//\k) < Ky max (1, ka//\k) .

Since Ky, oc m~ 2+t multiplying m entails the additional risks of the order m=2* log(mmn)
that is negligible. Thus the results in Theorem 2 hold, similarly for the robustness guarantee
in minimax sense of Theorem 4.

Revisiting the arguments, we see that the oracle inequality continues to hold, and thus
the estimator will be adaptive for all p < p*, where p* is the largest value such that
the additive term mk,, log(mn) o< m{(1 — p)m}~ GtV log(mn) = o{m=2*/Ce+tD}1 In
other words, changing p below p* does not change the rest of the oracle inequality which
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has been shown to attain the proper rate. Thus we have an adaptive estimator of o2,
o%(p) = mQp(|[Y m||?/n), when p < p* and all estimators in this range are simultaneously
adaptive to the oracle. O

PROOF OF THEOREM 6. The proof follows the method deriving the examples in the

paper. The condition on the norm guarantees that for a sample fy,..., f, g f we have

max || f[| S n'/" logn,
<n

a.s. while the condition on § guarantees that m~(2¢=1/at1)(n1/816g7)% = o(1). Then
by theorem (2) we may form a parameter space, containing the f; a.s., over which we have
Le Cam equivalence in both the fixed and random design cases. This proves the theorem.
O

PROOF OF THEOREM 7. Part (iv) of the expanded Theorem 2, blown up by a log(n)
factor, follows from a crude bound on the Hanson-wright inequality (Rudelson and Ver-
shynin, 2013; Hanson and Wright, 1971). This is seen to control the tails of all quantities
in the proof of expanded Theorem 2, i.e., sums over terms > m. The following result then
extends the proof of the expanded Theorem 2 to the case where Conditions (A) in the paper
are satisfied, by controlling the sums over terms < m, which implies Theorem 7. O

SUPPLEMENTARY LEMMA 1. Suppose that & ~ Np,(0,%) and Q = ¢TDE, where D is
m x m symmetric and both matrices are positive definite and non-degenerate. Then we have
that

N s (Tr(DX))?

P (|Q — Tr(DY)| > 6Tr(DY)) < 2exp( ) DS L)

In particular, setting D = diag(dy,...,dy) with dp = 7*/(\ + 72)%, 72 = m™1, where
M = Zkk = Cov(6;,0;) and X, = Cov (0, 0k) satisfy the conditions (4), we find that

(2r+2)
P (|Q — Tr(DX)| > 0Tr(DY)) < 2exp (—cw>

BZ,

PROOF OF SUPPLEMENTARY LEMMA 1. The proof of the first inequality is a basic ap-
plication of the Hanson-Wright inequality (see, e.g., Rudelson and Vershynin, 2013; Hanson
and Wright, 1971) and will be ommitted for brevity. Setting $'/2D%'/2 and using that A
is symmetric, we have Tr(A4?%) = ||A||%¢. Then owing to Tr(PQ) = Tr(QP),

Tr(A?) Tr(2Y/2D2DXY?) = Te(DY?2.DY.DY/?)
Tr((D'?£D'/?)?) = [[DV2ED'2|[3,

thus [|21/2DX1/2)2,4 = ||DY/?22D'Y?||%,4. Now let A = diag(X) be the diagonal matrix
formed from the diagonal elements of ¥. Then we may write

Tr(A%) = [[(AD)2 A~ 2EATY2(AD) 2| .
Now using that ||PQ||3;¢ < [|P|2,]|Q||%s, we find that

Tr(A%) < [|(AD)2||5,[(AD)2[[3s]|A7/2SAT 22,

ol
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Now for the application under consideration, we have D = diag(ds,...,d,,) with dy =
/(A + 72)% where Ay = Sy = (r, Ctbg) and X, = (¥;, Cibg). Further, under Condi-
tions (A), Ay o< k=2 Lemma (2) gives that I[(AD)Y?]]2, < 72 and [|[(AD)Y2||3;¢ <
72-1/(r+1) < Ty(DY). This implies that

(Tx(D%))? -
[(AD) 2[R, [(AD) 25 ~

—1/(r+1) o 1/ 2r+2)

and this leads to the concentration
ml/(2r+2) 52
P (|Q — Tr(DY)| > 0Tr(DX)) < 2exp (_07> ,

IT11Z,

with T = A~1/22A~1/2 denoting the correlation matrix, as in Condition (A). Now the
Gershgorin disk theorem, together with the condition from condition (A) implies that

m
[Tlop < I}%‘c}jfz Tij| < B
=1
and this gives that

/(2r+2)
P (|Q — Tr(DY)| > 6Tr(DX)) < 2exp (—cw)

B,

which concludes the proof of this lemma and thus Theorem 7. O
PROOF OF THEOREM 8. It suffices to show the following two supplementary lemmas

that extend the key concentration inequalities to the general situation Y, ; Ay, < co. These

are easily seen to extend the proof of Theorem 2 under the Conditions (B) listed in Section

3.3, and the Theorem 8 follows. O
As was done there, we take

SUPPLEMENTARY LEMMA 2. Suppose that & ~ Np,(0,%) and Q = £TDE, where D is
m X m symmetric and both matrices are positive definite and non-degenerate. Then it is
immediate from Hanson-Wright that for some ¢ > 0

. 52 0
P (1Q = Tx(0%) > ) < 205 { ~emin (57 ey ) |-
Set D = diag(dy, ..., dy,) with dy = 7/, +72)%, 72 =m™! and \, = X, = Cov(6;,0;)
and 3j, = Cov(0y,0x). Further, let A = diag(d1,...,0,,) where §; = X\;jd;. Then with R
as in the discussion above, this inequality yields

R 4
P(|Q —Tr(A)| > R §2exp{—c7min<1,—>}.
@S =0 ATl ™\ T
Thus, as long as § < ||T'y,||, we have
P (|Q — Tr(A)| > 6R) < 2exp <_CR752)
- Ao [Tml[* /-

Noting that || Allee < 1/m gives the useful result P (]Q — Tr(A)| > dR) < 2exp ( mRd ) :

—Cit T
T[]
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PROOF OF SUPPLEMENTARY LEMMA 2. The first inequality is a direct application of
the Hanson-Wright (see, e.g., Rudelson and Vershynin, 2013; Hanson and Wright, 1971).
Setting A = $1/2D%1/2 and using that A is symmetric, we have Tr(A?) = ||A||%5. Then
owing to Tr(PQ) = Tr(QP),

Tr(A?) = Tr(XY/2DEDS'Y?) = Tr(DY25DED'?)
= 'I‘r((Dl/2ED1/2)2) _ ||D1/22D1/2||%{S,

thus [|ZY/2D%Y2)2,4 = ||DY?2D'Y?||%,4. Now using that A = Ddiag(¥) and T' =
diag(X)~'/?Ydiag(X) /% we arrive at

Tr(A®) = [[JAY2TAY2| .

since for diagonal matrices U and V, (UV)!/? = UY2V!/2. Now using that [[PQ||}s
[|P|1?]1Ql|% g, we find that

IN

Tr(A%) < [JAYZ| P AY2] 3511

Using that for a diagonal matrix U (with slight abuse of notation), ||U|| = ||U]lec =
max; [us;| and |[U?||3s = 3, Juis| = [|U||1 we arrive at Tr(A%) < [|A[[o||A|[ [T,
Similarly, setting B = DY2%'/2 we have ||A|| = ||B’'B||. Then using that for any

matrix C, [|C|| = ||C’|| and ||C’'C|| = ||C||* (which gives ||C"C|| = ||CC'||) together with
A = Ddiag(¥) and T' = diag(¥)~'/?Sdiag(%)~1/?

141l = [|1B'Bl| = ||BB'|| = ||DY22D'2|| = ||AY2DAY2|| < [|AY2[2[T]| = [|A|o|IT]l-

Based on these two inequalities and the fact that ||Af[; = Y, 6; <R, we find

) < §?R? 5’R) - < 5?R? 0R > - O0R ) (1 ] )
min , T | = min , > min (1, — | .
1Al 114l HAso AL TP [[A[loo [T/~ [[A[loo [T [T

Noting that for D diagonal (DX);; = >, DixXki = DX gives Tr(DX) = Tr(A) and we
see the two bounds for P (|Q — Tr(A)| > éR) now follow on applying the fact that for ¢ > 0

exp{—crnin <ﬁ 5—R>} <exp{—057R min (1 L)}
1AllEs 1141/ ]~ [1Also [T )

to the initial Hanson-Wright based inequality of the theorem. O
For the next lemma and its proof, we take &~ = &~ (m) = (0,...,0,&mn+1,&mt1s---)s

m
which corresponds to the tail bias of our estimators.

SUPPLEMENTARY LEMMA 3. (Hanson-Wright for the tails) Let Qs = L& denote the

tail bias and ¥~ the covariance matriz corresponding to &s. Then using ||X= || < [|Zs]|ms
we find

2752
P(|Q>—Tr(2>)|>5'R)§2exp{—cmin( 5R2 , R >}
15 ors " 2> s

From the final assumptions of the section, it follows that Qs = 04.5.(R).
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PROOF OF SUPPLEMENTARY LEMMA 3. Noting that ||Xs|| < [|Zs||ms, we see the
inequality is a direct application of the Hanson-Wright (see, e.g., Rudelson and Vershynin,
2013; Hanson and Wright, 1971), as above.

Further,

mm( BR? R )_ 5R min(l 5R )
12 11Es 1251 as 185 |us s |lus )

Thus taking § = 2||X<||gs logm/R, we find that
P (1Q> — Tr(5)] > 2|5 [|mslogm) < 2m™?

and so with high probabilty (summable) we have |Q~ — Tr(Zs)] < 2||Xs||gs logm. Now
by Cauchy-Schwarz, E?k = (E0,0;)* < EHJZEH,% = A\jA;. Thus, by definition of the Hilbert-
Schmidt norm,

||E>||%{S = Z E?k < <Z Ak) = (TI‘(E>))2-

Jk>m k>m

Hence, by the assumptions of the section we find that @~ = O(logm ), .. Ax) = o(R). O

Proor or PROPOSITION 1.  Let W;; represent the Meyer type wavelets on R that
the 9, are a periodization of. Further, with slight abuse of notation, we let K , T jk denote
the continuous Fourier transforms of K and Wjj, while k and @jk denote the discrete
Fourier transforms of k£ and 1;;. Owing to the periodization, we have z(n) =K (n) and

@Z,k(n) = \T/,k(n) for n € Z. Due to stationarity, the covariance operator is convolution with
k, then Parseval equality and standard properties of the Fourier transform, together with
the fact that W is real (the W for which W (-) = 27/2W(27 - —k)), allow us to calculate that

Cov(B)b5i) = Wik xtbyar) = Y U (m)K () ¥jops ()
ne”L
G2 Y amin k2 O (L gmin) R (n)B(2 ).
neL

The localization of ¥, ¥(—279n)W(279'n) = 0 for all n € Z if |j — j/| > 1, proves (i).
Now assume |j — j'| < 1, let Ts denote the translation operator, Ts f(z) = f(x — ), and
D,, a > 0, denote the dilation operator, D, f(x) = f(ax). Further, as defined in the paper,
p = dlj =€ bnezlp — g +n2’|.

First note that the decay conditions on K imposed by Sobolev regularity guarantee that
K(n) = K(27279n) o« 2720+ DI K (277n). Further, properties of Fourier transform give that

(Ty_ gt K)(2770) = e2min(27 k=277 k/)f(‘—(2_jn),

and
U2 ') =02 7. 270" p) = (D,, ,,U)\27n).
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Then as the product of Fourier tranforms is the Fourier transform of convolution, piecing
these observations together and applying the Poisson summation formula gives

Cov (O, 05k ) o< 2720 VTN "W s (T o501 K) 5 (Dyy 30 W) (n27).
nez

Meyer-type wavelets are in the Schwartz space of functions, being infinitely differentiable
and decaying (as do all derivatives) faster than any polynomial. In particular, we have as-
sumed |K (z)| < (1+|z])~!, 1 > 1. Given that W is Schwartz, we also have |¥(z)|, | Do ¥ ()| <
(14 |z|)~. Tt is easy to verify that for two functions h, g satisfying this type of decay, one
has |h * g(x)] < (14 |z|)~!, from which we deduce that

; 1
Cov(Oj,0p) < 2720 _ —
OV( jk>Vji'k ) ~ ZZ (1 + |7’L2J T k— 2]*]’]{;/|)l

- —2(r+1)j Z 1+ |k — Qj_j/k/b- :
B (1+|k—2a Nt 1+ n2 +k—20-7k| |

Now as c]ik, S0k ¢ {=27+1,...,-1,0,1,...,27 — 1}, we have that the infemum
in the definition of |k — 27=7k'|; = |}, |; is attained at one of n* = —1,0, 1 with n* having

the opposite sign of ¢},,. Further, when |n| > 1, by definition of | - |;, we have

L P e e T
1+ n2 + ¢, | 1+ n2+¢,,| ~ I

from which we conclude that

Cov(fin, b < 9. 9=2(r+1)j - 9—2(r+1)j
'V - S Lt
Jjk>Yj'k N(1+|k_2] ]k/ nz>lnl 1+|]€—2J Jk/l)

This proves (ii) and establishes the assertions regarding the correlations.
Given these results and with p, ¢ fixed, we find that

co 291

Z Z COV Jk,e ) < Zil Z jk? )
\/Var(0;;)Var(0,,) ~ TH)p

j=0 k=0 j=min(0,p—1) k=0
where ‘ _
27 -1 27-1
Z COV(ejk, 6‘pq) Z 1
P 9—2(r+1)p (14 |k —2r=ig|,)t

At each of the scales j = p—1,p,p+ 1, |k — 2P ¢, takes values in 0,1,2,...,2P — 1. As
p, q are fixed, it can take each value at most twice as we cycle through k. This gives that

2791 2P
1 1 < dx 2l
- <2 — <2+ 2/ < —
,;O (T+ [k — 27 7q],)! mZ:0 (T+m)! o (ta) ~1-

This establishes the claim of the proposition with B o 61/(l — 1). O
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PROOF OF PROPOSITION 2. By specification, ¢, satisfy [ 2P, = 0forp=0,1,...,2r+
1, which gives that Ay, = 0, hence Cov (0,01 ) = (Yjk, Kphjri) = (i, B ). Given
that B is a polynomial of degree (2r + 1), and /5 is compactly supported,

1 min(z,y) Tz — ) (1 —u)"
Bigw(@) = [ ) ( / %du) dy

- i) ( / Hleoullyuf “();()‘Z - “)Tdu> dy
I
/ml by () (/0 %du) dy.

17

Both terms I and II integrate 15 against polynomials of degree at most (2r + 1) in y
over the ranges [0, x] and [z,1], respectively. Thus if, e.g., = is less than the minimum
in Supp(vj/), we have I = 0 as the integrand is 0, while I = 0 as the ;4 inte-
grates the polynomial to 0 over its support. By a similar argument, we see that, if x is
greater than the minimum in Supp(¢;/ k), we have both I = 0 and I1 = 0. This shows
that Supp(Bv;k) C Supp(¥jx ), which proves that ¢ (x)(Byj i )(x) = 0 for all = if
Supp (k) N Supp (¥ ) = 0.

Notice that [07B(z,y)|, [0y B(z,y)| < 1 for all p = 0,...,2r + 1, we may employ tech-
niques in Cohen (2003); Escande and Weiss (2015) to show that, for j > j

|(Wig, By )] S 27 Crti. 9—(+5)/2 — 9= (r+1)(i+5")9—(r+1/2)(i—5")

and by symmetry, this gives that for all j, 5’
Cov (0, 00k )| = |(Wjk, Bibjwr)| S 27T HDEH D= (/D=3

which, combined with what has been shown, establishes the bounds on correlations in the
proposition.
For the last assertion, with p, ¢ fixed, first split

co 291 29 -1

Ty Cov (8,0 z”: Cov (01, 0py)
7=0 k=0 \/Var 77€)Var(9pq) j=0 k=0 \/V3'r ]k)Var(epq)
I
oo 291
Cov (0, 0,q)
+ J .
7;1 kzo V/ Var(0;i) Var ()
II

Now in sum I, for each j < p, there is only one ;i with Supp(¢,x) N Supp(¢;) # 0.
For j = p, there are a finite number depending on (27 4 1), or the number of moments
we integrate to 0. This gives that I < p. Similarly, for 11 at each j > p, there are at
most O(277P) of 15 for which Supp(¢jx) N Supp(¢;/x) # 0. Given the bounds derived
on correlations, this gives

; 1
—(r—=1/2)(G—
S E 2~ =1/ p)Sm,
Jj=p+1
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which, combined with the bound for I, proves the last bound in this proposition. O

PROOF OF PROPOSITION 3. We fix p and ¢, as in the proof of the previous proposition,
split the sum

iyzl COV Jk;9 ) o i?jzl COV(@jk,o )
j=0 k=0 V/ Var(0) Var (0,) =0 k=0 \/Var(0;;,)Var(0,,)
I
oo 27—1
Cov (0, 0pq)
+ i _
7%1 kzo \/ Var(0;5,) Var(0,,)
11

for 7 < p, d((j, k), (p,q)) takes at most 27 values as we range through k, each of which is
boundable by a number in {0,1,...,27}. Further, it takes any value at most twice. Thus
we find that in this range

29 -1 27

Z Cov(Ojk,0pg) 9—p+i Z L o log 2/ = j27 /2P,
\/Var 0ji)Var(0yg) ~ k=0 (L4 k)r ™

which gives that I <2770 (527 < p. Similarly, for j > p, d((j, k), (p, q)) takes at most
2P values as we range through k, each of which is boundable by a number in {0,1,...,2P}.
Further, it may take any value at most 2 - 27~P times. Thus we find that in this range

2791

Z Cov (b1, 0, ) (k=1)(j— p)z <27 (v=1)(G— p)10g2p
\/V31' Jk)Var(opq) 1+k

and thus 17 <pd o7 —(+=1)(=p) < p. Combining bounds proves the result. O

Jj= p+1
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