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Abstract. This paper presents a further theoretical analysis on the asymptotic memory
capacity of the generalized Hopfield network (GHN) under the perceptron learning scheme. It
has been proved that the asymptotic memory capacity of the GHN is exactly 2(n — 1), where n
is the number of neurons in the network. That is, the GHN of n neurons can store 2(n — 1)
bipolar sample patterns as its stable states when » is large, which has significantly improved
the existing results on the asymptotic memory capacity of the GHN.
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1. Introduction

As a typical associative memory model, Hopfield network has been intensively ap-
plied to pattern recognition via the sum-of-outer product scheme [1, 2]. However, it
had been found by theoretical analysis that the asymptotic memory capacity of
Hopfield network of n neurons is only n/(4logn) and also that the sum-of-outer
product scheme cannot be sure to store a set of sample patterns in general [3, 4]. As a
matter of fact, these disadvantages seriously restrict the application of Hopfield
network to associative memory.

In order to overcome these disadvantages, the generalized Hopfield network
(GHN) has been proposed in [5] via using a general zero-diagonal weight matrix
instead of the symmetric zero-diagonal weight matrix. Actually, it has been shown in
[5] that the GHN with stable states can be stable in the same way as a Hopfield
network. Therefore, the GHN can be also applied to associative memory with some
learning scheme that makes a set of sample patterns be the stable states of a GHN.
Moreover, several such learning schemes have been established on the GHNs for
associative memory (e.g. [4, 6-10]). By the theoretical analysis [11], it has been
further proved that the asymptotic memory capacity of the GHN of n neurons under
the perceptron learning scheme is no less than (» — 1), which is much greater than
that of Hopfield network under the sum-of-outer product scheme.

In this paper, we have made further theoretical analysis on the asymptotic memory
capacity of the GHN and proved that the asymptotic memory capacity of the GHN
of n neurons is exactly 2(n — 1). In the sequel, we introduce our theorem on the
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asymptotic memory capacity of the GHN in Section 2. Section 3 describes several
lemmas to prove an important fact that is needed for the proof; the proof is con-
tained in Section 4. Section 5 gives a brief conclusion.

2. The Main Theorem

We begin with a brief description of the GHN model. A GHN is composed of n
interconnected neurons defined by (W, ) where W is an n X n zero-diagonal matrix
with element w; ; denoting the weight on the connection from neuron j to neuron i,
and 0 is a vector of dimension n with component 6; denoting the threshold of neuron
i. For simplicity, we let 0; = 0 for i = 1,2,...,n in this paper.

Every neuron can be in one of two possible states, either 1 or —1. At time ¢, we let
xi(¢) be the state of neuron i and X(¢) = [x (1), x2(¢), ..., x.(1)]" be the state of the
network. Then, the state of neuron 7 at time 7+ 1 is computed by

1, if Hi(r) >0,

xi(t+ 1) =Sgn(H(1)) = { —1, otherwise, 0

where
H,‘(l‘) = Z w,»,jxj(t).
J=1

The next state of the network, i.e., X(¢ + 1), can be computed from the current state
by performing the evaluation of Equation (1) either at each neuron of the network in
the synchronous operation model or at a single neuron at each time in the asyn-
chronous operation mode. However, the stable state X = [xl,xz,...,x,z]T of the
network in the both operation modes is the same and can be defined by

x,—zSgn(Z\viJ—xj), fori=1,2,...,n. (2)

Jj=1

As a dynamic system, the GHN can have the similar characteristics of content-
addressed memory as a Hopfield network, especially in randomly asynchronous
mode [5]. When the network starts with an initial state nearby some stable state
which constitutes a stored pattern in the memory, it evolves and probably enters the
stable state. For associative memory, we have a given sample set
S={X",X?,..., X"} that consists of m different sample patterns (vectors) in
{—1,1}", where

X":[)q,-ﬁl,xj,z,...,xjyn]T G=12,...,m). (3)
Then, the key problem concerning the use of a GHN as an associative memory is
how to construct its matrix W that enables each of X', X2,..., X" to be a stable state

of the network when it is possible. For clarity, we introduce the concept of storablity
as follows.
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DEFINITION 1. A sample set S = {X', X? ..., X"} is storable if all m sample
patterns X', X ..., X" can be the stable states of some GHN N = (W, 0) where W is
a zero-diagonal real matrix and 0 is the zero vector of dimension n.

If {X',X?,...,X™} is storable, the perceptron learning algorithm [12] can be
implemented to compute the rows of the desired W from neuron 1 to neuron n
independently, with the threshold value of the perceptron being fixed to be zero.
Clearly, W can be successfully constructed by this perceptron learning scheme if and
only if the sample set is storable. Therefore, we can study the asymptotic memory
capacity of the GHN under the perceptron learning scheme through the concept of
storablity.

Assuming that each sample set {X', X?,..., X"} (which has m different sample

n
vectors without ordinal relation) has the equal probability 1 / (iq ) over the sample

set space, we define the probability sequence of storage of the GHN as follows.

P(m,n) = P({{X',X?,..., X"} is storable.}),

where m,n € N' = {1,2,...}. Obviously, P(m,n) decreases with m.
We now introduce the mathematical definition of the asymptotic memory capacity
of the GHN based on P(m,n) as follows.

DEFINITION 2. An integer function C(n) is the asymptotic memory capacity of the
GHN if it satisfies the following two conditions for any ¢ > 0:

(i) lim P(C(n)(1+¢),m) =0,
(i) lim P(C(n)(1—€),m) = 1.

With the above preparations, we are ready to introduce our main theorem.

THEOREM 1. The asymptotic memory capacity C(n) of the GHN under the per-
ceptron learning scheme is 2(n — 1).

The proof of the main theorem is given in the following sections. This theorem
exactly gives the asymptotic memory capacity of the GHN under the peceptron
learning scheme. That is, C(n) = 2(n — 1). It almost reaches at the upper bound of the
asymptotic memory capacity of the GHN obtained in [5]. As to the lower bound n — 1
of the asymptotic memory capacity of the GHN obtained in [5], this result is signif-
icantly improved. Moreover, C(n) is much greater than n/(4logn) — the asymptotic
memory capacity of Hopfield network of n neurons under the sum-of-outer product
scheme. Therefore, the GHN has great potentiality for associative memory.

3. Lemmas

In this section, we prove an important fact that will be key to the proof of the main
theorem. It is proved step by step with several lemmas described in the following.
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We let B” be the set of all n-dimensional binary vectors, i.e., B* = {0, 1}", and define

An,k = {A = (a,;,—)nxn A € {07 l};rank(A) = k}, 1 < k <n-— 1
Y, ={E=/{e1,e,...,en} CB":ey,e2,...,e, are linearly independent.}

That is, %, is the set of all the groups of n linearly independent vectors in B”, and 4,,«
is all #n x n binary matrices whose ranks are just k(1 <k <n-—1).

We assume that each element a; is an i.i.d. random variable to be 0 or 1 with
equiprobability. We let P(A4, ;) be the probability that its rank is & when we arbi-
trarily pick up an n x n binary matrix. Letting A, be all singular n x n binary
matrices, and adding zero matrix to 4,;, we have

An == |An,l| + |An,2| + -+ |An’n,1|,
where |A| denotes the number of elements in a set 4.

g . . . k
LEMMA 1. From a set of k m-dimensional binary vectors, we can construct at 2°
different binary vectors by linear combination.

See the proofin [13]. O

LEMMA 2. For a positive integer n, we have

nl 5
(n+1)(n+1)'_2(n+1> * Xndl, (4)

where

xn:(1—%)(1—%)---(1—’12_"1). (5)

Proof. Since n > 1, we have

o1
(Vl+l)_22n+l.(1—2”%)...(1_;%11)(1_2:%)
() SR

n

Letting o(n) = x,41/xn, We get

(2+1) = <2> 22+1 “n)- (6)

Multiplying (n + 1)! on the both sides of Equation (6), we have

(nz"fl>(n+ = (2n>nv 2274 (). (7)
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Recursively reducing the number 7 in the way of Equation (7), we have

<2l1+1 )(n+ 1)‘ - <2n>n'22n+1 ( )
n+1

n— 1
_ ( ) n_ 1)|22((n 1)+n)+2 ( _ 1)(1(}’1)

n—1

_ ( )22 (1424 +(n— 1)+n)+na(1)a(2) o OC(H)

2 n+l

The proof is completed ]

LEMMA 3. Supposing that u is a random binary vector from B" and py is the
probalility that u can be linearly expressed by a group of k random independent vectors
(from some n-independent-vector group E in Z,), we have that py < p, < --- < p,_1,
and

I}erolcpnfl = 0. (8)

Proof. Suppose that Cy, is the event that u(€ B") is linearly expressed by k linearly
independent vectors. When u can be linearly expressed by k vectors, it is certainly
linearly expressed by k+1 vectors. That is , C; C Cyy; and thus
pr = P(Cy) < P(Ciy1) = pis1. Therefore, we have p; < pr < ... < p,_i.

As for Eq.(8), we introduce the following notations:

¥ ={{ei, ez, -,ex} T B":ej, e, -, e are linearly independent. },
Or = {{u,er,ez,- - e} : {er,ea, -, ex} € Zi, and {u, e, ez, -, ex}
are linearly dependent.},

Ty = |2, Ly = [|©].
According to the definition, we have
L,_ L,_n!
Pnt= 2"Tni1 - 2”Tni1n!' ®)
On the one hand, since u# can be any binary vector, the set of the total groups of
u,er,---,e,—1 contains ¥,. That is, 2"T,,_| > T, = |¥,|. Then, 2"T,_n! > T,n! =
pL- A,. On the other hand, since teh group of u,e;,---,e,-1(€ ®,_1) are linearly

dependent, L, n! < A,. According to these two equalities, it follows from Eq.(9)
that

pnfl g 2}12 . An = 1 B A, (10)
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By Komlos’s theorem [13] that lim,,_, ;_5 = 0, we finally

, lim,, o0 22
lim p, | < ———=—F=0. (11)
n—00 1 —lim,— o e
The proof is completed O

With above preparation, we now estimate the number of n x n singular binary
matrices.

LEMMA 4. Suppose that M, is the total number of n X n binary matrices whose ranks
are not larger than [logn|, where [x] is the integer part of a real number x. When n is
large enough, we have

" n logn 1
M < ( n >”!(E> '2n<nfnog%]f%71> o (12)
where the logarithm base is 10 and x, is given by Equation (5).

Proof. For a k-rank n x n binary matrix, there are k row vectors which are linearly
independent, and can express each of the other n — k row vectors by linear combi-
nation. Clearly, the total number of k linearly independent vector groups is at most

2’1

k
which are constructed by the linear combination of these k vectors is at most 22"
Moreover, the total number of groups of n — k vectors repeatedly selected from the

2 pn—k—1 )
n—k '
Therefore, the number of n x n binary matrices whose ranks are no more than k is at

n ok
most (i ) (2 +nn_—kk o 1)n!

Since

. On the other hand, according to Lemma 1, the number of binary vectors

k . .
2% binary vectors is (

logn

k 1 1 log Nioon
2k < pllogn] < plogn _ Hlogariggs

logn

and fog,

< % when # is large enough, we have
2k < 2lowns — o/, (13)

when n > m;, where m; is a positive integer.
For 1 <k < [logn],lim,_ ”—2’%1 = 0. Then, there exists another positive integer
mp such thatn —k—1< 2V when n > my.

when n > max(m;,m,), we have

2 pn—k—1<2. 29" =Vl

and thus
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2N\ (2 -k -1 2mN [ 2V
<k>< n—k ><(k)<n—k>
2]1 — 2)‘[
() ()
n! 2Vl
S K2R, (1= K2V — 1 k).

_nn—=1)--(n—k+1) Jomiy v Y+l
= T -2 (2 —-1)---(2 —n+k+1)

l’lk 3
(k) (Y1)
< Jc1on(n—k) Xy 2

C(n N\ 1
o 2+l k! on(n—k— %—l)xn

oy .t 1
2Vn ) on(n—k—u-1)  x,

Therefore, when 7 is large enough, we get

PN( 2 4n—k—1\,, _ (2", (" 1 1

( k > < n— k n! < n n ﬁ 72}1(’171{7 \3/271) ;
Summing up the both sides of the above inequality from k = 1 to [logn|, we finally
have

[logn] k
2"\ (2% +n—k—1 2" n logn 1
< ! W | ——m———.

M, < ;(k>< n—k >n < <k>n <23/ﬁ> on(n—llogn]—V/n-1) x,

The proof is completed O

LEMMA 5. When n is large enough and the rank k > [logn] + 1, we have

oo (23)(3)

n

where /i,,,k is considered as the event that a random n X n binary matrix with different
column vectors takes the rank of k.

Proof. For each binary matrix in /i,,ﬁk, here are k linearly independent column
vectors, while the other column vectors can be expressed by the linear combination
of these k vectors. We consider that these k vectors are randomly selected from an
E={ei,es,---,e,} €, For clarity, we let them be {eji,ep, -, ex} C E respec-
tively. Clearly, an over estimation of the total number of these

. n
{ejl?ejz7"'7ejk} lS|Zn| k|

For convenience of analysis, we introduce the following notations:
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k
D= {u = l,-ejl. cue B — {0};{€j1,€j2,'-~,€j/c} CEc€E,;l€ R}
i=1

D' =DuU{0}

Then, the other n — k column vectors can only be selected from D’. Moreover, a
vector in D' an be selected repeatedly. According to the formula of the total prob-
ability, we have

2/1
P(Ayi) =Y P(ID'| = h)P(Ayi]|D'| = h).
h=1

Since {¢ji,ep,...,ex} CDC D', P(|D'|=h)=P(|D|=h—1)=0for 1 <h<k.

When i > k + 1, there are & — 1 different vectors uy, uy, ..., u,_ in D. According
to Lemma 3 and that wu,us,...,u;_; are independently expressed by some
(ej1,ep, -, ej), we have

h—1 h—1
P(|D'|=h)=P(D|=h—1)= P(ﬂ U,~> =TI Pw)=p",
i=1 i=1

where U; is the event that u; can be linearly expressed by k vectors in an arbitrary
group E€ ).

Furthermore, when D’ contains £ different vectors, since the column vectors of the
matrix subject to /in_k should be different, the oher n — k column vectors can not be
selected repeatedly. Moreover, (e;1, e, - - -, ej) in D can not be selected as these n — k
column vectors. So, we arbitrarily pick up a base from X,, and randomly select k
vectors from the base with |D| = & — 1, the total number of the matrices subject to

Ay 1s overestimated by

|zn|<,’j>(2:’;)m

For the existence of such a matrix, > 1 is necessary. That is, there must be

n—k
at least n vectors in D', that is 4 > n. Otherwise, if |D’| = h < n, this kind of matrix

does not exist and P(A4,x||D'| = h) = 0.
Then, we have

2"
P(Ayi) =D P(ID| = h)P(Auil|D'| = h)
h=1

s,

k B 2

(15)

h=n

n
According to Lemma 2, (i )n! = 2”2x,, and 0 < x, < 1, we further have
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i 'Z"'GZ) iN~ n(h—k

P(An,k)<ﬁp2‘ A(hh): (16
h=n

n

When n is large enough, since pix < p,—i Si, it can be easily verified that

pZ‘” " : i decreases with & for i > 2n — k. Therefore, we have
2" h _ k 2n—k—1 h _ k mn h o k
h—n h—n h—n
= +
;pk <n—k> hz:; P (n—k) ,Pzzi;_kpk <n—k>

Mk h—k o (20— 2k
< - 2" —2n+k
S (0 ) (T e

h=n

3 ( o — 2%k ) . nk<2n—2k)2n
n—k+1 Pi n—k '

With this result, it follows Eq.(16) that

|En|<k) it (2n=2KN
n
Because 2n =2k decreases with k(k < n), ) < ’,Z , we finally have for
n—k k [5]
k > [logn]
5 Zal pi1 a1 (20=2\(n
P(A,x) < 2 |-
= 2P Ut
n

The proof is completed O

LEMMA 6. Suppose that E, is the event that a random n X n binary matrix with
different row vectors is singular. We have for large n
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PE)<—— ' o((16p, 1)), (17)

— Dn(n—log n—yn—1)

where O(x) is an infinitesimal with the same order of an infinitesimal x.

Proof. By the definition of /inyk, we have

= U /in,k-

k=1

Since U[1”g1] « C Ug(fl”] Ak, i < pui(k < n—1), according to Lemmas 4&5, we
have for large enough n

n—=1 llogn] n—1

P(EH):P( Ank):P(UAnk)+P( U An,k)
k=1 k=1 k=[logn]+1
[logn] n—1
<P A+ D P(Aw)
k=1 k=[logn]+1

ol
o Ezﬂ"“(n_f)( )ml  liogn) - 2)
)

<_+|Z| n+1< -2 ( ) o (18)

o)
2n—2

By the fact that lim,,_, Z,, =1, lim,_o %% = \/%, and lim,,_,oc< [ ] >/ﬁ \/7

” 2n

n—1

—
N—

i

we have for large n

|Z,,‘ n+l1 (2n=2 (l’l> n—1 (l’l)
on+ np'- .
i (”) (n 1) [ﬂ l: - ‘Z | (2n 2). [g] ' 8 (24pn 1) 1
- " 2n—2 n
n—0o00 (16]),1,1)” 1 n—o00 (zn) 2—m % \/Tg (16pn 1) —1
s
= t

Since lim,,_,« p,—1 = 0, we then have

é)' 2 (570 ) (ot = 0t "

n
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On the other hand, according to Lemma 2, it is clear that for large n

M, (2;)71'( n logn 1
on? 2n2 I’ Jn(n—[logn]—\n—1) X,
—( n ) logn
Vi’ on(n—[logn]—n—1)
1
< n(n—[logn]—n—1) *
Summing up the results of Egs. (19)&(20), we have from Eq.(18) that

1 _
P(E,) §m+0((16p,1_1)” h. (21)

The proof is completed O

The order of P(E,) — 0 given by Lemma 6 is considerably improved in com-
parison with the order obtained by Komlos [13]. Actually, this accurate order pro-
vides a key to the proof of the main theorem in the next section. Although this result
is for n x n binary matrices, but it holds well for n x n bipolar matrices since the
probability of singular bipolar matrices over all bipolar matrices is just that of
singular binary matrices over all binary matrices. Therefore, we will use this result
directly for bipolar matrices in the next section.

(20)

4. The Proof of the Main Theorem

We begin to give some definitions and results on the perceptron with bipolar input
variables. Actually, each neuron in a GHN can be considered as a perceptron with
bipolar input variables. Mathematically, a percepron is defined by a weight vector
W =[wy,wy,- -, wn]T € R" and a threshold value 6 such that for an input
X= [xl,xg,o--,x,,]T € R", its output y = Sgn(WTX — 0). Here, we let 0 =0 and
X € B". For a dichotomy {y*, "} of S, i.e., S is divided into two subsets x* and ",
if there exists a weight vector W € R" such that

wrx >0, if Xeyt,

wrx <0, if Xey,
it is called to be homogeneously linearly separable. In this situation, a perceptron can
be implemented to realize such a binary classification by the perceptron learning
algorithm.

In the same way, we can define the probability sequence of storage of the per-
ceptron as follows.

H(m,n) = P({{X', X?..., X"} is homogeneously linearly separable }),
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where m,n € N'={1,2,...}. When S = {X', X2,..., X} is in general position, that
is, each group of {X",... X%} C S are linearly independent if k < n, Cover [14]

proved that
(")

Moreover, Cover [14] further proved that

L
2=

M_

H(m,n) = C(m,n) =

—2ne

lim C(2n(1 4 ¢),n) = lim —/ " Fdy = 0, (22)
n—0o0 n—oo 2T

—2ne
lim C(2n(l —¢),n) = lim —/ M e HE )y = 1, (23)
Nn—00 n—oo 2T

where ¢ > 0, which leads to the well-known result that the asymptotic memory
capacity of the perceptron with an input X € R" is 2n.
Furthermore, Budinich [15] gave the following inequality:

C(m,n) — ZZak Ty 1) < H(m,n) < C(m,n), (24)
2111<rn> k=

where 7, =S = {X', X?,--- X"} and a;(m,,,n) is the number of groups of k sam-
ples in m, which are linearly dependent. Clearly, for k<n-—1,
) >, @ (T, 1) is just the probability of the event that k samples out of

1
mY (2"
k m
the m are linearly dependent. It is certainly not larger than that of the event that a

random 7, is not in general position.
For m > n, we further define

I ={n, C B": m, is not in general position.}
I, = {n, C B": m, is linear dependent.}

Since for any =, € I1, there exists a «,, € I1; with =, C «,,, we have

< iml (570, 25)

n

Suppose that F, is the event that =, is not in general position. It follows from
Equation (25) that

2" —n (2" —n
I1 m-—n IT, m-—n
P(Fm): ‘ ,1| < n o T /AN
2 2 2 2
m m m

By the following facts
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on Qnm m_p 211(1117)1) Xom-tn
= —X = - ¢« —
m m! """\ m—n (m—n)! x,’
and since x; > % when / is large enough, we have for large n

2nz<2n —I’l>
m-—n m! x,,,+,7<n!(m) _ 1
n

xnxm

(Z) _(m—n)!.xnxm

< z(m)(’”). (26)

n

Thus, we have

L
P(F,) = > < G -2(n!) e
m
Since | [], |n! < |E,|, where |E,| denotes the number of the matrices subject to the
event E,, we further have

[T1 _ B (m m
P(F,) = > < 2”’; 2 w )= P(E,) -2 0 ) (27)
m
Because %ZZ;} (7:) < 1, it follows from Eq.(24) and Eq.(26) that

||
2

C(m,n) — 4<’:) < H(m,n) < C(m,n). (28)
We are now ready to prove the main theorem.

Proof of Theorem 1. For a GHN N = (W,0), neuron i can be considered as a

perceptron with a weight vector W; = [wi, ..., Wii—1, Wiit1 - -, w,;y,,]T € R ie, the
ith row of W except the diagonal element w;; a zero threshold and an input vector
X(0) = [X1y 0oy Xty Xitdy e - s xn}T based on the input X of the network. Then, a state

X = [x1,%2,...,x,]" of the network is stable if x; = Sen(WTX(i)) fori=1,2,...,n.

For a sample set S = {X', X?,..., X"}, it is storable if and only if for each i there
exists a weight vector W; such that Sgn(W] X*(i)) = x,; for u=1,2,...,m, where
X*(i) = [Xp1,s - o, Xpio1, Xpit1, - - - Xun| . For convenience, we let B; is the event that
{X"(i), X*(i), ..., X™(i)} can be classified according to x!, x?, ..., x", respectively, by

the perceptron with a weight vector W; (i.e., neuron i). Then, we have

P(m,n) =P (ﬁ B,-> (29)
i=1
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For clarity, we let P;(m,n)=P(B;) for i=1,2,---,n. It is clear that

Pi(m,n) = H(m,n — 1). Thus, P(B,) = --- = P(B,). According to Cover’s result [14]
or directly from Equations (17) and (28), we have for ¢ > 0
lim P;(2(n—1)(1 +¢),n) = lim H2(n —1)(1 +¢),n—1) =0. (30)
n—oo n—oo

Because P(m,n) = P((\._, B:) < P(B;)(1 <i<n), from Equation (29) we further
have

lim P2(n—1)(1 +¢),n) = 0. (31)

n—oo
On the other hand, we have

n

Pmn)=P(\_ B)=1-P(J  B)=1->_" P(B)
=1-nP(B)=1-n(1—-P(mn)=1-n(l—H@mn-1)). (32)
Since

m

H(m,n—1) > C(m.n - 1>—4(n_1

)P(Enl)a
we further have
n(l — H2(n—1)(1 —¢),n))

<n(1-C2m—-1)(1-¢),n—1) +4<2(” - 1)>)P(E,11)

n—1
2(n—1
§n(1—C(2(n—1)(1—8),n—1))+4n< (m 1)>P(En_]).
n_
From Equation (23), it can be easily observed that 1 — C(2(n—1)(1 —€),n—1)

attenuates to zero exponentially with 1. Certainly, 1—C(2(n—1)(1-¢),

n—1)=0(). We then get
fim n(1 — C2(n — 1)(1 = ¢),n— 1)) = 0. (33)

n—oo

According to Stirling formula, we have

lim n<2n>/\/i22” =1.
n—oo n Y

Then, it follows from Lemma 6 that

n—oo n—oo

lim n<2(n”__11> ) P(E, 1) < K lim {1 /"2 (16p, 1)} =o0. (34)

where K is a positive constant.
Based on Equations (33) and (34), we have lim,_ . n(l—HQ2n—1)x
(1 —€),n)) = 0. Therefore, it follows from Equation (32) that
lim P2(n—1)(1 —¢€),n) = 1. (35)

n—oo
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Summing up the results of Equations (31) and (35), we finally have that the
asymptotic memory capacity of the GHN under the perceptron learning scheme is
2(n—1).

The proof is completed O

5. Conclusion

We have presented a further analysis of the asymptotic memory capacity of the
GHN under the perceptron learning scheme. With a more accurate estimated
attenuating order of the probability of the event that a random binary matrix is
singular, we have proved that the asymptotic memory capacity of the GHN is ex-
actly 2(n — 1), where n is the number of neurons in the network. It not only has
significantly improved the existing results on the asymptotic memory capacity of the
GHN, but also shows that the GHN has great potentiality for associative memory.
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