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Abstract. The mixture of Gaussian processes (MGP) is an important
probabilistic model which is often applied to the regression and classifica-
tion of temporal data. But the existing EM algorithms for its parameter
learning encounters a hard difficulty on how to compute the expecta-
tions of those assignment variables (as the hidden ones). In this paper,
we utilize the leave-one-out cross-validation probability decomposition
for the conditional probability and develop an efficient EM algorithm for
the MGP model in which the expectations of the assignment variables
can be solved directly in the E-step. In the M-step, a conjugate gradi-
ent method under a standard Wolfe-Powell line search is implemented to
learn the parameters. Furthermore, the proposed EM algorithm can be
carried out in a hard cutting way such that each data point is assigned
to the GP expert with the highest posterior in the E-step and then the
parameters of each GP expert can be learned with these assigned data
points in the M-step. Therefore, it has a potential advantage of handling
large datasets in comparison with those soft cutting methods. The exper-
imental results demonstrate that our proposed EM algorithm is effective
and efficient.

Keywords: Mixture of Gaussian processes, Leave-one-out cross-
validation, EM algorithm, Conjugate gradient method.

1 Introduction

As an extension of the mixture of experts (ME) architecture, the mixture of
Gaussian processes (MGP) is a combination of several single Gaussian processes
by a gating network. With the help of the divide-and-conquer strategy, the MGP
model is more flexible for modeling a temporal dataset than a single Gaussian
process. Moreover, Gaussian process has been shown to have a good performance
on regression and classification. However, just as many other powerful tools,
Gaussian process is not so perfect and has two main limitations. First, a Gaussian
process has a stationary covariance function and this characteristic cannot be
adapted in the cases of temporal datasets which have varying noises in different
times. Second, the computational cost of the parameter learning or inference is
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very high since it is involved in the computation of the inversion of an n x n
matrix where n is the number of the training dataset.

Since the MGP model was firstly investigated by Tresp [11], there have ap-
peared some variants of the MGP model and the corresponding learning methods
have been established ([3-4], [12], etc.). For clarity, we summarize all these in-
vestigations from two aspects: gating network and inference method. In fact,
there are three kinds of gating networks in the literature. Firstly, as the MGP
model is inspired by the ME model, the gating network of the ME model can
be straightforward inherited [7, 9, 11]. The second kind of gating network is just
a set of mixing coefficients which are assumed to follow a Dirichlet distribution
[6] or be generated from a Dirichlet process [4] (in this case, the finite mixture
model can be generalized to an infinite one). The third kind of gating network
is based on the distribution of the data points from the input space. In this
situation, data points from one GP expert space are assumed to be subject to a
Gaussian distribution [3], or a Gaussian Mixture distribution [12].

With the diversity of gating networks, there have developed two main infer-
ence methods: the Bayesian inference method and the non-Bayesian parameter
estimation method. By the Bayesian inference method, all the parameters are
assumed to have some prior distributions and certain sophisticated techniques
like the Markov Chain Monte Carlo methods are used for the parameter learning
or estimation [3-4], [12]. On the other hand, since the well-known EM algorithm
has been successfully implemented to learn the ME model [1-2], several imple-
mentations of the EM algorithm have been proposed to learn the parameters
of the MGP model (e.g., [7], [9], [11]). However, since the outputs of the MGP
model are not independent as those of the ME model, it becomes a very difficult
problem to compute the posterior probability that a data point belongs to each
GP expert. Actually, the computation schemes of the posterior probabilities in
the existing EM algorithms are heuristic, in lack of theoretical proofs, and often
lead to a low efficiency.

In this paper, in order to solve this difficult problem more efficiently, we uti-
lize the leave-one-out cross-validation probability decomposition for these con-
ditional probabilities and develop an efficient EM algorithm for the MGP model
in which the expectations of the assignment variables can be computed directly.
In fact, the leave-one-out cross-validation probability decomposition was already
used for the parameter learning in the single GP model [5], [10], but it has not
been used for the parameter learning of the MGP model. Here, as the conditional
probability of the output with respect to the input and the parameters is ex-
pressed by the leave-one-out cross-validation probability decomposition, we can
get a novel expression of the posterior probability that each data point belongs
to a GP expert in the E-step. In the M-step, we implement a conjugate gradient
method under a standard Wolfe-Powell line search to maximize the log likelihood
with the gradients being computed via the expressions given by Sundararajan
et al. [10].

As compared with the Bayesian inference methods, the existing EM algo-
rithms must use all the data points for inferring each GP expert. This may
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cause a great computation cost in dealing with a large dataset. To get rid of
this difficulty, we further modify the proposed EM algorithm in a hard cutting
way by assigning every data point to the GP expert with the highest posterior
in the E-step. Then, in the M-step, only these assigned data points are used to
learn the parameters of each expert. Therefore, the modified EM algorithm is
more adapted to deal with the learning problem of a large dataset. To demon-
strate the proposed algorithms in this situation, we conduct experiments on the
motorcycle dataset.

The remainder of this paper is organized as follows. In Section 2, we introduce
the MGP model and the leave-one-out cross-validation probability decomposi-
tion. The new EM algorithm is derived and investigated in Section 3, with the
experimental results being illustrated in Section 4. In Section 5, we make a brief
conclusion.

2 MGP and Leave-One-Out Cross-Validation Probability
Decomposition

We begin with a brief introduction to the Gaussian Process according to the work
by Rasmussen and Williams [5]. Give a set of training data X = [zT,...  21]T
as inputs and Y = [y{, - ,yL]7 as the corresponding outputs, where n is the
number of the training data. This dataset is said to follow a Gaussian Process
ifY ~ N(m(X), Ky(X, X)), where m(X) is a prior defined mean function and
K, (X, X) is a covariance matrix function with its element Ky(zp,z,) being a
kernel function. For simplicity, we assume that the mean function m(X) is zero.
There are some varying forms for the covariance function and here we use the
common one named the squared exponential (SE) covariance function as follows:

2 UJQ‘ 2 2
Ky(zp,zq) = 1" exp{— 9 l[2p — 4[|7} + Opgoy,s (1)

where [, o¢ and o, are nonzero real values. 6,4 = 1 if p = g; otherwise, d,q = 0.

The MGP model, as an extension of mixture of experts (ME) architecture, is
a combination of several single Gaussian processes by a gating network g(z|¢),
where ¢ denotes the set of all the parameters in the gating network. The gat-
ing network aims to divide the input space into regions for specific Gaussian
processes making predictions. As described in [3], we assume that data points
in the input space are i.i.d. and those from the same GP expert are Gaussian
distributed.

Suppose that there is a training dataset {Y, X} = {y, 2+ }}_, being generated
from a mixture of Gaussian processes containing M single components. The co-
variance matrix K; of the j-th GP component is specified by the parameters
0; = {lj,0¢j,0n;} and each Gaussian component in the input space (i.e., R9) is
specified by the parameters ¢; = {v;, X;}. Let Y_, and X_; be the corresponding
datasets leaving out y; and x;, respectively. The leave-one-out cross-validation
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probability decomposition can be given by

N M
p(}/a Xa 9) = Hzatjp(yt‘xtayftaX*taA? aj)P(xt‘éf’j)a (2)

t=1j=1
where A = {au;}, atj is the probability that (y:,x:) belongs to the j-th compo-
nent, under the constraint that Z _1 a¢; = 1. In our consideration, the gating
network is set by g(z|é) = [p (x|q§1) -~ p(x|éar)]T. Specifically, we have

p(reloj) = (27r)d/212j|1/2 exp{—1/2(x; — Vj)TEj_l(xt —vj)}. (3)

For any pair of y, and y, in given Y_;, the covariance of them can be written
as K(zp,zq) = Cov(yp,yq) = Zf\il apiqi Ki(xp, 4), where K; is the covariance
function of the i-th GP component. Under the assumption that y; belongs to
the j-th component, the covariance of y; and any y, in Y_; is Cov(yp,y:) =
ap; Kj(zp, x¢). Therefore, we have

[};t } NN< {K(XB?;XQ Kj(ijwt)b

where 0;(xp, 2¢) = ap; Kj(zp, x¢). Hence, we further get

Pyl Yot Xy A,05) ~ N, 3) (4)

where
1= BERK (X, X)) 71y, -
0t2j = Kj(xe, 2¢) — ﬂtj;K(X,t,Xft)*lﬁtj. (6)

Until now we have specified the leave-one-out cross-validation probability de-
composition (@l), and in the following analysis we will try to maximize it under
an EM framework.

3 Proposed EM Algorithm for MGP

Let {Y, X} = {y;, 2:}1¥, be a dataset drawn from a MGP model which contains
M components, where N is the number of training data points. In order to
carry out the EM algorithm for MGP, we first consider a set of binary variables
Z = {z;} such that z; = 1, if (y,2¢) is drawn from the j-th GP expert;
otherwise, z;; = 0. Obviously, Zjle ztj = 1. Let Y7 and X7 denote the output
and input data points of the j-th GP, and y? , and X7 ;. be the corresponding
datasets leaving out y; and x;, respectively.

Suppose that all the values of the binary variables Z = {z:;} are known, the
joint probability eqn. () can be written as

p(Y, X|6,8) = HH% @l o)) p(yrlee, X0, Yor, Z,05),  (7)

t=1j5=1
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where p(y¢|ze, X—¢,Y_y, Z,0;) is obtained by replacing ay; with z;; in eqn. (@).
We then get the log likelihood function as follows:

N M
0(0,8;Y, X, 2) =Y (log ply|w, X—t,Y-1, 2,0)+ Y _ zi5log arp(we|$;))- (8)
t=1 Jj=1

In this situation, the missing data are the hidden variables Z, the observed data
are {Y, X} and [y is the log likelihood of the complete data which we aim to
maximize. We further define a so-called Q function as the expectation of the log
likelihood w.r.t. the missing data Z:

Q(e,810™ M) = Ex{ly(6", ™ XV, Z)}, (9)

where © = {0;}, & = {¢;}. In the EM framework, we actually do not maximize
the log likelihood function directly. Instead, we try to maximize the @ function.
In order to compute the ) function, we need to compute the posteriors of each
data point (y:, ;) belonging to the j-th GP expert, denoted by h;(t):

iy <yt\mt,Yt,X_t7atJ7e““>)< JoR) S0

hj(t) = J (10)
S &l p(yelae, Yoo, X_o, aug, 0 p(ae|if™, V)
As z; is replaced by hj(t) in Iy, we get
N N M
Q= Zlogp(yt‘xtaXft,Y—t,{hj(t)},@)+ZZ t)log aujp(z|d;). (1)
t=1 t=1 j=1

Since there are no common parameters in the first and second terms of the @
function, we can deal with the maximization of the Q function on the two terms
independently. We can find an analytical solution to the maximization of the
second term by taking the derivatives to zero, that is,

&tj = hj t y ﬁj h l’t, 12
(t) Zt h Z:: (12)

N
~ 1
= D by )@ = ) (e — )" (13)
i1 hi(t) 1

For convenience, we denote the first term of the ) function as (4. It is rather
difficult to find a an analytical solution to the maximization of ()1. Here we try to
develop a numerical method to get a maximum of ()1 via the conjugate gradient
method for a standard Wolfe-Powell line search. To implement the conjugate
gradient method, we first need to get the derivatives w.r.t. the parameters 0; =
{lj7 Ofj» O'nj}jj\il'

As investigated by Sundararajan et al. [10], @1 can be written as: Q1 =
- Zivzl((yt —111)%/(20%) + log 07 /2 + log(27) /2), where the predictive mean p,
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and variance o2 can be expressed as iy = y; — [K Y] /[K Y, 02 = 1/[K Yy,

and the notations [-];, [-]« stand for the tth element of the specified vector and
the tth diagonal element of the specified matrix, respectively. K is the covariance
function defined by K(zp,z4) = Z]Ail hi(p)h;(q)Kj(xp, xq). Its gradient can be
given by
N _ _
Q1 Z aiZjaly  oF[Z;K e (2K

08, =2 (K1, T 2K 2Kl 14)

t=1
where o = K71'Y | Z; = K~'0K/00; and K/90; = h;(p)h;(q)0K;/06;. Ac-
cording to the definition of the covariance function eqn. (), we have

OK;(p, q) 3 0K, (p, q)
o = 2o =" ey = ), S0~ 28y
ﬁjafj = —oyjllzp — qugl]Q' exp{— 2] ||zp — quQ}-

With the above preparations, we now give our new EM algorithm for MGP
as follows.

1. Initialize the parameters {a¢;}, {6;}, {05}

Calculate the posteriors according to eqn. (I0).

3. Calculate ay;, v;, 3; according to eqn. (T2, [3). Calculate #; by maximizing
(@1 using a conjugate gradient method under a standard Wolfe-Powell line
search.

4. Repeat step 2-4, until convergence.

[\

In the E-step, we compute the posteriors by eqn. [I0). In the M-step, we esti-
mate the parameters ay;, 75, 2j by eqn. (I2 & [3) and 6; by implementing the
conjugate gradient method with the help of eqn. (I4]). Repeat the two steps until
convergence.

As an disadvantage of the non-Bayesian methods [11] in comparison with the
Bayesian methods [3-4],[12], the computation complexity problem is so knotty
that they require the inverse of an n x n matrix for every GP expert, where n
is the number of the training data points. In order to overcome this complexity
problem, we can modify our proposed EM algorithm in a hard cutting mode.
That is, in the E-step, after getting all the posteriors, we assign each data point
to the GP expert with the largest posterior. In the M-step, only the assigned
data points are used for learning each GP expert. In such a way, the computation
complexity of the modified hard cutting EM algorithm is reduced considerably.

4 Experimental Results

To test the performance of our proposed EM algorithm for MGP, we conduct
some experiments on an artificial toy dataset given in [3] and the motorcycle
dataset given in [8]. The artificial toy dataset consists of four continuous func-
tions which have different levels of noise. The four continuous functions are:
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fi(ar) = 0.25a2 — 40 + \/Tny, fa(az) = —0.0625(az — 18)2 + 0.5a2 + 20 + v/Tny,
f3(az) = 0.008(az — 60)> — 70 + v4n;, fi(as) = —sin(as) — 6 + v/2ny, where
a; € (0,15), as € (35,60), az € (45,80), ag € (80,100) and ny ~ N(0,1) that
denotes a standard Gaussian distribution (with zero mean and variance 1). We
generate 200 samples (50 samples for each function) from this toy model. We ap-
ply a mixture of four Gaussian Processes to model this dataset and implement
the EM algorithm to learn the parameters of the mixture. The experimental
results are shown in Figure [[I The noise values of each expert learned by our
proposed EM algorithm are very close to the true ones: 7.04, 6.69, 3.98, 1.59. In
the input space the centroids of the experts are 7.28, 46.65, 64.22, 90.90.

40
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Fig. 1. Experimental results of the proposed EM algorithm on the toy dataset. The

notations "*’, ’+’, ’0’, ’x’ represent samples from four expert.

The motorcycle dataset consists of 133 observations of accelerometer readings
taken through time. These observations belong to three strata and we present
them in terms of intervals along the time axis: [2.4, 11.4], (11.4 40.4] and (40.4,
57.6]. In the left plot of Figure 2 we illustrate the dataset and denote those
belonging to the same stratum by notations ‘o’, ‘“*’ and ‘+’, respectively.

In this case, we set the number of GP experts as 3, and then implement the
proposed EM algorithm for MGP on the dataset. For convenience, we begin to
initialize the posteriors rather than the parameters, as in the MGP model, the
prediction task is impossible to be done only with the parameters. In the M-
step, the conjugate gradient method under a standard Wolfe-Powell line search
is applied to estimating the parameters in the GP experts. In this situation, the
conjugate gradient method is considered to get a maximum solution when the
absolute values of the derivatives w.r.t all the parameters are less than 0.01. We
repeat the E-step and the M-step until convergence. In this particular case we
stop the algorithm as long as the average norm of the difference of the parameters
in the latest two iterations is less than 0.1.

We list the estimated parameters learned by the proposed EM algorithm in
Table[l It shows clearly that three GP experts divide the input space and model
the corresponding data points, respectively. They have different degree of noises
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Fig. 2. (a) Three strata of the motorcycle dataset denoted by ‘o’, *” and ‘+’. (b)
Clustering result by the proposed EM algorithm for MGP. Three clusters are denoted
by the notations ‘o’, ‘*’ and ‘+’. We illustrate the predictive medians by the dash-
dot line *--’; with 100 samples at each of the 84 equispaced locations according to the

posterior distribution.

Table 1. The parameters of the MGP model on the motorcycle dataset estimated by
the EM algorithm
Il o7 on i &2
GP expert 1 0.937 0.139 1.106 8.916 15.653

GP expert 2 30.902 0.319 24.212 23.060 53.370
GP expert 3 13.719 1.218 7.833 42.470 73.352

(%) according to the varying intervals. The GP expert 1 mainly model the data
points at the beginning of the dataset where the data points seem flat. Therefore,
the noise in this area learned by the EM algorithm is much smaller than those
in the other areas.

To show the flexibility of our leave-one-out cross-validation MGP model, we
illustrate the predictive median of the predictive distribution using a dotted line
on the left plot in Figure Bl Meanwhile, we use a dashed line to represent the
median of the predictive distribution of a single stationary covariance GP model.
According to the difference between the two lines, we can observe that the dotted
line performs better especially in the intervals where time < 12ms and > 40ms.
As speculated in [3], our model also performs well by not inferring an ”flat” GP
expert [4] at the beginning of the dataset where time < 11ms. In the interval
where time > 45ms, the data points are not as dense as those around at 30ms. As
compared with the prediction in this interval in [3], the predictive mean of our
model almost passes through every data point. The experimental result shows
that our leave-one-out cross-validation model may be in more agreement with
the idea of the Gaussian process regression that the more closer in the input
space the more closer in the output space. The right plot in Figure [3 shows a
set of samples drawn from the predictive distribution. We select 84 equispaced
locations along the time axis and draw 100 samples at each location.

We further apply the modified hard cutting algorithm on the motorcycle
dataset and illustrate the result in the right plot in Figure 2l Three clusters
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Fig. 3. (a) Two medians of the predictive distributions based on the single stationary
covariance GP model (dashed line) and the proposed leave-one-out cross-validation
MGP model (dotted line). (b) A sample data drawn from the predictive distribution
based on the leave-one-out cross validation MGP model. 20 samples for each of the
equispaced 84 locations.

are denoted by three notations ‘0’, ‘*’ and ‘+’. The dash-dot line represents the
predictive median of the posterior distribution. We draw 100 samples from the
posterior distribution at each of the 84 equispaced locations. We can see from the
clustering results that, the hard cutting method performs very well except for
the area where data points from different clusters are very close. We find in the
experiment that the clustering results and the computation time are sensitive
to the initialization. A proper initialization would lead to a stable performance
and a short computation cost. In this case, we assign three GP experts with 15
data points (about ten percent of the training dataset) from the beginning, the
middle and the end of the dataset, respectively, and all the remaining data points
are assigned randomly. The total computation time is around 34s, in compari-
son with one hour in [4] and 20s in [12]. Notice that we use the whole 133 data
points on the training, but only 40 data points were used for training in [12]. As
for any other dimensional input space, the utilization of the information from
a rough segment of the input space for initialization will help a lot to achieve
good performance and cut down computation cost.

5 Conclusions

We have established an efficient EM algorithm to learn the MGP model. By uti-
lizing the leave-one-out cross-validation probability decomposition, we efficiently
compute the posteriors of data points belonging to each GP expert and make
the Q function into two independent terms. We further modify the algorithm by
assigning data points to the GP expert with the highest posterior and learning
each GP expert with the assigned data points. This modification would lead
the proposed EM algorithm to the learning problems with large datasets. The
experimental results show the efficiency of the EM algorithm and a competitive
computation time of the modified hard cutting EM algorithm.
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