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A Proofs of Main Propositions

In this Appendix, we provide proofs for all the propositions.

A.1 Proof of Proposition

Problem can be solved by considering the Lagrangian:

J
L(w,\) =w'p — %w'Zw ~NAw-b)=uwp— %w'zw - Z Aj(Alw — by) (A.1)
j=1

where A represents the j-th row (constraint) of the matrix A. The first-order conditions:
OL(w, )
ow
A2
OL(w,\) 0 (A.2)
ox 7

lead to:

1
p—1Sw—AA=0 = Sw=p-AX = w=-3""1(p-A'N),
v (A.3)

Aw—-b=0.

The first equation proves . Combining the two equations leads to the system of equations that
the optimal Lagrange multipliers, A*, should satisfy:

1
—AY ' (p—A'A)-b=0 = A 'AA=AZ"'p—1b=0. (A.4)
Y

In particular, when the feasible region of the constrained optimization problem is nonempty,
AX YA’ is invertible, which implies that:

A= (AT T'A) T (AS T —4b). (A.5)
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This completes the proof of .
To derive the expected return decomposition of , multiplying the expected return, p, by the
portfolio holdings of leads directly to:

1 1.
pw' =Sty - ATAT . (A.6)
Y Y
To derive the expected utility decomposition of , we have
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The second term can be equivalently written as —3 (—%2_1A’)\*) b)) (—%Z_lA’X“), in which

—%ZflA’ A" is the portfolio holdings attributable to constraints.

A.2 Proof of Proposition

We first observe that, conditioned on X, the investor’s optimization problem in remains the
same and, therefore, the portfolio holdings and Lagrange multipliers are given by with static

constraints A replaced by constraints that depend on characteristics A (X):
1
w =-37" (p— AX)'X*) (A.8)
v
A= (AX)ZAX)) T HAX)S - yb). (A.9)
Therefore, the conditional expected return is given by:

E [w*'r|X] = pxw* = pxwnvo + pxwestr

. , ) . (A.10)
= pxwmvo + H'wesTr + (Ux — B )WesTR,
which proves @ To get explicit expressions for each term, we have:
/ 1 / -1
HXWMVO = ;MXE p (A.11)
1
' wesTr = —?L’E*lA(X)’)\* (A.12)
1 — *
(tx — 1) westr = —;(Hlx — W)ZTIA(X) A (A.13)

The conditional expected utility consists of two parts. The decomposition of the expected return



is given by (|A.10). Therefore, the conditional expected utility can be decomposed by:

* Yoo *
pxw® — Sw Yxw" = pxwwmvo + p'westr + (x — 1 )wesTr

-
—3 (wmvo + wesTr) Tx (Wnmvo + wesTR)

= pxwwmvo + p'westr + (Ux — B )wesTr
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1
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2
(A.14)
Here step (1) follows from the fact that
/ ]‘ Iy—1 ]‘ /
WMVOBWCSTR = S ¥ YwcesTr = M WCSTR-
This proves . To get explicit expressions for each term, we have:
/ Yo 1l 1oy —1 A
HXWMVO — 5WMVOBXWMVO = vuxﬁ L (=) E2x ('), (A.15)
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(wx — 1 )wesTr — (QW/CSTR + W'Mvo> (E¥x — X)wcsTr

/
— _i(,/x —p)ZTTA(X) A — i (21u + ;ElA(X)’A*> (Zx — D)ZTA(X) A"
(A.17)

A.3 Proof of Proposition

Normal case. We first prove the normal case under Assumption 2l The conditional distribution,
r|X, is also normal. To compute its conditional expected value, we first find a constant matrix C

such that Z = r — CX is uncorrelated with X. For this to be true, we require
0= Cov (Z,X) = Cov (r — CX, X) = Cov(r,X) — C- Cov(X, X), (A.18)

which yields:
C = Cov(r, X)Cov(X, X) 1. (A.19)

Therefore, the conditional expected return can be written as:

pix = E[r|X] = E[Z + CX|X] = E[Z|X] + CX
W E[Z] + CX = E[t] + C(X — E[X]) (A.20)
= p + Cov(r, X)Cov(X, X) (X — X).

Similarly, the conditional covariance matrix of r|X can be written as:

Yx = Cov(r|X) = Cov(Z + CX|X) = Cov(Z|X)

Y Cov(Z) = Cov(r — CX) = Cov(r) — CCov(X, X)C’ (A.21)

=3 — Cov(r,X)Cov(X, X) Cov(r, X)'.

Here step (1) in (A.20) and (A.21) follows from the fact that Z and X are uncorrelated multivariate
Gaussian random vectors and, therefore, are independent. In both cases, they depend on Cov(r, X)
and Cov(X, X).

Under Assumption |3] we can further simplify :

1
EI 0 O X1 — il
Mx = p+ (maraxJ pJUrUXJI> o . 0 : ;
0 0 —=I) \xj—%y (A.22)

J _
o (X — X
:H+ij r(%; ])’
- Ox.;
Jj=1 7



which completes the proof of (12). Similarly, we can further simplify (A.21):

1 0 0

oz, p10v0x, 1
EX = 2 - (,010-1‘0-)(1]: tee pJUrUXJI> 0 0 ’
0 0 I \pjorox,I (A.23)
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which completes the proof of .

MVT case. Next, we prove the MVT case under Assumption The properties of MVT distri-
butions are outlined in |Zellner (1971, p. 383-389) and Fang, Kotz, and Ng (1990, p. 42-47).

The conditional distribution of MVT is still MVT. In particular, Ding| (2016, p. 294) shows
that:

r|X ~ MVT (u + Vex V'x (X = X), s(V = VexVxx Vi), v+ NJ) , (A.24)
where td
1% 1 = _ —
S= N7 and d; = (X — X)'Vi'y (X - X). (A.25)

Because Cov(r,X) = %5V, x and Cov(X, X) = -*5Vx x, the conditional expected value is:

px = Er|X] = p+ V, x Vx5 (X - X)

v—2 1%
C X) -
” ov(r,X) —

= p + Cov(r,X)Cov(X,X) (X - X),

=p+ Cov(X,X) (X — X) (A.26)

which is the same form as the normal case in (A.20). The proof of therefore follows from the
same proof as the normal case in (A.22).

The conditional covariance matrix is:

¥x = Cov(r|X)

v+ NJ v+4d <I/—22_I/
v+ NJ—-2v+NJ v

B (v+di)(v—2)

(v+NJ—-2)v

— 2C0v(r, X) v Cov(X,X)™! v_2

v v—2 v

cov(x,r)>

(E — Cov(r, X)Cov(X, X) 'Cov(r, X)’) ,
(A.27)

which is the same form as the normal case in (A.21) except for the scaling factor %. Under




Assumption [3] Vx x is a diagonal matrix and

di = (X - X)Vyx (X - X)

1 N o 1 N oy (A.28)
=N Jxlﬁ (iL'u—xl) —|-..-+O'XJNZ($JZ‘—XJ) s
i=1 i=1
which converges to NJ as N increases without bound. Therefore,
d -2 N -2 1 N

(v+NJ-2v  (v+NJ-2v 1+(w-2)/NJ

where £ denotes equality in probability as N increases without bound. Combining (|A.27) and

(A.29) we have:
x = Cov(r|X) £ (1 —2/v) (¥ — Cov(r, X)Cov(X, X) ' Cov(r,X)') . (A.30)
The proof of therefore follows from the same proof as the normal case in (A.23).

A.4 Proof of Proposition

Substituting the excess return from information in Proposition [3|into the expected return decom-

position of Proposition [2, we have:

E [w*r|X] = pxw* = pkwmvo + p'westr + (x — 1) westr

J % A.31)
Xj — Xj)WCSTR (A.
= pxwnvo + p'wesTr + Z ijr( ’ Uj) ;
j=1 *

which completes the proof of .

Substituting the excess return and excess covariance from information in Proposition [3|into the



expected utility decomposition of Proposition [2| we have:

/ Y 4 / .
pxw” — §w* Yxw* = pxwmvo — §wMVOzXUJMVO
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which completes the proof of . When Assumption [2°|is true, the expected utility decomposition

holds when N and v increase without bound.

A.5 Proof of Proposition

We first need the following two lemmas to prove Proposition

Lemma A.1. When wu is unknown and X is known, consider the following prior on w:

3
7-‘-O:I'l"‘\’]\7<l‘l’077_)7

where g is the prior mean, and T is a precision hyperparameter. The predictive distribution of the

return 1s
PN (f0, %)

where .
. Tp+Tpg

- 1
o = T+r and 20—<1+>2.

T+T1
Lemma A.2. When p and ¥ are both unknown, consider the following prior on p and 3i:

b
WO:IJ“ZNN<“’OaT>7 ENIW(E()va)a

where g is the prior mean, Xg is the prior covariance matrices, T and vo are hyperparameters,



and IW stands for the Inversed-Wishart distribution. The predictive distribution of the return is

. - vo+T —N—1_~
~MVT b)) T-N+1
r (IJ/O? U0+T—N+1 0, UU+ + )7
where A
~ _Tl‘L+T“O
Ho="p 17
N 1 1 A Tr
o= |1 Yo+ TE+ — — [ —n) ).
0 (+T+T>UO+T_N_1( 0+ T2+ 7= (o — £1) (o u))

Proof of Lemma |A.1. Based on the prior 7g, we first calculate the predictive distribution of r.
1 _
Prlr) x exp { 3 (o (374 — ) - )]} }
1 _
cexp {3 (0 (277 0n = o) — o)) } |
1
X exp {—2 {tr }}
1 _ . N
scenp {4 (571 (T = @) = 0+ 7001 = i) = i)+ s = 1) 1Y)}
1 _ Th+ Ty +1 Ti+ 1y +1Y
_z s (T 1 _B2rret- _=2rrts
(XeXp{ Q{tr[ <( T )<“ T+r+1 )(“ T+r+1
L THT (L ThtTig (L ThatTig
T+71+1 T+ T+ ’
where 1 = % Z;‘FZI r;. Integrating over the posterior distribution of u, we derive:
1 _ T+7— T[:\L—i-’rll;o T[:L—FTIJ/O !
P(r|® ——tr |27t — - .
(xl T)OCeXp{ Q{T[ T—|—7‘—|-1<r T+71 r T+71

This implies that the predictive distribution of r is also normally distributed with mean and co-

T
=) (v - p) (v — )
t=1

variance given by:
. Tp+Tp
Ho = T+ T

~ 1
o= (1 >
0 ( +T+T>




Proof of Lemma |A.2. Based on the prior 7, we first calculate the predictive distribution of r.

Pelr) o 51 exp {4 {r (27— (e - )]}
<1 bexp {3 {or (27700 o) - o)}

vo+N+1

02— exp{—;{tr[z‘lzo}}}

T
_T 1
X | 2|72 exp {—2 {tr }}

=Y (v - p) (v — )
v FN+T+3 1 _ A TT . N
o [y exp{—g{m« [2 1<20+T2+(uo—u)(uo—u)’

t=1

T+T

Tph+Tpg+r Ti+7pg+r)

T 1) (p——BTTHRo T (), ZHTTHoTE
+ +T+)<“ T+r+1 T+r+1

n T+ r_T[L—i—TuO r_Tﬂ+Tu0 !
T+71+1 T+ T+ '

where 3 = % Zthl(rt — f)(ry — 1), Integrating over the posterior distribution of p, we derive:

voFN+T+2

_ vgtN+T+2 1 _ . Tr R R
P(r[Br) o [£] 5 exp{—2{tr[2 NS+ TS g~ (ko — )

L THT (L ThtTe (L ThatTi
T+71+1 T+ T+ ’
The posterior distribution of 3 is Inversed-Wishart with a degree of freedom of vg + 71"+ 1. Inte-

grating over the posterior distribution of 3, we derive:

A ks . .
P(x] ) o ]zo FTE 4 LT (g~ ) g — )
R R /_v0+T+l
n T+ r_TH+TH0 r_TH+TH0 ?
T+7+1 T+ T+

This implies that the predictive distribution of r follows a MVT distribution with a degree of

freedom of vy + 7T — N + 1, and its mean and covariance are given by:

_ T+ 7pg
Py = T—|—T ’
- 1 1 - TT
o= (1 S0+ TS+ ——(pg — 1) (o — 1)’ ) -
0 <+T+7)W+T_N_1<o+ + o (o — ) (ko m)

Proof of Proposition [5 with known X. With Lemma we derive the predictive mean and

covariance of T with the prior my:

- Tp+Tm
B = T+T1

and 3 = (1+ )X, (A.33)

T+ T



and the predictive mean and covariance of ¥ with the prior 7o:

- Tp+THo <
=—>"= d =11
2 T+ o 2= (1+

In order to have @} = @3, we combine (A.33)—(A.34) with (2I)-([22) to derive

3. A.34
T+ 7') ( )
fry — A'X= Frp.
Rearranging terms, we have
/ —1An—1 -1 1 T ., —1an—1 —1x
;LQ:,ul—A(AE A) A¥X " p, — 1+; vb —;A (AZ A) (AZ u—yb)
/AN T A\
=p; — A'X pR — ;A ALDT,
which proves .

Proof of Proposition [5 with unknown ¥. With Lemma we derive the predictive mean

and covariance of r with the prior my:

i, = Tp+ 7y
N 1 1 T . Tr (A.35)
X = <1+T—i—7—) wtT —N—1 (21+TE+T+T(IJJ1—IAL)(N1—IAL)/>7
and the predictive mean and covariance of ¥ with the prior 7o:
) 1 1 ) Tr (A.36)
Yy = <1+T+7) Wt T —N_—1 <22+TE+T+T(H2—M(N2—MI>-

We combine (A.35)—(A.36) with (21)—(22) to derive the following sufficient condition for @} = @3:
=3, and fi; — A'X = fi.

In order for ¥, = X, we simply need

TT

So=X
2 1+T—|—7‘

(py — o) (py + po — 2f2),

10



which proves (25). In order for fi; —A’X; = 1y, we plug in the predictive moments in (A.35)—(A.36)
to derive

~ 1 —1 ~ 1
po = py — A (AE1 A/> <A21 Hy— ’Yb>
T T B
A (Azl IA’) (Az1 Yo yb)
-
A T /A
=py — A'Xy pr — ;A A2 DT,

which proves .

A.6 Proof of Proposition [6]
When there is a single constraint A(x) = x’, the Lagrange multiplier, \*, is a scalar:

XSy — b

N =
x'¥ 1x

(A.37)

Substituting this Lagrange multiplier into the decomposition of portfolio holdings in yields:
1 1 1 1x3 ' — b
R R TE) U SR > I LS ) B 1S (A.38)
Y Yy Y vooxX'¥Tx

Substituting (A.38) into the last term (the information component) of the expected return decom-
position in and assuming the expected value x = E[x] = 0 yields:

1
&x'wCSTR = PIr (—)\*Elx>

X UX ry
_ o (_ Lx3 I —9bg, )
o\ 7 xEx (A.39)
_ pox <_1x21u1 vaElX)
Ox v XY Tx
_ Por (b—x'=""pu/y).
Ox
Therefore, the full decomposition of expected return in reduces to:
o
E [w*'r|x] = pxwnvo + w'westr + %XIWCSTR
X
1 1
= kS - NS+ D (b X2 /)
Y Y Ox (A 40)
1, w1 1 X/E_IN I —1 POr I—1 ’
= —puxX 4+ ——— (v —x'X +— (b—xX
JHxE T T (v D) . ( /)
| — Xlz_lu I5—1 POr I —1
= —puxX —— (b—x'X b—x'X .
JHXET o (b—x'T7 u/v) + o (b—x'Z7 u/)

Note that both (A.39) and ([A.40) assume that the Lagrange multiplier \* # 0. When the constraint
is not binding for inequality constraints, ({A.39) becomes zero and the last two terms of (|A.40)

11



vanish.

A.7 Proof of Proposition

When x is a vector of binary random variables following the Bernoulli distribution, we need to
quantify the excess expected return, p, — p, in @ of Proposition [2, The i-th element of p, — p

is given by:

Wix — i = E[ri|x] — E[ry]

W E[ri|x;] — E[r;] (A.41)

2 2, Elrifes = 1~ Efrl) + (1 - ) (Elrila; = 0] — Elri),
for i = 1,2,...,N. Here step (1) follows from Assumption [3| which guarantees that there is no
cross-correlation between the return and characteristic value of different assets. Step (2) uses the
fact that z; is either 1 or 0.

To compute E[r;|z; = 1], we consider the correlation between the characteristic value and return
of the i-th asset:

COV(:CZ-, 7"1')
Var(x;)Var(r;)
_ Elziri] — Elz]E[ri]
Var(z;)Var(r;)
e E[rilx; = 1]P(z; = 1) — P(x; = 1)E[ry]
 VP(z = 1)(1 - P(z; = 1)) Var(ry) (A.42)
_ (Efrilzi = 1] — E[r]) tha,=1
V=1 (1 = thy,=1)07

_ Efrizi = 1] — E[ri] [¢zi=1
Or 1/’%:0 '

Here step (1) follows from the fact that x; follows the Bernoulli distribution, whose variance is
given by P(z; = 1)(1 — P(z; = 1)). We use ¢5,—1 = P(x; = 1) and ¢,,—0 = P(x; = 0) to denote the
marginal probability of the i-th asset being included or excluded from the portfolio.

Equation (A.42) implies that

p = Corr(z;,r;) =

Efrifzi = 1] — Elrs] = porey | 2522, (A.43)
¢wi:1
To compute E[r;|z; = 0], we observe that:
E[r;] = E[ri|lz; = 1¢g,=1 + E[ri|zi = 0]¢s,=0, (A.44)

12



which yields:

¢xl =1 _ wmlzl
V=0

Elrilz; = 0] — E[r;] = — (E[ri|z; = 1] — E[r;])

Substituting (A.43) and (A.45) into (A.41) yields:

_ d}xi:O @Z}xizl
Pix — [i = por | T - (1—)

fori=1,2,...,N. Therefore,

Py —H=por(xOu—(1-x)0OV),

where

u= wwl 0 w-’ENZO I v = ¢:}c1=1 sz:I I
@ijl 1 Q;[)IEN=1 ’ ¢$1=0’ Y sz:O ‘

Substituting this 1nto of Proposition 2| I yields:

E [w*'r|x] = phwmvo + p'westr + (B — 1) westr

= plwnvo + ' westr + por (x @ u — (1 —x) © v) wesTR,

which completes the proof of .
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B Additional Technical Results

In this Appendix, we provide additional technical results.

B.1 General Dependence between Returns and Characteristics

In this section, we relax Assumption [3| and the results in Section In particular, we derive a
version of Propositions under Assumption [2| (normality). We allow for multiple characteristics

of the same asset to be correlated with each other, and general dependence between returns and

characteristics. In particular, we replace the covariance matrix of [r' x| --- x/;| in (11 by the
following:
Assumption B.1. The covariance matriz of [v' x| --- x/;] is given by:
X Cov (r, (x],...,x))
0,2(11 Ox,0x;T12l -+ oy 0x,7171 B.1)
. , Oxy0x, T211 0,2(21 c Oxa0x,Tagl '
Cov ((X 7XJ)7r)
Ox,;0x,TJ11  0x,0x,7j2L - 0'}2(JI

where T;; = Corr(rik, xji) is the correlation between the i-th and j-th characteristic values of the
k-th asset, fori,j € {1,2,...,J} and k € {1,2,...,N}.

Recall that X represents the (N x J)-dimensional vector [x] - x|, and we use X =
X| - X to denote the expected value o . e following result generalizes Proposition

d f]’ d h d val f X. The followi 1 li P ition |3
under the weaker Assumption [B.1l

Proposition B.1. Under the covariance structure in in Assumption r|X is normally

distributed with an expected value given by:

Covr x;)(x; — X Bi; Cov(r, x;)(x; — X;)
e S RO ) OB oy
1<lzé]]<J

and a covariance matrix given by:

J
Cov(r,x;)Cov(r,x;)’ BijCov(r,x;)Cov(r,x;)
¥x = Cov(r[X) =2 - )" 02( T Z 0= D) :
] 1 Wi Z?é] i 7
1<i,5<J

(B.3)

where Cov(r,x;) is the N x N covariance matriz between two N -dimensional vectors, r and X;,
and f3;; and R? are defined as follows. Let

X =[T1 0 i1 Tigr - zy) (B.4)

14



denote the (J —1)-dimensional vector of an asset’s J — 1 characteristics not including the i-th one.
We consider a hypothetical regression in which x; is projected onto the (J — 1)-dimensional space
of x—;). Then,

B; = [Cov (x_ij,x_q) ] ! Cov (X_qp, ) (B.5)

is the (J — 1)-dimensional vector of regression coefficients and B;; is the element of B3; that corre-

sponds to x;; and

X . Bix ’ -1
R Cov </8ix[—2z]aﬂzx[—l]) _ Cov (xj_g,x;) [Cov (X[_g,x[_ﬂ)} Cov (x_g, 7;) (B.6)

UXi O-Xi

is the R-squared of the regression. Here

Ox10x,;Tli

C | Oxi-10x; Ti—1,i
ov (X{—i), 25) =
O-XH_IO.XZ‘ T’L—‘rl,l
Ox;0x;TJi
and
2
le Ox10x; _1T1,i—1 leo-xi+171,i+l Ox,0x;T1J
o Ox:Ti—1.1 0-2 O - Ti—1,i+1 (o2 Ox ;Ti—1,J
_ x—19x17i—1, Xi—1 xi—19x;417i—1,0 xj—1Yxy7i-1,
Cov (X-q), X(-q) = | " : |
O-Xi+1 Ox1Ti+1,1 e Jx,i+1 Ox;_1Ti+1,i—1 U-xiJrl e Ux,i+1 Ox ;Ti+1,J
2
Ox;0x,TJ1 e Ox;0x; _1TJi—1 Ox UxH»l TJ,i+1 e UxJ

Proposition |[B.1 also allows for explicit decompositions of the expected return and utility of
the portfolio by substituting (B.2)—(B.3) into Proposition [2| which gives the following generalized
result of Proposition 4| under the weaker Assumption [B.1.

Proposition B.2. Under the covariance structure in mn Assumption and conditioned on
information in X that is used to form constraints, A(X), the following decompositions hold for the

optimal portfolio, w*.

1. Ezxpected return decomposition.

E [w*r|X] = pxw® = pkwnvo + pwestr

J _ _
Cov(r,x;)(x; — X;) / BiCov(r, xi)(x; —%X;) (B.7)
+ ) wostr e — WCSTR .
> a0y 2 21— R

1<i,j<J
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2. Ezpected utility decomposition.

/ D / . Yo
pxw® — ~w" Txw” = PxwMvo — =Wi\vo BXWMVO — =WegTR DWCOSTR

2 2 2
J _
Cov(r, x;)(x; — X;) Cov(r,x;)Cov(r,x;)’
/ X )\Xj — X / ' %) 1 X
+ ; (“"CSTR 02 (1 - 1) + YWsHR o2 (1- 12) WCSTR
Bi;Cov(r,x;)(x; — X;) Bi;Cov(r,x;)Cov(r, x;)’
— Z <w/CSTR ! o2 (1 Rg) g + YwsHR ! 02 (1- R2) L wesTR | -
i% X; i x; i
1<ij<J
(B.8)

Next, we state two corollaries of Proposition [B.1. In particular, we provide additional intuition
for the information contribution from portfolio constraints by separating the effect of general de-
pendence between returns and characteristics from the effect of dependent characteristics of the
same asset.

First, if we allow for general dependence between returns and characteristics, but multiple char-

acteristics of the same asset are independent of each other, the covariance matrix of [r' x| ... x/;]
can be written as:
> Cov (r, (x],...,%x))
o2 0 0 (B.9)
Cov ((x,...,x)),r) 0
0 oz2,1

Corollary B.1. Under the covariance structure in , r|X is normally distributed with an

expected value given by:

o Ox;

L. Cov(r,x;) (x; — X;)
px =EB[r[X] = p+) R (B.10)
j=1 X

and a covaritance matrix given by:

Cov(r,x;)Cov(r,x;)

J
x =Cov(r[X) =X - )
j=1

- , (B.11)
Xj

where Cov(r,x;) is the N x N covariance matriz between two N -dimensional vectors, r and X;.

Second, if we allow for multiple characteristics of the same asset to be correlated with each

other, but characteristics of one firm are independent of returns of another firm, the covariance

16



matrix of [r' x| ... x/;] can be written as:

b)) prorox, I poorox,I -+ pjocox,l
2
P10v0x, 1 o | Ox,0xoT12l -+ 0y 0x,T1J1 (B.12)
2 .
P20r0x,1 Oxy0x, T211 O'X2I cor Oxy0x,Togl
2
Pyor0x, 1 Ox;0x, Tl Ox,0x,720 --- O'XJI

Corollary B.2. Under the covariance structure in (|B.12), r|X is normally distributed with an

expected value given by:

POy — Bij Pi0 r — )
px = E[r|X] = “""Z](l—_RQ Z Jax 1—R2) ; (B.13)

1<z ]<J

and a covariance matrix given by:

¥x = Cov(r =3 - zJ: il Z M (B.14)
1—R2) ooy ox, (1 — R?)’ '
1<i <

where B;; and RZ-2 are defined in Proposition .

Similarly, it is straightforward to derive corollaries of Proposition [B.2 under the covariance
structures in (B.9) and (B.12).

Proof of Proposition We recall from ([A.20)—(A.21) in the proof of Proposition[3]in Section
that both ux and Xx depend critically on Cov(X, X)~!

px = p + Cov(r, X)Cov(X, X) (X — X),

(B.15)
¥x =X — Cov(r,X)Cov(X, X) Cov(r, X)".

Therefore, the key to the proof of Proposition@is to derive analytical expressions of Cov(X, X)™!
under covariance structure in Assumption E

For notational simplicity we define Q = Cov(X,X)™!. Because Cov(X, X) is a block matrix
under the covariance structure in , and linear operations of block matrices are equivalent to
element-wise operations, we treat Cov(X,X) and @ as J x J matrices for notational simplicity.

We first calculate the explicit solution of the first row of ). We express ) as:

Qi Q2
= B.16
¢ <Q21 Q22> ( )
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where the sizes of the sub-blocks Q11, Q12, Q21, and Qa2 are 1 x 1, 1 x (J — 1), (J —1) x 1, and
(J —1) x (J — 1), respectively. Therefore, we have:

I=@Q - Cov(X,X)
2

Ox, 0x,0x5T12 *°° O0x,0x;7T1J
. Q11 Q12 Ox20x, 721 U>2<2 Tt Oxe0x;T2J
Qa1 Qx : : B : (B.17)
Ox,0x,TJ1 Ox,0x,TJ2 **° aiJ

_ Q1 Q12 o2 dyj_q
Qan Q2) \dij-1 Cj
where we write the (J — 1)-dimensional vector dy j_1 = Cov (x[_1),21) and the (J —1) x (J —1)

matrix Cy_1 = Cov (x[_l],x[_l]) for convenience.
The block-wise calculations of the first row in (B.17)) leads to:

Quioy, +Qu2d1 1 =1,

) (B.18)
Qudy ;1 +Q12C;—1 =0.
After rearranging terms, Q12 and @11 can be expressed as:
_ (2 ! -1 -1
Q1 = (le - d1,J—1CJ—1d1,J—1) ) (B.19)

/ ~1
Q12 = _Qlldlyt],lcj_l-

We observe that the terms in (B.19) correspond to an interpretation of a regression in which
71 is projected onto the (J — 1)-dimensional space of x|_;;. The (J — 1)-dimensional vector of

regression coefficients is given by (B.5):
51 = [COV (X[_l},X[_l])] ! Cov (X[_l],.%'l) = C;_lldLJ_l, (B.QO)

and the R-squared is given by :

R - Cov (x(_13.21) [Cov (X[_1],X[—1])]_1 Cov (x[_y), 1) — dlle—lc;—lldl’Jfl_ (B.21)

2 2
O'xl axl

Substituting (B.20)—(B.21) into (B.19) leads to:

1
U>2<1(1 _/ R%)’
—B
0%, (1 - Rg)

Qu =
(B.22)
Qi2 =

Finally, we observe that the derivations in (B.16))—(B.22)) apply to any row of the matrix Q. By
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symmetry, we have:

1 —Br2 —BJ
AO-R) AO-R) T A1-R)
—B21 1 —B2g
o-|EB0-B Zi-B T Z1-R) (B.23)
—Bn —B2 1
o2 (1-R3) o2,(1-R3) o (1-R3)

Substituting (B.23)) into (B.15]) completes the proof.

Proof of Proposition Substituting the excess return and excess covariance from the infor-
mation in Proposition [B.1] into the decomposition of Proposition [2]yields the general decomposition
in Proposition [B.2 under Assumption [B.1!

B.2 Additional Results for Attribution Using Bayesian Portfolio Analysis

In this section, we provide formal statements of our results in Section

B.2.1 General Distributions of Predictive Returns

Proposition B.3 (Conditional Attribution with Information using Predictive Distribution). Under
Assumption and the Bayesian framework to solve for the optimal portfolio in (120), conditioned
on information in X that is used to form constraints A(X), the following decompositions hold for

the optimal portfolio, &*.

1. Decomposition of the expected predictive return.
E [GJ* f'!X] = x@" = fix@wmvo + f'@csTr + (i — B)@CsTR, (B.24)
where

o ixOmvo = % [L’Xilil [ expected return of the unconstrained MVO portfolio.
1

o WOcsTR = —%[L’ii A(X)’S\*: components attributable to each constraint treated as

static.

o (i — p)wesTr = _%(ﬁlx — @)E T AX)X": components attributable to information

in constraints.

Here the Lagrange multipliers are given by:
- o -1 L
A= <A(X)2 1A(X)’> (A(X)E 1,1—710) (B.25)

provided that the feasible region of the constrained optimization problem is nonempty.
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2. Decomposition of the expected utility with respect to the predictive distribution.

~) ~% Yo ™~k ~/ ~ Y -~ N~
fx@” — 5 Ex@* = px@mvo — §wi\/1vozxw1v1vo
v -~ =
~ YotsmSocstn (B.26)
+ (fx — B)@osTR — @SR (EX — E)@OSTR-

~ ~_ ~ _ !~ ~ _
o Hx@yvo — 3@hvoSx@uvo = kS AL (2 1,1) Sx (z 1;1): optimal expected

utility of the unconstrained MVO portfolio.

o —IWgrrEWCSTR = —%5\* A(X)i_lA(X)’:\*: components attributable to all con-
straints combined together, treated as static.
_ - - < <~ _ | <
o (i — )@osTR — Whur(Ex — D)westh = — ik — #)E AX)N
~ ~ ~x\' =~ ~ o~ ~ %
- % (2 1ﬁ+ D 1A(X)’)\ > (Ex —-X)X 1A(X)’}\ : components attributable to in-

formation in constraints.

Here wspr is a shrinkage portfolio defined as:

- N 1. B 1.
WSHR = WMVO + 5WCSTR = @ - SWCSTR: (B.27)

B.2.2 Specific Distributions of Predictive Returns

The following assumptions replace the population return vector r in Assumptions 2/ and 27 with the

predictive return vector r.

Assumption B.2. The predictive return and asset characteristics, (¥',x,...,x/), are jointly nor-

mally distributed.

When p and 3 are both unknown and modeled as random parameters in the Bayesian frame-

work, the predictive density of returns is typically a multivariate Student-¢ distribution,
F~ MVT (g, Vv, y) : (B.28)

where i and V are the location vector and scale matrix, respectively, and v is the degree of freedom.

Assumption B.2’. The predictive return and asset characteristics follow a multivariate Student-t

Y oavr (B (Y Vex) L),
X X)) \Vx: Vxx

The next assumption describes the dependence between characteristics and predictive returns.

distribution:

Assumption B.3. The joint distribution of the predictive return vector v and characteristics X =

[x} xb -+ %} satisfies the following conditions.
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1. The characteristic values are independent both across different assets and between the J dif-

ferent constraints.

2. For the j-th constraint, the correlation between the predictive return and characteristic value
of each asset is pj, and there is no cross-correlation between the predictive return and char-
acteristic value of different assets. In other words, the covariance between predictive returns

r and characteristics X; 1s given by
COV(f‘,Xj) = ﬁjUf-Ux].I

, where og is the cross-sectional standard deviation of predictive returns, ox; is the cross-

sectional standard deviation of the j-th characteristic, and I is the identity matrix.

This allows us to derive an explicit expression of the information component from predictive

returns similar to that in Proposition

Proposition B.4 (Information Decomposition Using Normal and MVT Predictive Distribution).
Under Assumptions |1 and

o if Assumption holds, ¥|X is normally distributed, with an expected value given by:
- (xj = %))
fix = B[|X] = fi+ Z : (B.29)
and a covariance matrix given by:

Yx = Cov(i[X) =% - ) propl (B.30)

o if Assumptz’on holds, ¥|X follows a multivariate Student-t distribution:

MVT (,1 + Vex V(X = X), s(V = Vex Vg Vo) v + NJ) : (B.31)
where e _
v+ (X - X)Vgly (X - X
g — ( ) X,X( ) (B.32)
v+ NJ

is a scaling parameter that approaches 1 as the number of assets, N, increases without bound.

In particular, its expected value is given by:

J _
o = BFX] =+ 3o bu=%), (8.3
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for all N, and its covariance matriz is given by:
~ ~ J
Yx = Cov(F|X) £ (1-2/v) [ Z =) plopl |, (B.34)
j=1

where £ denotes equality in probability as N increases without bound.

This result can be applied to several classical Bayesian portfolios with normal predictive distri-
butions. For example, Klein and Bawa (1976) consider a model with a known covariance matrix
and non-informative priors on the expected returns of a subset of assets. They derive a normally
distributed predictive density. |Jorion (1986) uses an informative conjugate prior and applies the
James—Stein estimator to expected returns, which leads to a multivariate normal predictive density,
conditioned on a known covariance matrix. The optimal portfolio is constructed using the predic-
tive density with a plug-in covariance estimator following |Zellner and Chetty| (1965). Black and
Litterman (1992)) develop a quasi-Bayesian approach that allows investors to incorporate private
views into the market view of expected returnsE] Their framework is concerned with the uncertainty
in the expected value but not the covariance matrix, in which case the predictive distribution is
normal (Kolm and Ritter, 2017, p. 566).

Several other Bayesian and shrinkage portfolios have predictive distributions that follow mul-
tivariate Student-¢ distributions. Early studies such as Klein and Bawa, (1976) and Brown (1978)
use a non-informative diffuse prior, P(u, 3) o ||~ (N+1D/2 which leads to a predictive distribution
with MVT (;L m S T-N ) The Bayesian optimal portfolio without constraints is shown

to be wyvo =y HT — N — 2)(T + 1)_1271[1, where fi and 3 are the sample mean and sample
covariance matrix of the observed returns in the past 1" periods, respectively.

The conjugate prior is another popular class of priors on (u,¥), which allows their posterior
to take the same form of distribution as the prior. The most common specification considers a
normal prior for g conditioned on 3 and an Inversed-Wishart prior for 32, which is adopted by,
for example, Frost and Savarino| (1986)), [Stambaugh (1997)), Pastor (2000), Pastor and Stambaugh
(2000)), |Zhou (2009)), and |Lai, Xing, and Chen (2011). In this case, the predictive distribution is
still MVT, but the mean and covariance both have more shrinkage towards the fixed level specified
in the prior.

Tu and Zhou (2010) analyze priors on portfolio weights instead of unknown parameters of the
return distribution, a method termed “objective-based priors.” They show that the prior on port-
folio weights can be transformed into a prior on g and 3. In particular, the objective-based prior,
w ~ N(wg, XoX71/9), is equivalent to the prior on expected returns, pu ~ N (72000,0’32/82),

where w, g, and o, are suitable prior constants and s? is the average diagonal elements of X.

3 Although usually considered a Bayesian approach, it is not entirely Bayesian because the data-generating process
of returns is not fully specified explicitly. See discussions in [Avramov and Zhou| (2010, p. 30) and |Jacquier and
Polson| (2011, p. 19). Nonetheless, we can interpret [Black and Litterman(s (1992) rule as an update of the prior of
the equilibrium relationship with investors’ private views (Zhou, 2009} p. 39).
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In addition, DeMiguel et al. (2009) show that norm-constrained portfolios can be equivalently
interpreted as Bayesian portfolios where investors have certain prior beliefs on portfolio weights w.
Their analysis applies very broadly to, for example, the no-short-sale portfolios (Jagannathan and
Ma, 2003)), the shrinkage covariance-based portfolios (Ledoit and Wolf, [2003, |2004), and the 1/N
rule (DeMiguel, Garlappi, and Uppal, 2009)).

The insights of DeMiguel et al. (2009) and Tu and Zhou| (2010) provide an important link
between the literature on robust portfolios with priors on portfolio Weight and the literature
on Bayesian portfolio analysis. This implies that our attribution framework can, in principle,
be applied to robust portfolio rules that directly impose priors or shrinkage on portfolio weights
through their Bayesian equivalents. However, deriving the specific Bayesian formulation for each

of them is not the focus and beyond the scope of this article.

B.3 Unconditional Attribution

The results in Proposition |2|are conditioned on X. To obtain an unconditional decomposition over
multiple time periods, we must compute the expectation of @ and with respect to X. This
does not change the decompositions in Proposition [2| because they are linear, and the unconditional
expected return and utility are simple generalizations of the decompositions conditioned on X.

Nonetheless, we summarize the unconditional results formally.

Proposition B.5 (Attribution with Information). Under Assumption the unconditional expected
return and utility can be decomposed into components that are attributable to the unconstrained

MVO portfolio, static constraints, and information, respectively.

1. Expected return decomposition.
E [w*'r] = I,l,,wMVO + [,I,/E [wCSTR] +E [([,I,IX — ,u’)wCSTR} . (B.35)

2. Expected utility decomposition.
E [ w7 lV KN R, 5
w r] 5 var (w r) = HWMVO — 5 WMVOZWMVO
Y
- §E [WICSTREWCSTR}
(B.36)
+E [(x — 1)wcstr — wpr(Tx — T)wesTr]
g
— 5 (Var (westrpx) +2Cov (whvokx, WesTrHX)) -
Proof of Proposition [B.5] Because the linear decomposition in Proposition [2]is conditioned on

characteristics X, the unconditional decomposition of the expected return follows from the linearity

of expected value with respect to the distribution of X.

“In addition to the studies mentioned above, see, for example, [Brodie et al.| (2009), [Fan, Li, and Yu| (2012), and
Fan, Zhang, and Yu| (2012), as well as combinations of different portfolio rules such as|Kan and Zhou| (2007), Tu and
Zhou| (2011), |[Kan, Wang, and Zhou| (2022), and [Kan and Wang (2023).
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For the unconditional decomposition of the expected utility, we observe that

Var (w*r) = E [Var (w”'r|X)] + Var (E [o*'r|X]). (B.37)
Therefore,
E [w*r] — JVar (w*'r) = E [E [w"'r[X]] = JE [Var (w"'rX)] — 2 Var (E [w*'r|X])
— E[E [wr|X] — 2 Var (&'r|X) | - 2 Var (E [w*'r[X]) (B.38)
= E [pkw" — Jw” Bxw’| - 2 Var (uxw")

The first term follows from in Proposition [2| The variance in the second term can be further

decomposed into:

Var (pxw*) = Var (uxwwmvo + HxWCSTR)

(B.39)
= wirvo Var (pk) wmvo + Var (pxwestr) + 2Cov (pxwmvo, WxwWCsTR) -
Substituting both terms back into (B.38) leads to:
*/ Y %1\ / Yo Yo /
E [w*'r] — §Var (w*'r) = E[px]wmvo — EvaoE[EX]wMVO - EwMVOVar (1) wnmvo
- %E[“)/CSTRZWCSTR]
+E [(wx — #)wcstr — wspr(Tx — T)wesTr]
- %Var (WxwesTR) — %COV (MxwWMVO, WXWCSTR)
(B.40)

o Yo »
= L WMVO — §wMVO WMVO

- %E [wesTREWESTR)
+E [(px — #)wcstr — wipr(Ex — T)wesTr)]

- % (Var (wegtrix ) + 2C0v (Wivokx, WosTREX) ) »

which completes the proof.

B.4 Ex-Post Return Attribution

Propositions provide a theoretical framework to decompose expected returns. In practice,
investors can also use this framework to decompose realized returns ex-post, as we show in this
section.

We use an (N x1)-vector, ¥, to represent the realized returns of all assets. The goal for ex-post
attribution is to decompose the realized portfolio return, ¥’w®*, into components attributable to the
unconstrained MVO portfolio and each constraint.

If we treat constraints as static, in Proposition [1| already provides such a decomposition as
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long as the ez-ante expected returns are replaced by ex-post realized returns:

1 1
Fw' = -¥S 1y - ¥ 1A/ (B.41)
Y Y

° %i"’ >~y realized return that the unconstrained MVO portfolio would have achieved.

° —%i{-/ >~LTA’/A*: realized return attributable to constraints.

However, this decomposition does not account for the information contained in each constraint.
Equation (12) in Proposition [3| quantifies the excess return due to information, and we use the

sample version of this decomposition to quantify realized returns attributable to information:

) Ll %;)50(%; — %)
Frafo = 2 . (B.42)
=1 9

We can therefore define the static returns as ¥gtatic = ' — Finfo- Lhis leads to the following decom-

position of realized portfolio returns.

Proposition B.6 (Ex-Post Return Attribution). Under Assumptions[1} [2 (or[2]), and[3, realized

portfolio returns can be decomposed into:

e » Lo (& —%)westr
Fw' = Twymvo + FSpaticWSTR + Z p(¥,X;)0r = . (B.43)
j=1 Ix;
o Fwyvo = %'r" S realized return of the unconstrained MVO portfolio.
® i i WCSTR = f%f”swticiflA’)\* : realized return attributable to constraints treated as static.
oy (X=X .. (E—X)ETLIAN . . .
° p(r,xj)ar(xij?w = —%p(r,xj)ar%: realized return attributable to infor-

mation in the j-th constraint. ’

It is worth noting that in the last term of , the information component contains two
terms. The first term reflects the correlation of each characteristic with returns, which captures
the information content of each characteristic. The second term reflects the portfolio holdings
attributable to each constraint, which captures how information is realized into actual returns. As
a result, there are interactions from the information contained in each constraint with the portfolio
holdings attributable to other constraints. Together, they determine the information contribution

to the realized returns.
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Proof of Proposition Given the decomposition of portfolio holdings in , we have:

1 1

-I-_Iw* — 7'1;/271#1‘ o 7"/271AIA*
v v
= lf’z—lu — lf’St oS T TAINT — 1'1*{ D AN
,_y F}/ atlc 7 nio
J o ee . ./ =y
1 1 1 r,X;)or(X; —X; B.44
o BT - ST AN - Z P %) ..r( %) DA (B.44)
7 ,‘Y FY ]:1 UXj
J oy =/
1, 1, 1 Lo (X — XjwesTr
= ~Fwmvo + ~Fiaewostr + = Y p(E, %)) Fr :
Y Y j=1 ij

where step (1) follows from the definition of ¥y, in (B.42)).

B.5 Additional Simulation Results

Factor exposure. Figure [B.1 demonstrates the attribution of expected utility for the example
considered in Section [4.1]

Figure shows the expected utility of the constrained portfolio, which varies between 0.8
and 2.2 as p; and ps vary between —0.8 and 0.8. Figure shows the expected utility of the
unconstrained MVO problem, which is around 1.25 regardless of values of p; and p. When p; and
po are high, the expected utility of the constrained portfolio can actually be higher than that of
the unconstrained portfolio.

The difference in expected utility between the unconstrained MVO and constrained portfolios
is decomposed into the static and information components. Figure [B.1c shows the expected utility
attributable to the two constraints as if they are static, which contributes to the expected utility
with a negative constant value of around —0.1. Figure [B.1d shows the expected utility attributable
to information, which is negative in most regions, marked by dark blue. As both p; and ps increase,

the expected utility contribution from information increases.

Exclusionary investing. Figure B.2 demonstrates the attribution of expected utility for the
example considered in Section 4.2

Figure shows the expected utility of the constrained portfolio, which varies between —0.5
and 2.0 as p; and p2 vary between —0.8 and 0.8. Figure shows the expected utility of the
unconstrained MVO problem, which is again around 1.25 regardless of values of p; and ps.

The difference in expected utility between the unconstrained MVO and constrained portfolios
is decomposed into the static and information components. Figure [B.2¢ shows the expected utility
attributable to the exclusionary constraints as if they are static, which contributes to the expected
utility negatively, ranging from —1.0 to —0.2. Figure shows the expected utility attributable

to information, which increases as p increases, and has a similar pattern to Figure
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Figure B.1: Decomposition of expected utility for the optimization problem in with two con-
straints that depend on random characteristics, as correlations (p; and p2) between the random
characteristics and asset returns vary. The expected utility of the constrained portfolio (a) is decom-
posed into components corresponding to the unconstrained MVO portfolio (b), static constraints

(c), and information in the constraints (d).
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Figure B.2: Decomposition of expected utility for the problem in with one exclusionary con-
straint that depends on random characteristics, as the number of excluded assets (nExclude) and
the correlation (p) between the random characteristic and asset returns vary. The expected utility
of the constrained portfolio (a) is decomposed into components corresponding to the unconstrained
MVO portfolio (b), static constraints (c), and information in the constraints (d).

28



B.6 Additional Results for Empirical Analysis
B.6.1 Details of the Construction of ESG Scores

The raw ESG data in the MSCI KLD ESG dataset classifies environmental, social, and governance
performance into 13 different categories, including seven qualitative categories (community, diver-
sity, employee relations, environment, corporate governance, human rights, and product) and six
controversial-business categories (alcohol, gambling, firearms, military, nuclear, and tobacco). The
raw data rates each firm in terms of both strength and concern in the seven qualitative categories,
and only in terms of concern in the six controversial-business categories.

We follow [Lins, Servaes, and Tamayo (2017) in aggregating the raw data into an ESG score.
First, we mark all missing ratings as zero. As the maximum number of strengths and concerns for
any given category will vary over time, we scale them for each category by dividing the number of
strengths or concerns for each firm-year by the maximum number of strengths or concerns possible
for that category in that year. This procedure yields strength and concern indices that range
from zero to one for each category-year. Our measure in each category-year is then obtained by
subtracting the concerns index from the strengths index. The net score per category therefore
ranges from —1 to +1. Finally, to obtain the aggregated ESG score of a firm, we combine the net

score for seven qualitative categories, which leads to a final score that ranges from —7 to +7

B.6.2 Portfolio Holdings Decomposition of the Main Empirical Example

Taking Jorion's (1986) rule as an example, Figures and @ show the bottom and top 100
assets with the lowest and highest portfolio weights for the optimal portfolio solved from and
the estimators in , respectively, averaged over all years. We decompose the portfolio weights
into components corresponding to the unconstrained MVO portfolio and two constraints, based on
in Proposition |1, In both the top and bottom assets, the full investment constraint (orange)
typically gives positive weights.

For the bottom 100 assets in Figure the unconstrained MVO portfolio (blue) generally
leads to negative weights, and the ESG constraint (green) further adds to the negative portfolio
holdings. Overall, these assets tend to have low ESG scores, and are therefore assigned the lowest
weights in the portfolio. In contrast, for the top 100 assets in Figure [B.3b] the unconstrained MVO
portfolio (blue) generally gives positive weights and the ESG constraint (green) leads to additional

positive weights.

SWe follow [Lins, Servaes, and Tamayo| (2017) in excluding the six controversial-business categories. [Lins, Servaes,
and Tamayo| (2017) use only the first five qualitative categories because they consider the other categories irrelevant
for their purposes of corporate social responsibility. However, we choose to include those ratings that correspond to

human rights and product.
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Figure B.3: Average portfolio weights over all years and their decomposition, for the portfolio
defined in with a constraint on the average portfolio characteristic value (w'xgsg > 1.0) and
Jorion's estimates of predictive moments. (a) shows the 100 assets with the lowest weights
and (b) shows the 100 assets with the highest weights. In each subfigure, the top panel shows the
portfolio weights (%) of the constrained portfolio. The bottom panel shows the decomposition of
the weights into components corresponding to the unconstrained MVO portfolio (blue), the full
investment constraint (w'l = 1, orange), and the ESG constraint (w'xgsg > 1.0, green).
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B.6.3 Long-Only ESG Portfolios

Portfolio construction. In this section, we consider investors who construct long-only portfolios

each year by solving the following problem:

v

max wp— ~w'Sw
w 2
b Wwl=1
st.w (B.45)
w'xgsa > b
w>0.

In contrast to , we have an additional constraint that all portfolio weights must be non-negative.
We again set b = 1 as an example in our analysis, and use the return forecasts in f to
estimate p and . We set v = 5.

Portfolio holdings decomposition. Taking |Jorion’s (1986) portfolio as an example, Figure
[B.4] shows the bottom and top 100 assets with the lowest and highest portfolio weights for the
optimal portfolio, averaged over all years, respectively. We decompose the portfolio weights into
components corresponding to the unconstrained MVO portfolio and constraints, respectively, based
on in Proposition (1. For performance attributions of long-only portfolios, we always combine
the full investment constraint and the long-only constraint for simplicity.

In Figure the bottom assets have zero weights by design. This is a result of the negative
contribution from the ESG constraint (green) combined with the positive contribution from the
full investment and long-only constraints (orange). In other words, these assets tend to have low
ESG scores, but the long-only constraint forces them to have zero weights instead of negative
weights. However, for the top 100 assets in Figure [B.4b, the most significant contribution comes
from the ESG constraint (green). The full investment and long-only constraints (orange) generally

add negative contributions.

Expected return and utility decomposition. Figure[B.5 demonstrates the decomposition of
the expected utility and expected return of the long-only portfolio into different components, again
for |Jorion’s (1986) portfolio as an example.

The upper panel of Figure shows that the expected utility of the optimal portfolio is
negative in most years in our sample. This utility is decomposed into three components in the lower
panel using in Proposition 4l The expected utility of the unconstrained MVO portfolio (blue)
is positive over all years. Compared with the portfolio in Figure [5| that allows short positions, the
expected utility contribution of the three constraints (orange), treated as static, is now much more
negative due to the addition of the long-only constraint. Like the portfolio with short positions,
the expected utility contribution from the information contained in the constraints (green) varies
over time. The pattern is again consistent with the pattern of correlations between asset returns
and ESG scores in Figure
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Figure B.4: Average portfolio weights over all years and their decomposition, for the long-only
portfolio defined in (B.45) with a constraint on the average portfolio characteristic value (w'xgsg >
1.0) and |[Jorions estimates of predictive moments. (a) shows the 100 assets with the lowest
weights and (b) shows the 100 assets with the highest weights. In each subfigure, the top panel shows
the portfolio weights (%) of the constrained portfolio. The bottom panel shows the decomposition
of the weights into components corresponding to the unconstrained MVO portfolio (blue), the full
investment and long-only constraints combined together (w'l = 1 and w > 0, orange), and the
ESG constraint (w'xgsg > 1.0, green).
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Figure [B.5b|shows the expected return of the optimal portfolio and its decomposition based on
in Proposition The full investment and long-only constraints (orange) contribute negatively
to expected returns. The ESG constraint (green) can contribute either positively or negatively to
the expected returns, but generally on a small scale relative to other components. The expected
return contribution from the information is very significant, which is negative before 2007 and
positive in certain years after 2008. However, the negative contributions from the full investment
and long-only constraints are so strong that the expected return of the constrained portfolio is

lower than that of the unconstrained MVO portfolio in most years.
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Figure B.5: Expected return and utility and their decomposition, for the long-only portfolio defined
in with a constraint on the average portfolio characteristic value (w'xgsg > 1.0) and | Jorion’s
(1986)) estimates of predictive moments. In (a), the top panel shows the expected utility of the
constrained portfolio and the bottom panel shows its decomposition into components corresponding
to the unconstrained MVO portfolio (blue), all constraints treated as static (orange), and the
information from the ESG constraint (green). In (b), the top panel shows the expected return
in excess of the Fama—French five-factor model of the constrained portfolio and the bottom panel
shows its decomposition into components corresponding to the unconstrained MVO portfolio (blue),
the full investment and long-only constraints combined together (orange), the ESG constraint
(w'xpsg > 1.0) treated as static (green), and the information from the ESG constraint (red).
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Realized return decomposition. Figure[B.6 shows the realized returns of the optimal portfolio.
Here we again compare s 1986) rule in Figure with the 1/N rule in Figure m
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Figure B.6: Realized return and their decomposition, for the long-only portfolio defined in
with a constraint on the average portfolio characteristic value (w'xgsg > 1.0). (a) corresponds to
s estimates of predictive moments in , and (b) corresponds to predictive moments
consistent with the 1/N rule in . In each subfigure, the top panel shows the realized return
in excess of the Fama—French five-factor model of the constrained portfolio, and the bottom panel
shows its decomposition into components corresponding to the unconstrained MVO portfolio (blue),
the full investment and long-only constraints combined together (orange), the ESG constraint
(w'xpse > 1.0) treated as static (green), and the information from the ESG constraint (red).

The upper panel of Figure shows that the realized residual returns of the constrained
portfolio are positive in most years in our sample except for a large drawdown in 2008. The lower
panel decomposes the realized return of the constrained portfolio based on Proposition[B.6. The full
investment and long-only constraints (orange) and the ESG constraint (green) can both contribute
to the returns positively or negatively.

In addition, Figure shows results parallel to those in Figure but with the 1/N
rule as the unconstrained MVO portfolio. The realized residual returns, especially those for the
unconstrained portfolio, are more stable over time.

In both cases, the information component contributes negatively to realized returns before

2007, and positively in certain years after 2008. Overall, these components explain the difference
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in residual returns between the unconstrained MVO and constrained portfolios.

B.6.4 Excluding Sin Stocks and Energy Stocks

Data. The CRSP data contains several basic firm characteristics, including the industry classifi-
cation of the firm. We complement the CRSP data with the Compustat Historical Segment data,
which also contains industry classification information.

We follow Hong and Kacperczyk (2009) in identifying sin stocks as those that belong to the
alcohol group (SIC codes 2100-2199) and the tobacco group (SIC codes 2080-2085). In addition,
we identify gaming stocks as those with the following NAICS codes: 7132, 71312, 713210, 71329,
713290, 72112, and 721120. We then augment this list by searching across companies at the
company segment level using the Compustat Segments data, identifying a company as a sin stock
if any of its segments has an SIC code in either the alcohol or the tobacco group, or an NAICS
code in the gaming group, as defined above. Accordingly, our final list of sin stocks is the union of
these two screening procedures.

In addition, there is a growing literature on the effects of excluding stranded assets such as
energy stocks (Bohn, Goldberg, and Ulucam) 2022). Therefore, we add energy stocks to the list
of assets excluded in portfolio construction, and follow Bohn, Goldberg, and Ulucam| (2022 in
identifying energy stocks as those with SIC codes 1000-1519.

Our universe of stocks contains those with valid CRSP returns and industry labels. We also
require a firm to have a market capitalization of at least 100 million USD in a particular year to be
included in the universe for next year. Table[B.1 shows, for each year, the number of firms available
in our dataset, the number of excluded firms based on sin stock and energy stock classification at
the end of the last year, and the summary statistics of the annualized residual returns. In general,
we have around 3,000 stocks each year, of which 5.0% to 6.7% firms are excluded each year because
they are labeled as either sin stocks or energy stocks as of the previous year.

We define a binary variable to represent whether an asset can be included in the portfolio:

0, if stock 7 belongs to sin stocks or energy stocks
Ti = (B.46)
1, otherwise.

Figure [B.7 shows the year-over-year cross-sectional correlations between the residual returns
and the inclusion variable , which tend to be negative before 2010 and positive after 2011.
This implies that sin stocks and energy stocks tend to have higher excess returns relative to the
Fama-French five-factor model compared to other stocks before 2010, which is consistent with
Hong and Kacperczyk’s (2009) results. After 2011, as the attention to SRI increases, sin stocks

and energy stocks tend to deliver lower excess returns.

Portfolio construction. Exclusionary investing usually does not consider short positions, be-

cause otherwise excluded assets can arguably be shorted. Therefore, we consider long-only portfolios
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Table B.1: Summary statistics of the annualized residual returns (in percentage) from the Fama—
French five-factor model and the number of excluded firms based on sin stock and energy stock
classification at the end of the previous year (as a percentage of the total number of firms in the
sample).

Year #Firms Excluded Annualized Residual Return (%)

Firms (%) | mean  std min  25% 50% 75% max
2001 2,326 5.5 129 577 —-93.1 —-15.5 3.7 26.1 957.5
2002 2,498 5.0 28 39.0 923 -—-17.2 3.6 18.6 545.7
2003 2,519 5.4 94 366 773 -—-104 3.7 194 469.3
2004 3,064 5.5 6.0 35.7 742 —11.3 3.0 16.3 811.1
2005 3,367 5.9 3.7 315 -932 -136 -0.1 159 288.1
2006 3,597 6.2 64 304 =770 =99 3.3 16.9 318.1
2007 3,910 6.5 7.0 442 -909 -16.5 0.0 21.2 511.0
2008 4,089 6.6 -126 449 -98.7 =399 181 7.0 647.1
2009 3,473 6.6 14.7 499 -959 -14.1 7.3 34.1 531.8
2010 3,856 6.7 46 296 —-904 -11.0 24 164 332.2
2011 4,065 6.7 -0.1 30.1 —-978 -164 1.3 15.7 309.6
2012 3,852 6.7 24 269 -973 -10.5 1.8 13.1 407.6
2013 3,831 6.7 04 31.3 -96.0 -155 —-2.0 11.2 456.9
2014 3,900 6.1 0.3 268 —948 —12.5 1.0 134 295.5
2015 3,769 5.7 —-11 284 -96.3 -—154 0.9 134 194.9
2016 3,520 5.4 22 279 -97.1 -10.3 0.6 12.6 268.1
2017 3,451 5.8 44 279 -100.0 7.5 4.4 145 312.7
2018 3,346 6.1 —-2.7 258 -—-100.0 -14.0 -3.0 9.1 199.5
2019 3,124 5.6 6.6 268 —95.2 5.6 74 179 259.8
2020 3,078 5.3 43 476 —-984 —154 1.6 164 1,432.2
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Figure B.7: Cross-sectional correlations between asset returns and the inclusion variable defined in

each year.
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by solving the following problem each year.
/ ’y /
max wp— —w Xw
w 2

14 _
st. Wwl=1 (B.A7)

wi=0 ifx; =0

w > 0.

We again use the return estimates in and to derive the predictive moments for p and X.
We set v = 5.

Expected return and utility decomposition. For Jorions (1986) rule, Figure@shows the
decomposition of the expected utility and expected return of the portfolio into different components.

The upper panel of Figure shows that the expected utility of the optimal portfolio is posi-
tive through our 20-year sample except in 2009. This utility is decomposed into three components
in the lower panel using in Proposition 4| and its predictive return version in Appendix
The expected utility of the unconstrained MVO portfolio (blue) is always positive, while the ex-
pected utility contribution of the three constraints (orange), treated as static, is always negative.
The expected utility contribution from information contained in the constraints (green), however,
varies over time. The magnitude of contribution from information is generally smaller in this case
compared to the ESG constraints in Section because the impact from exclusionary investing
of sin stocks and stranded assets in our example is smaller due to the low percentage of excluded
firms (see Table [B.1).

Figure |B.8b|shows the expected return of the optimal portfolio and its decomposition based on
in Proposition [4|and its predictive return version in Appendix The two constraints (or-
ange and green) contribute negatively to expected returns. The expected return contribution from
information (red) is positive in certain years. Together, the expected return of the constrained port-
folio is lower than that of the unconstrained MVO portfolio primarily driven by the full investment

and long-only constraints.

Realized return decomposition. Finally, we show the realized returns of the optimal portfolio
in Figure [B.9, in which we compare two cases where the unconstrained MVO portfolio is [Jorion's
(1986)) rule (Figure and the 1/N rule (Figure [B.9b).

The upper panel of Figure shows the realized residual returns for the constrained portfolio,
which are decomposed into several components based on Proposition [B.6 in Appendix [B.4 in the
lower panel. The contribution from the full investment and the long-only constraints (orange) is
generally negative except for 2008, 2009, and 2019. The exclusionary investment constraint (green),
treated as static, also contributes either positively or negatively over the 20-year period.

In addition, Figure @ shows results parallel to those in Figure but with the 1/N rule

as the unconstrained MVO portfolio. As expected, the impact from the full investment and the
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Figure B.8: Expected return and utility and their decomposition, for the long-only portfolio defined
in with an exclusionary constraint based on the inclusion variable defined in and
S estimates of predictive moments. In (a), the top panel shows the expected utility of
the constrained portfolio, and the bottom panel shows its decomposition into components corre-
sponding to the unconstrained MVO portfolio (blue), all constraints treated as static (orange), and
the information from the exclusionary constraint (green). In (b), the top panel shows the expected
return in excess of the Fama—French five-factor model of the constrained portfolio, and the bottom
panel shows its decomposition into components corresponding to the unconstrained MVO portfolio
(blue), the full investment and long-only constraints combined together (orange), the exclusionary
constraint treated as static (green), and the information from the exclusionary constraint (red).
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long-only constraints (orange) is much smaller. The contribution from information is positive in
2001, 2008, and in most years after 2011. However, the magnitude is insufficient to compensate for
the large drawdown in 2008.
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Figure B.9: Realized return for the long-only portfolio defined in with an exclusionary
constraint based on the inclusion variable defined in (B.4€)). (a) corresponds to |[Jorions
estimates of predictive moments in , and (b) corresponds to predictive moments consistent
with the 1/N rule in . In each subfigure, the top panel shows the realized return in excess
of the Fama—French five-factor model of the constrained portfolio and the bottom panel shows
its decomposition into components corresponding to the unconstrained MVO portfolio (blue), the
full investment and long-only constraints combined together (orange), the exclusionary constraint
treated as static (green), and information from the exclusionary constraint (red).
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