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The 1+1 dimensions KPZ equation is given by
Oth = 02h+ 11(0:h)? + €.
o (t,z) e Rt x T.

@ ¢ is the space-time white noise.

@ ;i describes the strength of asymmetry.
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The 1+1 dimensions KPZ equation is given by
Oth = 02h+ 11(0:h)? + €.

o (t,z) e Rt x T.

o ¢ is the space-time white noise.

@ ;i describes the strength of asymmetry.
Renormalization: — 9she = 02h. + pu(0zhe)? + & — C-.

o C.=<+0(1).

Theorem(Hairer 13’ 14”) h. converges in probability in some sense as
¢ — 0 independent of regularization.

@ The solution is defined as the limit, denote the solution family by
KPZ(u).
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Weak universality for KPZ equation

Microscopic model: 94h = 92k + /e F(,h) + €.
e /=: weak asymmetry.
@ F even function.

° { smooth space-time Gaussian field.
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Weak universality for KPZ equation

Microscopic model: 94h = 92k + /e F(,h) + €.
e /=: weak asymmetry.
@ F even function.

° { smooth space-time Gaussian field.
Rescaled process h. := \@%( : f‘) — Cct solves

e

Othe = 02he + e L F(\/20,h.) + & — C..
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Weak universality for KPZ equation

Microscopic model: 94h = 92k + /e F(,h) + €.
e /=: weak asymmetry.
@ F even function.

° { smooth space-time Gaussian field.
Rescaled process h. := \@%( : f‘) — Cct solves

e
Othe = 02he + e L F(\/20,h.) + & — C..

Theorem(Hairer-Quastel 18’) If F'is an even polynomial, then there
exists C; — +oo such that h. — KPZ(u).
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Weak universality for KPZ equation

Microscopic model: 94h = 92k + /e F(,h) + €.
e /=: weak asymmetry.
@ F even function.

° { smooth space-time Gaussian field.
Rescaled process h. := \@%( : f‘) — Cct solves

e
Othe = 02he + e L F(\/20,h.) + & — C..

Theorem(Hairer-Quastel 18’) If F'is an even polynomial, then there
exists C; — +oo such that h. — KPZ(u).
Theorem(Gubinelli-Perkowski 16’, Yang 23’): If F'is Lipschitz, then
Hairer-Quastel universality holds in law at

stationarity /non-stationarity.

@ Require knowledge of invariant measure.

@ The microscopic process should be Markovian.
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Weak universality for KPZ equation

Heuristic explanation: Let Z. solves 0;Z; = 8?5 Ze + & and ¥, = 0,Z..
Then u. := he — Z; solves

Opue = 8§u€ + sle(\/E\IIE +Vedue) — C.

e /e, is asymptotically distributed as N(0, 0?).

@ O,u. has order e~ ".
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Weak universality for KPZ equation

Heuristic explanation: Let Z. solves 0;Z; = 8325 Ze + & and ¥, = 0,Z..
Then u. := he — Z; solves

Opue = 8§u€ + sle(\/E\IIE +Vedue) — C.

e /e, is asymptotically distributed as N(0, 0?).

@ O,u. has order e~ ".

Taylor expanding e 1 F(\/e V. + /0, u.):

e UF(ED.) — Co+ e 3 P (VEU.) Dy + % F(VEU) (Do) + O(F).

po? 2 24

Wenhao Zhao (PKU) Weak universality results for singular SPDEs May 4, 2023



Weak universality for KPZ equation

Heuristic explanation: Let Z. solves 0;Z; = 8325 Ze + & and ¥, = 0,Z..
Then u. := he — Z; solves

Opue = 8§u€ + sle(\/E\IIE +Vedue) — C.

e /e, is asymptotically distributed as N(0, 0?).

@ O,u. has order e~ ".

Taylor expanding e 1 F(\/e V. + /0, u.):

e UF(ED.) — Co+ e 3 P (VEU.) Dy + % F(VEU) (Do) + O(F).

po? 2 24

Question: Does the weak universality result of Hairer and Quastel hold
for F'ec C**?
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Arbitrary Nonlinearities

Theorem (Hairer-Xu 19°): For KPZ equation, if even function '€ C™"
with polynomial growth, then there exist C. — 400 and p such that
he — KPZ(1).

regularity structure + convergence of stochastic terms

f f
Fe(C*t Fe(C™t
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Arbitrary Nonlinearities

Theorem (Hairer-Xu 19°): For KPZ equation, if even function '€ C™"

with polynomial growth, then there exist C. — 400 and p such that
he — KPZ(1).

regularity structure + convergence of stochastic terms

f f
Fe(C*t Fe(C™t

Theorem(Kong-Z. 22+4) The same result holds for even function
F € C?T with polynomial growth.
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Weak universality for ®3 equation

Rescaled process ¢, solves
_3
019 = A — g 2 V(\/g(bs) + & + Ce0e.
Take u. := ¢. — V. where ¥, solves 0;¥, = AU, + &.. Then wu. solves

Oyue = Aue — e 2 V(e + Veue) + C-(Te + ).
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Weak universality for ®3 equation

Rescaled process ¢, solves
O = Age =72 V(VE4o) + & + (oo
Take u. := ¢. — V. where ¥, solves 0;¥, = AU, + &.. Then wu. solves
Ol = A, — 3 V' (VeYe + Veus) + Co(We + ue).

Taylor expanding e~ 2 V(vVeY, + eue):

e B V(VED) — O 4 e (VI(VEDL) — ) ue + 2\1@ VO (20, o2

-/

pred 302 3uW
1
+5 VW (e, W + O(e").
———
n
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Weak universality for ®3 equation

Rescaled process ¢, solves
O = Age =72 V(VE4o) + & + (oo
Take u. := ¢. — V. where ¥, solves 0;¥, = AU, + &.. Then wu. solves
Ol = A, — 3 V' (VeYe + Veus) + Co(We + ue).

Taylor expanding e~ 2 V(vVeY, + eue):

e B V(VED) — O 4 e (VI(VEDL) — ) ue + 2\1@ VO (20, o2

-/

pred 302 3uW
1
+5 VW (e, W + O(e").
———
n

Question: How about arbitrary Ve C**?
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Arbitrary Nonlinearities

Theorem(Furlan-Gubinelli 197): For ®3 equation, if even function
V e C'9* with exponential growth, then there exist C. — 400 and p
such that ¢. — ®3(u).

paracontrolled structure 4+ convergence of stochastic terms

f f
VecH Vet
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Arbitrary Nonlinearities

Theorem(Furlan-Gubinelli 197): For ®3 equation, if even function

V e C'9* with exponential growth, then there exist C. — 400 and p
such that ¢. — ®3(u).

paracontrolled structure 4+ convergence of stochastic terms

f f
VecH Vet

Theorem(Kong-Z. 22+4) The same result holds for even function
V € C** with polynomial growth.
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Notations: X := eV (), Yj:= eV (y;).
2n 2n 2n
Hairer-Xu 19" |E [] (sin(exj))‘ <O0E] X;=E[[(6X).
j=1 j=1 j=1
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Notations: X := eV (), Yj:= eV (y;).
2n 2n 2n
Hairer-Xu 19”: |E [] (sin(@Xj))‘ < 02"E 1 X;=E][(6X;).
j=1 =1 j=1
Hairer-Xu 19’:

2n
B Tlsin(aX;) - Ty (cos(8Y3))]| < (ol + 180 B L0678,
=1 =1

@ Similar bounds hold for multi-frequency.

@ We need (x) to prove the convergence of stochastic objects like

w

e [ K- ) FOOTy POy et
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Notations: X := eV (), Yj:= eV (y;).
2n 2n 2n
Hairer-Xu 19”: |E [] (sin(@Xj))‘ < 02"E 1 X;=E][(6X;).
j=1 =1 j=1
Hairer-Xu 19’:

2n
B Tlsin(aX;) - Ty (cos(8Y3))]| < (ol + 180 B L0678,
=1 =1

@ Similar bounds hold for multi-frequency.

@ We need (x) to prove the convergence of stochastic objects like

w

e [ K- ) FOOTy POy et

Xu 18: The bound with one frequency @ is independent of 6.

Proposition(Kong-Z. 22+) An integral version of () holds with bound
independent of o and .
Wenhao Zhao (PKU)
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Final Solution:

€ 2||//Kx— ) sin(aX) 71y (cos(BY))ep ZlTeQdedyHQn

QeA

1
ég*g”ZZQH%:E g Z EZs( Zy(2n) ) 2"

QcA 2n]—>A

= //( .. )E H (SiH(OéXi)ﬁl)(COS 5 Yi)lxiea(z‘)) di_fdg
=1

< )\ >

Le Whether there exists singleton
% depends only on o.
Bad o is rare.
‘e S = {U:EICI{),|U_1(Q)|:1}
s 2\ 70
: S~ (2)
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Furthermore, by Holder inequality we get

S EZyy Zpony) < D N Zeyllzn -+ 1 Zogon ll2n-
oS oS
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Furthermore, by Holder inequality we get

S EZyy Zpony) < D N Zeyllzn -+ 1 Zogon ll2n-

oS oS

We have a uniform bound on || Zg||2n.

IZalln =1 | [ K(a— st 0T (cos(5 1)) @)l
< /erSO (x)||/K(:E—y)sin(ozX)ﬁl)(cos(ﬁY))dszndI

<en / Gl / K(z— ) Y dyl|ande
e
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We would get

1
(O 1 Zoyllzn- - 11 Zo@mll2n) >

ogeS*®

<(Z

<)
ENd/2 1—p

:(X) 2t

gggf'{)\fé
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Further questions

@ Weak universality results for non-Gaussian noise &.
Hairer-Shen 17’: If F'is even polynomial, then h. converges to
KPZ for non-Gaussian £ (CLT). N
Question: How about general F with non-Gaussian £7

Wenhao Zhao (PKU) Weak universality results for singular SPDEs May 4, 2023



Further questions

@ Weak universality results for non-Gaussian noise &.
Hairer-Shen 17’: If F'is even polynomial, then h. converges to
KPZ for non-Gaussian £ (CLT). N
Question: How about general F with non-Gaussian £7

e Weak universality results for F(z) = |z| without the use of
invariant measure.
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