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Mixed Hodge Module Theory

Saito’s Theory

¢ Ingredients: filtered D-module + perverse sheaf
e Machinery: six functors + weight formalism + Hodge package

¢ Moral: mixed Hodge module theory over C parallels mixed
l-adic sheaf theory over a field with characteristic p > 0.
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Black Box

e Suppose that X is a (smooth) algebraic variety over C. Saito
constructs two abelian categories
@® HMP(X,w): polarizable Hodge modules of weight w;
® MHM(X): graded-polarizable mixed Hodge modules.
® Topological information (perverse sheaves): we have a functor
rat : MHM(X) — Pervg(X), such that
® The functor rat is fully exact.
® If X = pt, then MHM(X) = MHS the category of mixed Hodge
structures and rat takes a mixed Hodge structure to its
underlying Q—vector space.
® It lifts six-functor formalism in D?(Pervg(X)) = D2(X) to
DP(MHM(X)), and other useful functors (duality functor,
nearby and vanishing cycles, complex-conjugation functor).
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Mixed Hodge Module Theory

Black Box

e Suppose that X is a (smooth) algebraic variety over C. Saito
constructs two abelian categories
@® HMP(X,w): polarizable Hodge modules of weight w;
® MHM(X): graded-polarizable mixed Hodge modules.
® Topological information (perverse sheaves): we have a functor
rat : MHM(X) — Pervg(X), such that
® The functor rat is fully exact.
® If X = pt, then MHM(X) = MHS the category of mixed Hodge
structures and rat takes a mixed Hodge structure to its
underlying Q—vector space.
® It lifts six-functor formalism in D?(Pervg(X)) = D2(X) to
DP(MHM(X)), and other useful functors (duality functor,
nearby and vanishing cycles, complex-conjugation functor).
@ It "lifts" decomposition: HM(X, w) is semi-simple (structure
theorem); direct image theorem for proper morphism, which
implies BBDG decomposition theorem for perverse sheaves.
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filtration W,.# , and given any f : .# — .4 morphism of
mixed Hodge modules, f strictly preserves weight filtration,
which will be useful (e.g. to show degeneration of spectral
sequences).
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Mixed Hodge Module Theory

Black Box

e Weight formalism: for any .# € MHM(X), .# has a weight
filtration W,.#, and given any f : .# — .# morphism of
mixed Hodge modules, f strictly preserves weight filtration,
which will be useful (e.g. to show degeneration of spectral
sequences).

® Generalize classical Hodge theory:

@ Hodge: H¥(X, C) has a Hodge structure, where X is a Kahler
manifold.

@ Deligne: H(X,C) has a mixed Hodge structure, where X is an
algebraic variety over C.

@ Griffiths: relative version of Hodge structure, i.e. variation of
Hodge structures (VHS).

@ Schmid: local results about "limit Hodge structure".

@® Zucker: global results (L2-cohomology).
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® Algebraic Geometry: decomposition theorem, vanishing
theorems, Schnell’'s work, etc.
® Representation Theory:

Kazhdan-Lusztig conjecture: [HT07] and [DV22].
Polarized Jantzen conjecture: [DV22].

(Real) Lie groups: [ABV12], [AVLTVJ12], [SV12], [DV22].
Koszul duality: [AK14].

Categorical action of slo: [CDK16].
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Introduction

Definition

Let A € t* be arbitrary. Then the Verma module V(1) admits a
decreasing filtration V(2)*® by submodules, such that

® V(1) = 0 for all sufficiently large i >> 0.
® V(1)° = V(1) and V(2)! = N(2) := the unique maximal
submodule of V(1).

@ Each graded piece V(1)'/V(1)™" has a non-degenerate
contra-variant form.

@ The formal characters satisfy
D oeh(V()) = > ch(V(s,y- 1))

i>0 a>0
Sq:A<A

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 12/44



Jantzen Conjecture
[ele] le]ele]

Introduction

Construction

e Deformation argument.

FFE

Applications of Mixed Hodge Module Theory



Jantzen Conjecture

[ele] le]ele]

Introduction

Construction

e Deformation argument.
e Given a deformation direction y € t*, one can consider the
deformed Verma module Vs (4) which is a
(g, C[s])-bimodule generated by a highest weight vector v,
satisfying
h-vy=(a(h) + sy(h))v,, Yh e t.
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Introduction

Construction

e Deformation argument.
® Given a deformation direction y € t*, one can consider the
deformed Verma module Vs (4) which is a
(¢, C[s])-bimodule generated by a highest weight vector v,
satisfying
h-vy=(a(h) + sy(h))v,, Yh e t.

¢ Contravariant form: C|[z]-bilinear contra-variant form on the
deformed Verma module V¢(,)(1) is non-degenerate, which
specializes at z = 0 to the contra-variant form on V().
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Construction

* Filtration: On V((,(4), one has a filtration by order of
vanishing of the form, i.e.

Ve ()" = D V(i)

vel

where T is the set of Z™ —linear combinations of simple roots
and .
V/{S,V(I’) ={ve VAS,V : (V, Vﬂs,v) C SIC[S]}.

If one considers the specialization at z = 0, then one obtains
the Jantzen filtration, which is exhaustive if y is regular.
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Introduction

Construction

* Filtration: On V((,(4), one has a filtration by order of
vanishing of the form, i.e.

ka] }:\ﬁyw

vel

where [ is the set of ZT-linear combinations of simple roots
and ‘
Vie—v(i) :={v e Vi : (v, Vy,_y) C s'C[s]}.
If one considers the specialization at z = 0, then one obtains
the Jantzen filtration, which is exhaustive if y is regular.
® The theorem above is actually the deformation in the direction
A=p.
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Jantzen Conjecture

¢ The Jantzen conjecture [Jan79] is the following statement (for
deformation direction p, the half sum of the positive roots):
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Jantzen Conjecture

¢ The Jantzen conjecture [Jan79] is the following statement (for
deformation direction p, the half sum of the positive roots):
@ Certain canonical maps (e.g. embeddings V(u) < V(1)) are
strict for Jantzen filtrations.
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Jantzen Conjecture

¢ The Jantzen conjecture [Jan79] is the following statement (for
deformation direction p, the half sum of the positive roots):
@ Certain canonical maps (e.g. embeddings V(u) — V(1)) are
strict for Jantzen filtrations.
® The Jantzen filtration coincides with the socle filtration.

® More precisely, let y1,x2 € t:2 be regular weights such that
V(x1) € V(x2), which means that there exists some dominant
weight y such that y; = wjy with
wie WX .={weW:w-y—-yeb;}and wy < w,. Then we
have the following relation:
V(1) = Vlx1) 0 V() )10,
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Remarks

® The Jantzen filtration is a very useful tool in the representation
theory of Lie algebras.
® The structure of Verma modules over a rank two simple Lie
algebra (or a Kac-Moody algebra) is completely determined by
means of the Jantzen filtration [Jan79].
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® The Jantzen filtration is a very useful tool in the representation
theory of Lie algebras.

® The structure of Verma modules over a rank two simple Lie
algebra (or a Kac-Moody algebra) is completely determined by
means of the Jantzen filtration [Jan79].

® Gabber and Joseph [GJ81] showed that (1) implies the
Kazhdan-Lusztig conjectures on multiplicities of simple
modules in Verma modules.
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Introduction

Remarks

® The Jantzen filtration is a very useful tool in the representation
theory of Lie algebras.

® The structure of Verma modules over a rank two simple Lie
algebra (or a Kac-Moody algebra) is completely determined by
means of the Jantzen filtration [Jan79].

® Gabber and Joseph [GJ81] showed that (1) implies the
Kazhdan-Lusztig conjectures on multiplicities of simple
modules in Verma modules.

¢ Building on the work of Gabber and Joseph, Barbasch [Bar83]
showed that (1) implies (2) in a purely algebraic approach.
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® | ocalization theorem: Verma modules + Jantzen filtration —
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Bernstein-Beilinson’s Proof

® | ocalization theorem: Verma modules + Jantzen filtration —
filtered 2—-modules.

e Key argument: (under Riemann-Hilbert correspondence)
Jantzen filtration = weight filtration (up to a shift), where we
use [BBDG18, section 6] to replace C by F.
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e Key argument: (under Riemann-Hilbert correspondence)
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use [BBDG18, section 6] to replace C by F.
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Bernstein-Beilinson’s Proof

® | ocalization theorem: Verma modules + Jantzen filtration —
filtered 2—-modules.

e Key argument: (under Riemann-Hilbert correspondence)
Jantzen filtration = weight filtration (up to a shift), where we
use [BBDG18, section 6] to replace C by F.

¢ Part (1) follows from weight formalism in the theory of mixed
|-adic sheaves.

e Part (2) is proved by a pointwise purity argument.
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Dictionary

Repsentations of g 9 g-modules l-adic sheaves
Mod(g), Mod(Z%) Perv(#, Q)),
Modx(), Mody(75) Pervi(%, Q)
Verma module V(wow - 1) J(Zax,) Ji(Zyx )dim X, ]
irreducible module L(wow - 1) ju(Zix,) Ji(Ziz)ldim X, ]
deformed weight A + sp function ¢ : X,, — A' and nearby cycles | the same
multiplication by s log monodromy s the same

Jantzen filtration on Verma module | Jantzen filtration on j, (up to a shift) weight filtration on j,
contravariant form Ji(V x IL’”) - ju(Vx Ig”) the same

[& 1: Dictionary for Jantzen conjecture
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Hodge Theoretic Proof

Advantages

® To use [BBDG18], one needs the condition "of geometric
origin". One can only prove Verma modules with rational
characters are of geometric origin, [BB93, Lemma 2.6.5]
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origin". One can only prove Verma modules with rational
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Hodge Theoretic Proof

Advantages

* To use [BBDG18], one needs the condition "of geometric
origin". One can only prove Verma modules with rational
characters are of geometric origin, [BB93, Lemma 2.6.5]

® However, we don’t need this condition if we use Mixed Hodge
module theory.

® We can remember the polarization via mixed Hodge Module
theory.

® We use mixed Hodge modules with C-coefficients.
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Hodge Theoretic Proof

Main Theorem

Fix 4 € by, a K-orbit Q € B and an irreducible K-equivariant
A-twisted flat bundle V on Q. Let S be a polarization of V. Then
for all n, Gr?jiV is a pure Hodge module of weight d — n, and the
form N

s"Gr! (S) : GrY iV = (Gr! V) (-d + n)

is a polarization, where (-)" denotes the Hermitian dual and
d=dmH-+dimQ.
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Hodge Theoretic Proof

Review: complex mixed Hodge modules

e X: the complex conjugation of copmplex algebraic variety X,

FFE ERAXZHFHFEFR

Applications of Mixed Hodge Module Theory 23 /44



Jantzen Conjecture
000®@000000

Hodge Theoretic Proof

Review: complex mixed Hodge modules

e X: the complex conjugation of copmplex algebraic variety X,
e _/ to denote the complex conjugation of Z-module .Z,

FFE ERAXZHFHFEFR

Applications of Mixed Hodge Module Theory 23 /44



Jantzen Conjecture
000®@000000

Hodge Theoretic Proof

Review: complex mixed Hodge modules

* X: the complex conjugation of copmplex algebraic variety X,
e _/ to denote the complex conjugation of Z-module .Z,

* Hermitian dual M" is defined to be the unique regular
holonomic Zx—module such that (M")3" = #omg_(M, Dby)
(see [Kas87]).
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Hodge Theoretic Proof

Review: complex mixed Hodge modules

Now a polarized complex mixed Hodge module .# consists of the
following data:

e atriple (A ,Fe.tl, Ws.2), where ./ is a regular holonomic
9x module, Hodge filtration F, is a good filtration by
Ox—modules, and weight filtration W, is a filtration by regular
holonomic Zx-submodules;

which satisfies some sophisticated conditions omitted here.
Morphisms of triples are defined covariantly in .# and
contravariantly on .Z".
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Review: complex mixed Hodge modules

Now a polarized complex mixed Hodge module .# consists of the
following data:

* atriple (A, Fetl ,W..#), where . is a regular holonomic
9x module, Hodge filtration F, is a good filtration by
Ox—modules, and weight filtration W, is a filtration by regular
holonomic Zx-submodules;

e atriple (A, Fettl’, Ws.#/"), similar as above;

which satisfies some sophisticated conditions omitted here.
Morphisms of triples are defined covariantly in .# and
contravariantly on .Z".
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Hodge Theoretic Proof

Review: complex mixed Hodge modules

Now a polarized complex mixed Hodge module .# consists of the
following data:

* atriple (A, Fetl ,W..#), where . is a regular holonomic
9x module, Hodge filtration F, is a good filtration by
Ox—modules, and weight filtration W, is a filtration by regular
holonomic Zx-submodules;

e atriple (A4, Fetl’, Ws.#"), similar as above;
® a perfect sesquilinear paring s : .4 ® /4" — Dby compatible
with W, (i.e. induces an isomorphism .# = (.")" of
underlying Zx-modules);
which satisfies some sophisticated conditions omitted here.

Morphisms of triples are defined covariantly in .# and
contravariantly on .Z".
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Twisted Mixed Hodge Modules

¢ |dea: monodromic Z-modules introduced in [BB93, 2.5].

FFE

Applications of Mixed Hodge Module Theory



Jantzen Conjecture
00000e0000

Hodge Theoretic Proof

Twisted Mixed Hodge Modules

® |dea: monodromic Z-modules introduced in [BB93, 2.5].

e Recall that Z — % is a H—torsor and A € bz- We define the
category of A—twisted mixed Hodge Modules on %4, denoted
by MHM, (%) to be the full subcategory of MHM(2%),
consisting of all the objects whose underlying Z-module is the
pull-back of a 1-twisted Z4-module on £.
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Hodge Theoretic Proof

Twisted Mixed Hodge Modules

® |dea: monodromic Z-modules introduced in [BB93, 2.5].

e Recall that # — % is a H—torsor and A € bz- We define the
category of A—twisted mixed Hodge Modules on £, denoted
by MHM, (%) to be the full subcategory of MHM(%),
consisting of all the objects whose underlying Z-module is the
pull-back of a 1-twisted Z4-module on £.

* If 1 ¢ by, then the category MHM, (%) (defined in a similar
way) must be zero (claimed in [DV22]).
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Hodge Theoretic Proof

Twisted Mixed Hodge Modules

® |dea: monodromic Z-modules introduced in [BB93, 2.5].

e Recall that # — % is a H—torsor and A € bz- We define the
category of A—twisted mixed Hodge Modules on £, denoted
by MHM, (%) to be the full subcategory of MHM(%),
consisting of all the objects whose underlying Z-module is the

pull-back of a 1-twisted Z4-module on £.

* If 1 ¢ by, then the category MHM, (%) (defined in a similar
way) must be zero (claimed in [DV22]).

® Recall that a polarized variation of Hodge structure with
weight w on X gives a Hodge module of weight w + dim X.
Note that our definition of twisted mixed Hodge modules
actually view V as a mixed Hodge module on the H-torsor Q
of Q. Therefore, the weight of V is actually dim Q + dim H.
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Hodge Theoretic Proof

Jantzen Filtration on Z-modules

*® Fix 1 € h; and a K-orbit Q < B.By [BB93, Lemma 3.5.2],
there exists ¢ € X*(H) and a K-invariant section
f, € H(Q,L#) such that ,7(0) n Q™ = Q.
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Jantzen Filtration on Z-modules

* Fix 1 € by and a K-orbit Q < B.By [BB93, Lemma 3.5.2],
there exists ¢ € X*(H) and a K-invariant section
f, € H(Q, L?) such that ,7(0) n Q™ = Q.

* Now we form the (1 + s¢)—twisted flat bundle Vs, on Q.
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Hodge Theoretic Proof

Jantzen Filtration on Z-modules

* Fix 1 € by and a K-orbit Q < B.By [BB93, Lemma 3.5.2],
there exists ¢ € X*(H) and a K-invariant section
f, € H(Q, L?) such that ,7(0) n Q™ = Q.

* Now we form the (1 + s¢)—twisted flat bundle Vs, on Q.

® As Oq modules, Vs, is the same as V (we use f;m € Vgp to
denote the corresponding m € V)
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Hodge Theoretic Proof

Jantzen Filtration on Z-modules

Fix 4 € b, and a K-orbit Q C B.By [BB93, Lemma 3.5.2],
there exists ¢ € X*(H) and a K-invariant section

f, € H(Q, L?) such that ,7(0) n Q™ = Q.

* Now we form the (1 + s¢)—twisted flat bundle Vs, on Q.

As Oq modules, Vs, is the same as V (we use fm € Vs, to
denote the corresponding m € V)

but the Zg—module structure is given by

of,
afsm = f;(am+sf—:m). (1)
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Hodge Theoretic Proof

Jantzen Filtration on Complex Mixed Hodge Modules

® These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to 2).
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Jantzen Filtration on Complex Mixed Hodge Modules

* These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to %).

e We use Q to denote the preimage of Q under B — B.
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Hodge Theoretic Proof

Jantzen Filtration on Complex Mixed Hodge Modules

* These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to %).
e We use Q to denote the preimage of Q under Z — 4.

® Consider the family of tautological morphisms jiVs, — jiVs,.
In order to consider its behavior near s = 0 we pass to the
formal completion jiVs,[[s]] = jiVse[[S]].
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* These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to %).
e We use Q to denote the preimage of Q under Z — 4.

* Consider the family of tautological morphisms jiVs, — ji V.
In order to consider its behavior near s = 0 we pass to the
formal completion jiVs,[[s]] = j:Vsel[S]],

e QOur assumption on ¢ implies that this map is an isomorphism
after inverting s.
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Hodge Theoretic Proof

Jantzen Filtration on Complex Mixed Hodge Modules

* These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to %).
e We use Q to denote the preimage of Q under Z — 4.

* Consider the family of tautological morphisms jiVs, — ji V.
In order to consider its behavior near s = 0 we pass to the
formal completion jiVs,[[s]] = j:Vsel[S]],

e QOur assumption on ¢ implies that this map is an isomorphism
after inverting s.

® |t induces Jantzen filtrations J, on the domain and codomain
defined by JpnjiV = (jVsy[[s]] N s~ Vs, [[s]])/(s). and
ItV = (7" Vsel[s]] N« Vsel[s]])/(s), and isomorphisms

s": GriV S G jiv.
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Proof

e Step 1: work on local.
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Proof

e Step 1: work on local.

e Step 2: relate the graded pieces of Jantzen filtration to
Beilinson’s functors (to imitate [BB93]).
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Jantzen Conjecture
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Hodge Theoretic Proof

Proof

e Step 1: work on local.

e Step 2: relate the graded pieces of Jantzen filtration to
Beilinson’s functors (to imitate [BB93]).

* Step 3: verify s7"Gr”,S coincides with the polarization on
nearby cycles.

FFE ERAXZHFHFEFR

Applications of Mixed Hodge Module Theory 28 /44



Jantzen Conjecture
00000000 0e

Hodge Theoretic Proof

Ideas

® |dea: "Lift" results on Z—modules to results on complex mixed
Hodge modules.
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Hodge Theoretic Proof

Ideas

® |dea: "Lift" results on Z—-modules to results on complex mixed
Hodge modules.

e Step 1 is standard.
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Ideas

® |dea: "Lift" results on Z—-modules to results on complex mixed
Hodge modules.

e Step 1 is standard.

e Step 2 is almost repeating word for word [BB93].
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Jantzen Conjecture
00000000 0e

Hodge Theoretic Proof

Ideas

® |dea: "Lift" results on Z—-modules to results on complex mixed
Hodge modules.

e Step 1 is standard.

e Step 2 is almost repeating word for word [BB93].

¢ The key idea is to lift the comparison theorem n} = PydMin
2—-modules setting ([Bei87]) to mixed Hodge module setting.
In particualr, the deformation parameter s corresponds to the
nilpotent operator s on n}.
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Saito’s Vanishing Theorem
(o] Jeo}

Statement

Saito’s Vanishing Theorem

® Let.# € MHM(Z) be a graded-polarizable mixed Hodge
module on a reduced projective variety Z.
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Statement

Saito’s Vanishing Theorem

® Let . # € MHM(Z) be a graded-polarizable mixed Hodge
module on a reduced projective variety Z.

e |f £ is an ample line bundle on Z, one has
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Saito’s Vanishing Theorem
(o] Jeo}

Statement

Saito’s Vanishing Theorem

® Let . # € MHM(Z) be a graded-polarizable mixed Hodge
module on a reduced projective variety Z.

* |f £ is an ample line bundle on Z, one has
[ J
Hi(Z,grgDR(M) ®.%)=0, fori>0andp € Z,
H'(Z,grpDR(M)® .2 ") =0, fori<0and p € Z.
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Statement

Corollary: Kodaira’s Vanishing Theorem

e If X is a projective variety of complex dimension n, . any
ample line bundle on X, and wy, is the canonical line bundle,
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ooe

Statement

Corollary: Kodaira’s Vanishing Theorem

e |f X is a projective variety of complex dimension n, . any
ample line bundle on X, and wyy is the canonical line bundle,

® then
HI(X,wx®.¥%) =0, g>0,
HI(X, 2% ') =0, g<n.
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ooe

Statement

Corollary: Kodaira’s Vanishing Theorem

e |f X is a projective variety of complex dimension n, . any
ample line bundle on X, and wyy is the canonical line bundle,

® then
HI(X, wx ® %) =0, q >0,
HI(X, 2% ") =0, g<n.

* Proof: consider Q¥[n]. Note that
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Saito’s Vanishing Theorem
ooe

Statement

Corollary: Kodaira’s Vanishing Theorem

e |f X is a projective variety of complex dimension n, . any
ample line bundle on X, and wyy is the canonical line bundle,

® then
HI(X, wx ® %) =0, q >0,
HI(X, 2% ") =0, g<n.

* Proof: consider Q¥[n]. Note that
° FpDRx((fx) = [Fp@)x - Q;( ® Fp+1ﬁx e
QF ® FpynOx|[n],
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Saito’s Vanishing Theorem
ooe

Statement

Corollary: Kodaira’s Vanishing Theorem

e |f X is a projective variety of complex dimension n, . any
ample line bundle on X, and wyy is the canonical line bundle,

® then
HI(X, wx ® %) =0, q >0,
HI(X, 2% ") =0, g<n.

* Proof: consider Q¥[n]. Note that
® F,DRx(Ox) = [FpOx — Q}( ® Fpr1O0x = -+ —
Q% ® FornOx]nl,
) QFPe0x[n+p], if —n<p<0,
’ grEDRX(@X) B {OX otherwise.
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® Saito’s Vanishing Theorem

Proof
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e Step 1: reduce to pure Hodge module with strict support.
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e Step 1: reduce to pure Hodge module with strict support.
e Step 2: duality argument.
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Saito’s Vanishing Theorem
0e00

e Step 1: reduce to pure Hodge module with strict support.
e Step 2: duality argument.
e Step 3: extend line bundles and use covering trick.
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Saito’s Vanishing Theorem

0e00

Step 1: reduce to pure Hodge module with strict support.

Step 2: duality argument.

Step 3: extend line bundles and use covering trick.

e Step 4: use Hodge modules and strictness to get vanishing of
morphism.
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Saito’s Vanishing Theorem

0e00

Step 1: reduce to pure Hodge module with strict support.

Step 2: duality argument.

Step 3: extend line bundles and use covering trick.

Step 4: use Hodge modules and strictness to get vanishing of
morphism.
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Saito’s Vanishing Theorem

0e00

e Step 1: reduce to pure Hodge module with strict support.
e Step 2: duality argument.
e Step 3: extend line bundles and use covering trick.

e Step 4: use Hodge modules and strictness to get vanishing of
morphism.

e Step 5: compare with original complex.
e Step 6: connect the dots.
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Proof

Step 2: duality argument

® Theorem: Let .# € HM(X, w) be a polarizable Hodge module
on an n-dimensional complex manifold X. Then any
polarization on .# induces an isomorphism

R:%”om(;x(grgDR(///),cux[n]) = grfp,wDR(///).
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Proof

Step 2: duality argument

® Theorem: Let .# € HM(X, w) be a polarizable Hodge module
on an n-dimensional complex manifold X. Then any
polarization on .# induces an isomorphism

R omg, (gr,DR(.4 ), wx[n]) = gr",_ ,DR(.%).
¢ Note that by Serre duality,

R/ omg, (9rhDR(4 ), wx[n]) = R™ "5 0mg, (gr, DR(A), wx) =
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Saito’s Vanishing Theorem
jeJol le]

Proof

Step 2: duality argument

® Theorem: Let .# € HM(X, w) be a polarizable Hodge module
on an n-dimensional complex manifold X. Then any
polarization on .# induces an isomorphism

R omg, (gr,DR(.4 ), wx[n]) = gr",_ ,DR(.%).
¢ Note that by Serre duality,
R’ omg, (gryDR(.# ), wx[n]) = R™" 0mg, (9r,DR(.A ), wx) = }
e Combining the results above, we obtain

H™(X,gri DR(#))* = H'(X, or",_,DR(.4)).
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Saito’s Vanishing Theorem
O00e

Proof

Step 4: strictness of MHM to get vanihsing of morphism

Now using strictness of pushforward to a point, we have
E;-degeneration of the spectral sequence

Ey = HPHa(Y, gt aty) = HPHI(Y, aty)
and hence we obtain that the morphism
HI(Y,grp.aty) = HT (Y, orf . av)

iszeromap foralli e Nand p € Z.

FFE ERAFHFHFEFR

37 /44

Applications of Mixed Hodge Module Theory



References
9000000

O References

XFE

Applications of Mixed Hodge Module Theory



References
ol 1 111 Joj

[ABV12] Jeffrey Adams, Dan Barbasch, and David A Vogan.
The Langlands classification and irreducible
characters for real reductive groups, volume 104.
Springer Science & Business Media, 2012.

[AK14] Pramod N Achar and Sarah Kitchen.
Koszul duality and mixed Hodge modules.
International Mathematics Research Notices,
2014(21):5874-5911, 2014.

[AVLTVJ12] Jeffrey Adams, Marc Van Leeuwen, Peter Trapa, and
David A Vogan Jr.
Unitary representations of real reductive groups.
arXiv preprint arXiv:1212.2192, 2012.

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 39/44



References
ol 1 111 Joj

[Bar83] Dan Barbasch.
Filtrations on Verma modules.
In Annales scientifiques de I'Ecole Normale
Supérieure, volume 16, pages 489—494, 1983.

[BB93] Alexander Beilinson and Joseph Bernstein.
A proof of Jantzen conjectures.
Advances in Soviet mathematics, 16(Part 1):1-50,
1993.

[BBDG18] Alexander Beilinson, Joseph Bernstein, Pierre
Deligne, and Ofer Gabber.
Faisceaux pervers.
Société mathématique de France, 2018.

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 40/ 44



References
ol 1 111 Joj

[Bei87] Alexander Beilinson.
How to glue perverse sheaves.
K-theory, arithmetic and geometry, pages 42-51,
1987.

[CDK16] Sabin Cautis, Christopher Dodd, and Joel Kamnitzer.
Associated graded of Hodge modules and categorical
slo actions.
arXiv preprint arXiv:1603.07402, 2016.

[DV22] Dougal Davis and Kari Vilonen.
Mixed Hodge modules and real groups.
arXiv preprint arXiv:2202.08797, 2022.

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 41/ 44



References
ol 1 111 Joj

[GJ81] Ofer Gabber and Anthony Joseph.
Towards the Kazhdan-Lusztig conjecture.
In Annales scientifiques de I'Ecole Normale
Supérieure, volume 14, pages 261-302, 1981.

[HTO7] Ryoshi Hotta and Toshiyuki Tanisaki.
D-modules, perverse sheaves, and representation
theory, volume 236.
Springer Science & Business Media, 2007.

[Jan79] Jens Carsten Jantzen.
Moduln mit einem héchsten Gewicht.
In Moduln mit einem héchsten Gewicht, pages 11-41.
Springer, 1979.

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 42 /44



References
ol 1 111 Joj

[Kas87] Masaki Kashiwara.
Regular Holonomic D-modules and Distributions on
Complex Manifolds.
In Complex analytic singularities, pages 199-206.
Mathematical Society of Japan, 1987.

[SV12] Wilfried Schmid and Kari Vilonen.
Hodge theory and unitary representations of reductive
Lie groups.
arXiv preprint arXiv:1206.5547, 2012.

FFE ERAFHFHFEFR

Applications of Mixed Hodge Module Theory 43 /44



References
O00000e

Tt

XFE

Applications of Mixed Hodge Module Theory



	Introduction
	Mixed Hodge Module Theory
	Applications

	Jantzen Conjecture
	Introduction
	Bernstein-Beilinson's Proof
	Hodge Theoretic Proof

	Saito's Vanishing Theorem
	Statement
	Proof

	References

