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Mixed Hodge Module Theory

Saito’s Theory

• Ingredients: filtered D-module + perverse sheaf

• Machinery: six functors + weight formalism + Hodge package
• Moral: mixed Hodge module theory over C parallels mixed

l-adic sheaf theory over a field with characteristic p > 0.
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Mixed Hodge Module Theory

Black Box

• Suppose that X is a (smooth) algebraic variety over C. Saito
constructs two abelian categories

(1) HMp(X , ω): polarizable Hodge modules of weight ω;
(2) MHM(X): graded-polarizable mixed Hodge modules.

• Topological information (perverse sheaves): we have a functor
rat : MHM(X)→ PervQ(X), such that

(1) The functor rat is fully exact.
(2) If X = pt, then MHM(X) = MHS the category of mixed Hodge

structures and rat takes a mixed Hodge structure to its
underlying Q−vector space.

(3) It lifts six-functor formalism in Db(PervQ(X)) = Db
c (X) to

Db(MHM(X)), and other useful functors (duality functor,
nearby and vanishing cycles, complex-conjugation functor).

(4) It "lifts" decomposition: HM(X , ω) is semi-simple (structure
theorem); direct image theorem for proper morphism, which
implies BBDG decomposition theorem for perverse sheaves.
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Mixed Hodge Module Theory

Black Box

• Weight formalism: for any M ∈ MHM(X), M has a weight
filtration W•M , and given any f : M → N morphism of
mixed Hodge modules, f strictly preserves weight filtration,
which will be useful (e.g. to show degeneration of spectral
sequences).

• Generalize classical Hodge theory:

(i) Hodge: Hk (X ,C) has a Hodge structure, where X is a Kahler
manifold.

(ii) Deligne: Hk (X ,C) has a mixed Hodge structure, where X is an
algebraic variety over C.

(iii) Griffiths: relative version of Hodge structure, i.e. variation of
Hodge structures (VHS).

(iv) Schmid: local results about "limit Hodge structure".
(v) Zucker: global results (L2-cohomology).
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Introduction

Definition

Let λ ∈ t∗ be arbitrary. Then the Verma module V(λ) admits a
decreasing filtration V(λ)• by submodules, such that

(i) V(λ)i = 0 for all sufficiently large i >> 0.

(ii) V(λ)0 = V(λ) and V(λ)1 = N(λ) := the unique maximal
submodule of V(λ).

(iii) Each graded piece V(λ)i/V(λ)i+1 has a non-degenerate
contra-variant form.

(iv) The formal characters satisfy∑
i>0

ch(V(λ)i) =
∑
α>0

sα·λ<λ

ch(V(sα · λ))
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Introduction

Construction

• Deformation argument.

• Given a deformation direction γ ∈ t∗, one can consider the
deformed Verma module VC[s](λ) which is a
(g,C[s])-bimodule generated by a highest weight vector vλ
satisfying

h · vλ = (λ(h) + sγ(h))vλ, ∀h ∈ t.

• Contravariant form: C[z]-bilinear contra-variant form on the
deformed Verma module VC[z](λ) is non-degenerate, which
specializes at z = 0 to the contra-variant form on V(λ).
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Introduction

Construction

• Filtration: On VC[z](λ), one has a filtration by order of
vanishing of the form, i.e.

VC[z](λ)
i :=
∑
v∈Γ

Vλs−v(i),

where Γ is the set of Z+−linear combinations of simple roots
and

Vλs−v(i) := {v ∈ Vλs−v : (v ,Vλs−v) ⊂ s iC[s]}.

If one considers the specialization at z = 0, then one obtains
the Jantzen filtration, which is exhaustive if γ is regular.

• The theorem above is actually the deformation in the direction
λ = ρ.
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Introduction

Jantzen Conjecture

• The Jantzen conjecture [Jan79] is the following statement (for
deformation direction ρ, the half sum of the positive roots):

(1) Certain canonical maps (e.g. embeddings V(µ) ↪→ V(λ)) are
strict for Jantzen filtrations.

(2) The Jantzen filtration coincides with the socle filtration.

• More precisely, let χ1, χ2 ∈ t∗Q be regular weights such that
V(χ1) ⊆ V(χ2), which means that there exists some dominant
weight χ such that χi = wiχ with
wi ∈ Wχ := {w ∈ W : w · χ − χ ∈ h∗Z} and w1 ≤ w2. Then we
have the following relation:
V(χ1)

i = V(χ1) ∩ V(χ2)
i+l(w2)−l(w1).
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Introduction

Remarks

• The Jantzen filtration is a very useful tool in the representation
theory of Lie algebras.

• The structure of Verma modules over a rank two simple Lie
algebra (or a Kac-Moody algebra) is completely determined by
means of the Jantzen filtration [Jan79].

• Gabber and Joseph [GJ81] showed that (1) implies the
Kazhdan-Lusztig conjectures on multiplicities of simple
modules in Verma modules.

• Building on the work of Gabber and Joseph, Barbasch [Bar83]
showed that (1) implies (2) in a purely algebraic approach.
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Bernstein-Beilinson’s Proof

Bernstein-Beilinson’s Proof

• Localization theorem: Verma modules + Jantzen filtration→
filtered D−modules.

• Key argument: (under Riemann-Hilbert correspondence)
Jantzen filtration = weight filtration (up to a shift), where we
use [BBDG18, section 6] to replace C by F.
• Part (1) follows from weight formalism in the theory of mixed

l−adic sheaves.
• Part (2) is proved by a pointwise purity argument.
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Bernstein-Beilinson’s Proof

Dictionary

图 1: Dictionary for Jantzen conjecture
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Hodge Theoretic Proof

1 Introduction

2 Jantzen Conjecture
Introduction
Bernstein-Beilinson’s Proof
Hodge Theoretic Proof

3 Saito’s Vanishing Theorem

4 References
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Hodge Theoretic Proof

Advantages

• To use [BBDG18], one needs the condition "of geometric
origin". One can only prove Verma modules with rational
characters are of geometric origin, [BB93, Lemma 2.6.5]

• However, we don’t need this condition if we use Mixed Hodge
module theory.
• We can remember the polarization via mixed Hodge Module

theory.
• We use mixed Hodge modules with C-coefficients.
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Hodge Theoretic Proof

Main Theorem

Fix λ ∈ h∗R, a K-orbit Q ⊆ B and an irreducible K-equivariant
λ-twisted flat bundleV on Q. Let S be a polarization ofV. Then
for all n, GrJ

−n j!V is a pure Hodge module of weight d − n, and the
form

s−nGrJ
−n(S) : GrJ

−n j!V
�−→ (GrJ

−n j!V)h(−d + n)

is a polarization, where (−)h denotes the Hermitian dual and
d = dimH + dimQ.
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Hodge Theoretic Proof

Review: complex mixed Hodge modules

• X: the complex conjugation of copmplex algebraic variety X,

• M to denote the complex conjugation of D-module M ,
• Hermitian dual Mh is defined to be the unique regular

holonomic DX−module such that (Mh)an = H omDX
(M, DbX)

(see [Kas87]).
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Hodge Theoretic Proof

Review: complex mixed Hodge modules

Now a polarized complex mixed Hodge module M consists of the
following data:
• a triple (M ,F•M ,W•M ), where M is a regular holonomic

DX module, Hodge filtration F• is a good filtration by
OX−modules, and weight filtration W• is a filtration by regular
holonomic DX -submodules;

• a triple (M ′,F•M ′,W•M ′), similar as above;
• a perfect sesquilinear paring s : M ⊗M ′ → DbX compatible

with W• (i.e. induces an isomorphism M � (M ′)h of
underlying DX -modules);

which satisfies some sophisticated conditions omitted here.
Morphisms of triples are defined covariantly in M and
contravariantly on M ′.
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Hodge Theoretic Proof

Twisted Mixed Hodge Modules

• Idea: monodromic D-modules introduced in [BB93, 2.5].

• Recall that B̃ → B is a H−torsor and λ ∈ h∗R. We define the
category of λ−twisted mixed Hodge Modules on B, denoted
by MHMλ(B) to be the full subcategory of MHM(B̃),
consisting of all the objects whose underlying D-module is the
pull-back of a λ−twisted DB-module on B.
• If λ < h∗R, then the category MHMλ(B) (defined in a similar

way) must be zero (claimed in [DV22]).
• Recall that a polarized variation of Hodge structure with

weight ω on X gives a Hodge module of weight ω+ dimX.
Note that our definition of twisted mixed Hodge modules
actually viewV as a mixed Hodge module on the H−torsor Q̃
of Q. Therefore, the weight ofV is actually dimQ + dimH.
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Hodge Theoretic Proof

Jantzen Filtration on D-modules

• Fix λ ∈ h∗R and a K-orbit Q ⊆ B.By [BB93, Lemma 3.5.2],
there exists ϕ ∈ X∗(H) and a K-invariant section
fϕ ∈ H0(Q , Lϕ) such that f−1

ϕ (0) ∩ Q− = ∂Q.

• Now we form the (λ+ sϕ)−twisted flat bundleVsϕ on Q.
• As OQ modules,Vsϕ is the same asV (we use fs

ϕm ∈ Vsϕ to
denote the corresponding m ∈ V)
• but the DQ−module structure is given by

∂ fs
ϕm = fs

ϕ(∂m + s
∂fϕ
fϕ

m). (1)
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Hodge Theoretic Proof

Jantzen Filtration on Complex Mixed Hodge Modules

• These constructions can be easily generalized to the setting
of twisted mixed Hodge modules (pull-back to B̃).

• We use Q̃ to denote the preimage of Q under B̃ → B.
• Consider the family of tautological morphisms j!Vsϕ → j∗Vsϕ.

In order to consider its behavior near s = 0 we pass to the
formal completion j!Vsϕ[[s]]→ j∗Vsϕ[[s]],
• Our assumption on ϕ implies that this map is an isomorphism

after inverting s.
• It induces Jantzen filtrations J• on the domain and codomain

defined by Jn j!V = (j!Vsϕ[[s]] ∩ s−n j∗Vsϕ[[s]])/(s), and
Jn j!V = (s−n j!Vsϕ[[s]] ∩ j∗Vsϕ[[s]])/(s), and isomorphisms

sn : GrJ
n j∗V

�−→ GrJ
−n j!V.
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Hodge Theoretic Proof

Proof

• Step 1: work on local.

• Step 2: relate the graded pieces of Jantzen filtration to
Beilinson’s functors (to imitate [BB93]).
• Step 3: verify s−nGrJ

−nS coincides with the polarization on
nearby cycles.
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Hodge Theoretic Proof

Ideas

• Idea: "Lift" results on D−modules to results on complex mixed
Hodge modules.

• Step 1 is standard.
• Step 2 is almost repeating word for word [BB93].
• The key idea is to lift the comparison theorem π1

f �
pψun

f in
D−modules setting ([Bei87]) to mixed Hodge module setting.
In particualr, the deformation parameter s corresponds to the
nilpotent operator s on π1

f .
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Statement

Saito’s Vanishing Theorem

• Let M ∈ MHM(Z) be a graded-polarizable mixed Hodge
module on a reduced projective variety Z.

• If L is an ample line bundle on Z, one has
•

Hi(Z , grF
p DR(M) ⊗L ) = 0, for i > 0 and p ∈ Z,

Hi(Z , grF
p DR(M) ⊗L −1) = 0, for i < 0 and p ∈ Z.
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Statement

Corollary: Kodaira’s Vanishing Theorem

• If X is a projective variety of complex dimension n, L any
ample line bundle on X, and ωM is the canonical line bundle,

• then

Hq(X , ωX ⊗L ) = 0, q > 0,

Hq(X ,L ⊗−1) = 0, q < n.

• Proof: consider QH
X [n]. Note that

• FpDRX (OX ) = [FpOX → Ω1
X ⊗ Fp+1OX → · · · →

Ωn
X ⊗ Fp+nOX ][n],

• grF
p DRX (OX ) =

Ω−p
X ⊗ OX [n + p], if − n ≤ p ≤ 0,

0, otherwise.
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Proof

Proof

• Step 1: reduce to pure Hodge module with strict support.

• Step 2: duality argument.
• Step 3: extend line bundles and use covering trick.
• Step 4: use Hodge modules and strictness to get vanishing of

morphism.
• Step 5: compare with original complex.
• Step 6: connect the dots.
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• Step 4: use Hodge modules and strictness to get vanishing of

morphism.
• Step 5: compare with original complex.
• Step 6: connect the dots.
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Proof

Step 2: duality argument

• Theorem: Let M ∈ HM(X , ω) be a polarizable Hodge module
on an n-dimensional complex manifold X. Then any
polarization on M induces an isomorphism

RH omOX (grF
p DR(M ), ωX [n]) � grF

−p−ωDR(M ).

• Note that by Serre duality,

R iH omOX (grF
p DR(M ), ωX [n]) � R i+nH omOX (grF

p DR(M ), ωX) � H−i(X , grF
p DR(M ))∗.

• Combining the results above, we obtain

H−i(X , grF
p DR(M ))∗ � Hi(X , grF

−p−ωDR(M )).
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Proof

Step 4: strictness of MHM to get vanihsing of morphism

Now using strictness of pushforward to a point, we have
E1-degeneration of the spectral sequence

E1 = Hp+q(Y , grF
−pMY )⇒ Hp+q(Y ,MY )

and hence we obtain that the morphism

Hi(Y , grF
p MY )→ Hi+1(Y , grF

p−1MY )

is zero map for all i ∈ N and p ∈ Z.
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Thanks!
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