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@ Motivations:

(1). Selberg's trace formula and its generalizations
(2). Some holomorphy conjectures

@ Main results: Expansion of the Jacquet-Zagier trace formula

K(s) = / KS (x x) E(x, s)dx
GL(n,F)Z(AF)\GL(n,AF)

Describe the trace formula & Idea of proof

Applications: holomorphy conjectures (Dedekind, Artin, Selberg, ...);
nonvanishing

@ Further discussions
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Introduction

@ G: locally compact group, e.g., G = SLy(R)
e [: discrete subgroup of G with Vol(I'\G) < oo, e.g., I = SLy(Z)

Problem:

Study the spectral decomposition of L?(T'\G). (discrete & continuous)

@ Selberg studied Hecke operators (from harmonic analysis point of
view), for f € C.(SL2(R)//SO2(R)), the Hecke operator

1) ﬂ fxop: g— o(gx)f(x)dx.

SLa(R)

@ characterize the continuous spectrum [Eisenstein series]

@ compute the trace of R(f) on the discrete spectrum (space of Maass
forms) as a sum of orbital integrals [Selberg's Trace Formula]
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Selberg’s Trace Formula

@ Integral representation:

(R(F)O)(x) = /F\GK(x,yw(y)dy, () = 3 Fixty).

yerlr

o Compute the trace:

r = X, X)dx = x Tyx)dx .
TrR(F) /r\GK(’ )d %Vol(rv\cw) / ST

~~

= Orb(y)
(orbital integrals)

Generalization:

@ study of Eisenstein series and characterize continuous spectrum
[Langlands, 1976]

o R(f) must be of trace class on the discrete spectrum [Miiller, 1989]

o generalize the trace formula to reductive groups [Arthur, since 1974]
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The Arthur-Selberg Trace Formula

@ Trace formula

> Trx(f)+ =TrR(f) = > Vol(I',\G,) Orb(y) (1)

{7}

the geometric side

the spectral side

@ In general, the formula (1) does not converge. So a suitable
truncation is needed to make it convergent.

@ Arthur’s truncation: geometric truncation K’ (x, y) and spectral
truncation AJ K(x, y), moreover, when substituted into (1), the
equality still holds and is well defined.
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The Arthur-Selberg Trace Formula

@ Geometric truncation KT (x, x): obtained by certain combinatorics
and reduction theory, such that K™ (x, x) — K(x,x) as T — oo and

/ KT (x, x)dx = a polynomial in T.
Z6(AF)G(F)O\G(AF)

e Spectral truncation AJ K(x,y): by Langlands theory on Eisenstein
series, K(x,y) is equal to

Z Z 2 / (X,IP()\, f)¢a )‘)E(yagba)‘)d)‘
7r
XEX Pe7> iap/iag ¢>€£Bp N

AT is a truncation operator and /\2T K(x,y) denotes the operator acts
on the second Eisenstein series.

AJ K(x,x)dx _/ KT (x, x)dx.

/ZG(AF)G(F)\G(AF) Z6(AF)G(F)\G(AF)
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Jacquet—Zagier's Approach to Trace Formulas on GL(2)

@ the truncation process on the K(x, x) is somewhat too complicated to
lead to explicit forms in many situations

@ Jacquet and Zagier initiated a new approach by introducing the
Rankin-Selberg method into the treatment of K(x, x) for GL(2).
@ Main goals:
(1). derive the Selberg trace formula, avoiding the recourse to Arthur’s
truncation
(2). prove holomorphic continuation of symmetric square L-functions for
GL(2)
(3). connections between adjoint L-functions (analytic) and certain Artin
L-functions (algebraic)
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Jacquet—Zagier's Trace Formula

e E(x,s) : Eisenstein series with Ref E(x,s)=1
s=
@ Consider the function

I(s) = / Ko(x, x)E(x, s)dx.
Z6(AF)G(F)\G(AF)

@ Compute the geometric side and the spectral side as a meromorphic
function of s

e Conjecture: /(s)/Cr(s) is entire! [Holomorphy of L(s, 7w, Sym?)]

o Taking residue at s =1 then SR:ei% I(s) = Tr R(f). Moreover,

E ResLs7r><7r) --=TrR(f) = E ResCE
s—1
the spectral side the geometric side
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Our Goal: generalization to higher ranks

e G = GL(n) over a global field F

e Consider the function

I(s) = / K(x,x)E(x,s)dx.
Z6(AF)G(F\G(AF)
o Compute the geometric and the spectral sides as meromorphic
functions of s

o When n < 4, we prove I(s)/Cg(s) is entire and deduce the
holomorphy of L(s,n,Ad) [Selberg’s conjecture]
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Framework of trace formulas (G = GL(n))

o f: G(Afr) — C, left and right K-finite, compact supp mod Z¢ (AF)
o f defines an integral operator

R(F)o(y) = / F(x)o(yx)dx,

Zc(AF)\G(AF)

on the space L2 (G(F)Zg(AF)\G(AF)) with the kernel function
K'ay)= > fx )

1€Z6(F)\G(F)

@ Spectral decomposition:

Kf(Xay) = KOf(Xay) + KéR(X7y)

@ Arthur-Selberg trace formula computes expansions of

TrRo(f) = / Kg(x,x)dx = Geometric — Non-cuspidal
Z6(AF)G(F)\G(AF)
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o 7 : Hecke character; ¢ : Bruhat-Schwartz function on A7

h—r(X,S) = T(detx)| det)(|5/>< (D((O, .. 70’ t)X)T(t)|t’"5dXt

F

@ Eisenstein series:

E-(x,s) = Z h:(vx,s), R(s) > 1,
VEP(F)\G(F)

with meromorphic continuation and F.E.; moreover,

®(0)7(det x)

Res E,(x,s) =
Rep Ebos) =75
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On GL(n) : Decomposition of K'(x, x)

@ Define the distribution
I§(s,7) = / KE(x, x)E(x, s)dx
Z6(ArF)G(F)\G(AF)

@ Spectral expansion

B(s,7)~ Y Ls,mx7@7)

™

o Selberg conjecture is equivalent to the holomorphy of If(s,7)/A(s,T)

Study the expansion of /g (s, 7) in terms of its geometric and non-cuspidal
side.
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On GL(n) : Decomposition of K'(x, x)

Trivially, If (s, 7) = I7(s,7) — I{x(s, T)
s = [ K (x,%) - Ex(x,5)dx, * € {0, er}
Z6(AF)G(\G(Ar)

If(s,7) and Ifz(s, 7) do not converge
Truncation does not fit well
Poisson summation to E;(x,s) will lose L-function structure

Need new ideas to regularize them. Starting with

If(s, T) =

Z F(x1yx) - he(x, s)dx

/ZG(AF)P(F)\G(AF) VEZG(F)\G(F)
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Decomposition of K'(x, x)

@ P: standard parabolic subgroup of type (n —1,1)

@ O : set of standard parabolic subgroups

o &:={plyp: pe P(F), v€ Zs(F)\Q(F), Q€ 9}
@ Define

ngo,reg(Xa )/) = Z f(X_I’YY)
Y€Z6(F)\G(F)—6

Kgeosing(X:¥) = Y _ F(x 1)
ye€S

@ Can show

Zo(F)\G(F) -6 = |_| regular P(F)-conjugacy classes
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Decomposition of Kfz(x, x) = Kf.(x, x) + Kke(x, X)

o Kfx(x,y) is equal to

Z Z kp 27‘r)kP /* - Z E(x, Zp(A, f)ﬁf),)\)mw\

XEXPoP PP iap /195 eBp,
e apply Fourier expansion to Eisenstein series E(x,Zp(A, f)p, ) :

n—1
Kexbo) = [ Kedusd ARG Ko
[Np] : S——— S——

=2 . . )
! partial Fourier transform of K generic part

e Explicitly,

Kwhi(x, x) = Z / Keis(udx, x)0(u)du,

SEN(F)\Po(F)
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Decomposition of K{(x, x)

@ Define
Kp reg (X, X) :/ Kgeo,reg (Ux, X)du
[Np]

KWhi(X,X) = Z / KEls(UCSX X)Q( )

deN(F)\Po(F)

Ksing(X7 X) = ngo,sing(xa X) - / ngo,sing(uxv X)du
[Np]

n—1
— Z .7:1(’) K(x, x)
i=2

@ Then we have

Kg(X’X) = Kgfeo,reg(xvx) - Klg,reg(xax) + Ksmg( ) - K\thi(va)
——

geometric spectral
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Decomposition of /f (s, 7)

Kgeo,reg (X, X) hr(x, 5)dx,

geo reg

/P F)Zg(AF)\G(AF)

/p reg (s,7) / / Kgeo,reg (Ux, X) hr(x, s)dudx
P(F)Zs(AF)\G(AF) /[Np]

Koypi(s, 7) / / / Keis(ux, vx)0(u)0(v)h-(x, s)dudvdx
N(AF)Ze(AF)\G(AF) J[N] J[N]

f
Ismg

(5,7) = / Kaing (x: X)hr (x, 5)dx,
P(F)Zs(AF)\G(AF)

@ Starting Point:
f f f f f
o (57 T) - Igeo,reg(sﬂ T) - IP,reg(Sv T) + Ising(sv T) - IWhi(57 T)

e Will compute each integral (in terms of various L-functions)
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Jacquet-Zagier Trace Formula for GL(n)

Very roughly, we have

Let R(s) > 1. Then we have

f _ f f
/0 (S, T) - Igeo,reg(sv T) - IP,reg(57 T)
o Y v
infinite sum of  finjte sum of Hecke L-functions Langlands-Shahidi
L(s,m@T xT) & Godement-Jacquet

f
I\thi(saT) + Ising(sﬂT)
SN—_—— N——

Rankin-Selberg various L-functions
for non-cuspidal  on smaller groups/ranks

@ Meromorphic continuation to C
e When 7% #£ 1 for 1 < k < n, get analytic continuation to C
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lgeo reg(S, 7) : Hecke L-series attached to Etale algebras
@ Recall

| f
geo,reg

f(x " 1yx)hy(x, s)dx
G)\G(F)-6

georeg Z Z CfeH Z QE(S HLLI] STONE/F)

g=1 fecNé 11’ [Ei:F]=f;
(f.e)=n

=
P(F)Z6(AR\G(AF) ye 7 (

where L[j](s,x) := L(js — j + 1,%¢).

@ hyperbolic: L(s,7)?; uniponent: L(s,7)L(2s —1,72)
o elliptic regular: L(s, 7o Ng/r), [E: F] =2
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Ip reg(s, T) : Intertwining operators

@ Recall

/,‘g,reg(s, T) == / / ngo,reg(UX, x)h:(x, s)dudx
P(F)Zs(AF)\G(AF) J[Np]

e Explicit representatives for Zg(F)\G(F) — & by Ad P(F) :

lnf3
{W1W2-"Wn_1 t u: tEFX/(FX)n,uGNP(F)}

)

L(s,7)L(2s,72)---L((n — 1)s, 7"~ 1) L(ns, ")
(s+1,7)L(2s+1,72)---L((n—1)s+ 1,7 1)

Ipegls:7) = Q(5) - 7
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hvni(s, 7) : Rankin-Selberg periods for non-cuspidal reps

r 1
X pep © P 4 eBp, / (R)P™

$2€Bp

(s ) =33 = Y / (Zp(. F)b2. 61) P(61, G2; A)dA

where P(¢1, ¢o; \) is the Rankin-Selberg period:

P(¢1, 02 N) = Wa (x; ) Wa(x; N)h-(x, s)dx.

-
Zo(AF)N(AR\G(AF)

e infinite sum over y € XP™P, absolutely convergent in R(s) > 1
(reduce it to a RTF which can be majorized by gauges)

@ meromorphic continuation
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Meromorphic Continuation

o i cm=ndSe) (m@ |- m o[, m o 1))
@ the quotient
&b ) .. : i
P(¢1, 62 ~) = a finite product of entire functions
L(s, T\ ® T x TT_y)
@ Here
L(s,my @7 X T_)) HHL(S—}-)\ 7T,'®7’><%j)
i=1j=1
@ obtain meromorphic continuation of P(¢1, ¢p; \)

continuation of Ayhi(s,7) : shift contour of the integral w.r.t. the
multiple complex variable A
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king (s, 7) : Singular terms

lsing (s, 7) is holomorphic in the right half plane R(s) > 1/2 if s ¢ {1/2,1};
and it may have at most simple pole at s = 1/2 if 72> = 1.

@ Recall

Ising(sa T) = / Ksing(X,X) hT(X, S)dX.
Z(AF)P(F)\G(AF)T

e Bruhat decomposition; singular parts of Kiing(x, x) disappear

@ Can be written as a finite linear combination of orbital integrals from
smaller groups (i.e., Levi of G)

e Convergence follows from induction if R(s) > 1

@ Meromorphic continuation to R(s) > 1/2 and apply the F.E.
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Jacquet-Zagier Trace Formula for GL(n)

f f f f f
IO (57 T) - /geo reg(57 T) - IP,reg(57 T) - IWhi(57 T) + Ismg(57 T)
L(s,m®TxT) Hecke Langlands-Shahidi Rankin-Selberg L-functions

& Godement-Jacquet  for non-cuspidal  on smaller ranks

o Next Goal: investigate analytic behaviors of If(s,7)/L(s, )

f f s
@ Show Ipzzgs(j;), IVZh('(s ;) and Sz(gs( )) are holomorphic

@ As a consequence,

15(5,7') -~ Igfeo reg(57T) - L(S,TO NE/F)

L Ad ~ =
Hom AdST) ~ 00 ™~ (s ) L(s,7)
analytic S——
vt algebraic
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Main Application

F : global field

7 : idele class character on Af

7 : a cuspidal representation on GL(n, Af)
L(s,m,Ad®7) := L(s,m xT®7T)/L(s,T)

Let n < 4. Then the complete L-function L(s,m, Ad ®T) is entire, unless
T # 1 and m ® T ~ 7, in which case L(s, 7, Ad ®T) is meromorphic with
only simple poles at s = 0, 1.

@ Potential application in converse theorem

o n =2 : Gelbart-Jacquet lifting
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The Jacquet-Zagier Trace Formula

Artin Conjecture Langlands Philosophy

Dedekind Conjecture: Selberg Conjecture:
Ce(s)/Ck(s) is entire J-Z trace formula L(s,m,Ad) entire
—_——
holds for degree n = [E : F] < 4 m € Ag(GL(n)), rank n < 4
lgeo,reg (s, 7)/L(s, 7) I§(s.7)/L(s,T)
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The Reverse Direction (easier)

Let notation be as before. Assume the adjoint L-functions L(s,m, Ad) are
holomorphic for all m with a supercuspidal component at one place v. Then
the Dedekind conjecture holds for all field extensions of E/F of degree n.

@ ldea of proof:

Dedekind Conjecture:

Ce(s)/¢r(s) is entire J-7 trace formula L(S,W,:’-Eii) entire
holds for degree n = [E : F] (S .z;lo(GL(n))7 rank n
Igfeo,reg(srT)/L(sv T) IO (577)/1-(57 T)

@ Holds for all n > 2
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Nonvanishing of Central L-values

Let n > 2. Suppose there exists an extension E /F with degree [E : F] = n,
and Ce(1/2) # 0. Then there exists a m = 7(E) € Ao(G(F)\G(Af),w™1),
such that L(1/2,7 x 7) # 0.

@ Frohlich: there are infinitely many number fields F such that

¢r(1/2) =0
@ Selberg conjecture implies

L(1/2,mx7T) =0, V7eA(GF)\G(AF),w™)
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Further Discussion

@ Using the test function of B-P-L-Z-Z, the J-Z TF becomes
lo(s,7) = Z P(s, ¢, 7) = Geo(s, ),
B
with
P(s,¢,7) = L(s,m @7 x 7) - [[ Pi(s,7)

Goal: show L(s,m® 7 x 7)/L(s,T) is entire
Entireness of P(s, ¢, 7)/L(s, ) is insufficient
In general,

L(ssm@7x7) =Y P(s,,7)
¢

RTF with an automorphic weight under

Kg(xv X) = Kgfeo,reg(xv X) - Klf’,reg(x7 X) + Ksmg( ) - K\thi(Xv X)/

-~

geometric spectral
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Thank You!
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