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1. INTRODUCTION

The purpose of this article is to survey some of the context, achievements, challenges and mysteries of the
field of metric dimension reduction, including new perspectives on major older results as well as recent advances.
From the point of view of theoretical computer science, mathematicians "stumbled upon" metric dimension
reduction in the early 1980s, as exemplified by the following quote [?].
Two decades ago, analysts stumbled upon a surprising fact [...], the Johnson—Lindenstrauss Lemma, as
a crucial tool in their project of extending functions in continuous ways. This result [...] says that, if
you project n points in some high dimensional space down to a random Of{icgn)-dimensional plane, the
chances are overwhelming that all distances will be preserved within a small rclative error. So, if distance
is all you care about, there is no reason to stay in high dimensions!

C. Papadimitriou, 2004 (forward to The random projection method by S. Vempala).

The above use of the term "stumbled upon" is justified, because it would be fair to say that at the inception
of this research direction mathematicians did not anticipate the remarkable swath of its later impact on al-
gorithms. However, rather than being discovered accidentally, the investigations that will be surveyed here
can be motivated by classical issues in metric geometry. rom the internal perspective of pure mathematics,
it would be more befitting to state that the aforementicned early work stumbled upon the unexpected depth,
difficulty and richness of basic questions on the relation between "rough quantitative geometry" and dimension.
Despite major efforts by many mathematicians over the past four decades, such questions remain by and large
stubbornly open.

We will explain below key ideas of major developments in metric dimension reduction, and also describe
the larger mathematical landscape tha’, partially motivates these investigations, most notably the bi-Lipschitz
embedding problem into R™ and the Ribe nrogram. By choosing to focus on aspects of this area within pure
mathematics, we will put aside the large (and growing) literature that investigates algorithmic ramifications of
metric dimension reduction. Such applications warrant a separate treatment that is far beyond the scope of the
present exposition; some aspeces of that material are covered in the monographs [?, 7, 7] and the surveys [?, 7],
as well as the articles of Andoni-Indyk—Razenshteyn and Arora in the present volume.

Remark 1. The broader terni dimension reduction is used ubiquitously in statistics and machine learning, with
striking applications whese full rigorous understanding sometimes awaits the scrutiny of mathematicians (see
e.g. [?]). A common (purposefully vague) description of this term is the desire to decrease the degrees of freedom
of a high-dimensional data set while approximately preserving some of its pertinent features; formulated in such
great generality, the area includes topics such as neural networks (see e.g. [?]). The commonly used term curse
of dimensionality refers to the perceived impossibility of this goal in many settings, and that the performance
(running time, storage space) of certain algorithmic tasks must deteriorate exponentially as the underlying
dimension grows. But, sometimes it does seem that certain high-dimensional data sets can be realized faithfully
using a small number of latent variables as auxiliary "coordinates." Here we restrict ourselves exclusively to
metric dimension reduction, i.e., to notions of faithfulness of low-dimensional representations that require the
(perhaps quite rough) preservation of pairwise distances, including ways to prove the impossibility thereof.

Roadmap. The rest of the Introduction is an extensive and detailed account of the area of metric dimension
reduction, including statements of most of the main known results, background and context, and many important
open questions. The Introduction is thus an expository account of the field, so those readers who do not wish
to delve into some proofs, could read it separately from the rest of the text. The remaining sections contain
further details and complete justifications of those statements that have not appeared in the literature.
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1.1. Bi-Lipschitz embeddings. Fix « > 1. A metric space (11, djy) is said to embed with distortion « into
a metric space (11, dp) if there is a mapping (an embedding) f : 7711 — 11 and (a scaling factor) T > 0 such that

Vo,yemM,  tdm(z,y) <dn(f(2),f(y) < atdm(z,y). (1)

The infimum over « € [1, co] for which (777, dj ) embeds with distortion e« into (12, dp) is denoted ¢y g,y (111, dm),
or ¢p (M) if the underlying metrics are clear from the context. If ¢y (171) < oo, then (11, djy) is said to admit a
bi-Lipschitz embedding into (71, dp). Given p € [1,00), if 11 is an L, (p) space into which 771 admits a bi-Lipschitz
embedding, then we use the notation cy, ) (1) = c,(1M). The numerical invariant c3(771), which measures the
extent to which 777 is close to being a (subset of a) Euclidean geometry, is called the Fuclidean distortion of 1.

A century of intensive research into bi-Lipschitz embeddings led to a rich theory with many deep achievements,
but the following problem, which is one of the first questions that arise naturally in this direction, remains a
major longstanding mystery; see e.g. [?, 7, 7, ?]. Analogous issues in the context of topological dimension,
differentiable manifolds and Riemannian mamfolds were famously settled by Menger {?] and Nobeling [?],
Whitney [?] and Nash [?], respectively.

Problem 2 (the bi-Lipschitz embedding problem into R¥). Obtain an intrinsic characterization of those metric
spaces (11, dyy) that admit a bi-Lipschitz embedding into R for some k € N.

Problem B is one of the qualitative underpinnings of the issues that wiil be surveyed here. We say that it is
"qualitative" because it ignores the magnitude of the distortion altogeiher, and therefore one does not need to
specify which norm on R* is considered in Problem B, since all the norms on R* are (bi-Lipschitz) equivalent.
Problem B is also (purposefully) somewhat vague, because the novion of "intrinsic characterization" is not well-
defined. We will return to this matter in Section B below, where candidates for such a characterization are
discussed. At this juncture, it suffices to illustrate what Problem B aims to achieve through the following useful
example. If one does not impose any restriction on the target dimension and allows for a bi-Lipschitz embedding
into an infinite dimensional Hilbert space, then the following intrinsic characterization is available. A metric
space (11, dyy) admits a bi-Lipschitz embedding into & Hilbert space if and only if there exists C' = Cyy € [0, 1)
such that for every n € N and every positive semidefinite symmetric matrix A = (a;;) € M, (R) all of whose

rows sum to zero (i.e., Y " j=10ij =0 for every i ¢ {1,...,n}), the following quadratic distance inequality holds
true.
_TLj n n n
VSL‘l,...,l‘n € m, Lzaijdn]($i,ﬂ§j)2 < CZZ|al]|dm(SL‘Z,I])2 (2)
i=1 j=1 i=1 j=1

In fact, one can refine this staterient quantitatively as follows. A metric space embeds with distortion « € [1, 00)
into a Hilbert space if and only if in the setting of (2) we have

Vri,...,xy €1, ZZaUdm x,,x] < 22;122|a”|dm :c,,x]) . (3)

=1 j=1 =1 j=1

The case o = 1 of (B), i.e., the case of isometric embeddings, is a famous classical theorem of Schoenberg [?], and
the general case of (B) is due to Linial, London and Rabinovich [?, Corollary 3.5]. The above characterization is
clearly intrinsic, as it is a family of finitary distance inequalities among points of 771 that do not make reference
to any other auxiliary/external object. With such a characterization at hand, one could examine the internal
structure of a given metric space so as to determine if it can be represented faithfully as a subset of a Hilbert
space. Indeed, [?] uses (B) to obtain an algorithm that takes as input an n-point metric space (11, dp) and
outputs in polynomial time an arbitrarily good approximation to its Euclidean distortion co(17).

A meaningful answer to Problem B could in principle lead to a method for determining if a member of a
family F of metric spaces admits an embedding with specified distortion into a member of a family ¢ of low
dimensional normed spaces. Formulated in such great generality, this type of question encompasses all of the
investigations into metric dimension reduction that will be discussed in what follows, except that we will also
examine analogous issues for embeddings with guarantees that are substantially weaker (though natural and
useful) than the "vanilla" bi-Lipschitz requirement (I).

Remark 3. Analogues of the above questions are very natural also when the target low-dimensional geometries
are not necessarily normed spaces. Formulating meaningful goals in such a setting is not as straightforward as
it is for normed spaces, e.g. requiring that the target space is a manifold of low topological dimension is not



very useful, so one must impose geometric restrictions on the target manifold. As another example (to which we
will briefly return later), one could ask about embeddings into spaces of probability measures that are equipped
with a Wasserstein (transportation cost) metric, with control on the size of the underlying metric space. At
present, issues of this type are largely an uncharted terrain whose exploration is likely to be interesting and
useful.

1.2. Local theory and the Ribe program. Besides being motivated by the bi-Lipschitz embedding problem
into R*, much of the inspiration for the studies that will be presented below comes from a major endeavour
in metric geometry called the Ribe program. This is a large and active research area that has been (partially)
surveyed in [?, 7, 7, 7, ?]. It would be highly unrealistic to attempt to cover it comprehensively here, but we
will next present a self-contained general introduction to the Ribe program that is intended for non-experts,
including aspects that are relevant to the ensuing discussion on metric dimension reduction.

Martin Ribe was a mathematician who in the 1970s obtained a few beautiful results in functional analysis,
prior to leaving mathematics. Among his achievements is a very influential rigidity thecrem [?] which shows
that the local linear theory of Banach spaces could in principle be described using only distances between points,
and hence it could potentially apply to general metric spaces.

Before formulating the above statement precisely, it is instructive to consider a key example. The infimal

cotype [?] gx of a Banach space (X, | - ||) is the infimum over those ¢ € [2, <o} for which®
n nli% \ n 2
VYneN, Voi,...,z, € X, ZH&UZHQ SX.q 557 L €i%; (4)
i=1 ce{-1,1}n | i=1
In the special case 1 = ... =z, = ¥ € X \ {0}, the left hand side of () is equal to n|/z||? and by expanding

the squares one computes that the right hand side of (B) is equal to n?(1=1/9)||z||2. Hence (@) necessitates that
g > 2, which explains why we imposed this restriction ot ¢ at the outset. Note also that (#) holds true in any
Banach space when ¢ = oo. This is a quick consequence of the convexity of the mapping = + ||x||, since for
every ¢ € {—1,1}" and i € {1,...,n} we have

(61I1 +...+ Snl‘n) + (—81%1 R C +&iT; — Ei41Ti41 .- — Enﬂfn)
2
o lerm1 + ... tenanll® + || — €171 — ... — €im1Tim1 + €T — Eif1Tit1 - - - — EnTnl?
< - 5 )
By averaging (8) over ¢ € {—1.1}" and i € {1,...,n} we see that (@) holds if ¢ = co. So, one could view (&) for
g < oo as a requirement that the norm || - || : X — [0,00) has a property that is asymptotically stronger than
mere convexity. When X = /., this requirement does not hold for any ¢ < oo, since if {x;}!' ; are the first n
elements of the coordinate basis, then the left hand side of (#) equals n while its right hand side equals ni-t/a,
Maurey and Pisier proved [?] that the above obstruction to having gx < oo is actually the only possible
such obstruction Thus, by ruling out the presence of copies of {¢2}9° ; in X one immediately deduces the
"upgraded" (asympiotically stronger as n — oo) randomized convexity inequality (&) for some ¢ < co.

]2 = \

Theorem 4. The following conditions are equivalent for every Banach space (X, | - |]).

e There is no « € [1,00) such that £ is a-isomorphic to a subspace of X for every n € N.
® gx < 00.

The (standard) terminology that is used in Theorem B is that given « € [1,00), a Banach space (Y, | - [ly)
is said to be o-isomorphic to a subspace of a Banach space (Z, || - ||z) if there is a linear operator T': Y — Z
satisfying ||ylly < |[Ty|lz < «fly|ly for every y € Y; this is the same as saying that Y embeds into Z with
distortion « via an embedding that is a linear operator.

Suppose that X and Y are Banach spaces that are uniformly homeomorphic, i.e., there is a bijection f :
X — Y such that both f and f~! are uniformly continuous. By the aforementioned rigidity theorem of Ribe

n addition to the standard “O” notation, we will use throughout this article the following standard and convenient asymptotic
notation. Given two quantities Q, Q" > 0, the notations Q@ < Q' and Q' > @Q mean that Q < CQ’ for some universal constant
C > 0. The notation @ =< Q' stands for (Q < Q') A (Q' < Q). If we need to allow for dependence on parameters, we indicate this
by subscripts. For example, in the presence of auxiliary objects (e.g. numbers or spaces) ¢, 3, the notation Q <¢,3 Q' means that
Q < C(d,3)Q’, where C(¢p,3) > 0 is allowed to depend only on ¢, 3; similarly for the notations Q 2,3 Q" and Q <43 Q’.



(which will be formulated below in full generality), this implies in particular that gx = gy. So, despite the
fact that the requirement (#) involves linear operations (summation and sign changes) that do not make sense
in general metric spaces, it is in fact preserved by purely metric (quantitatively continuous, though potentially
very complicated) deformations. Therefore, in principle (#) could be characterized while only making reference
to distances between points in X. More generally, Ribe’s rigidity theorem makes an analogous assertion for any
isomorphic local linear property of a Banach space; we will define formally those properties in a moment, but,
informally, they are requirements in the spirit of (@) that depend only on the finite dimensional subspaces of
the given Banach space and are stable under linear isomorphisms that could potentially incur a large error.

The purely metric reformulation of (#) about which we speculated above is only suggested but not guaranteed
by Ribe’s theorem. From Ribe’s statement we will only infer an indication that there might be a "hidden
dictionary" for translating certain linear properties into metric properties, but we will not be certain that any
specific "entry" of this dictionary (e.g. the entry for, say, "gx = m") does in fact exist, and even if it does
exist, we will not have an indication what it says. A hallmark of the Ribe prograw is that at its core it is
a search for a family of analogies and definitions, rather than being a collection of specific conjectures. Once
such analogies are made and the corresponding questions are formulated, their valie is of course determined by
the usefulness/depth of the phenomena that they uncover and the theorems that could be proved about them.
Thus far, not all of the steps of this endeavour turned out to have a positive znswer, but the vast majority did.
This had major impact on the study of metric spaces that a priori have ncthing to do with Banach spaces, such
as graphs, manifolds, groups, and metrics that arise in algorithms (e.g. as continuous relaxations).

The first written formulation of the plan to uncover a hidden dicticnary between normed spaces and metric
spaces is the following quote of Bourgain [?], a decade after Ribe's theorem appeared.

It follows in particular from Ribe’s result [...] that the notions from local theory of normed spaces are
determined by the metric structure of the space and thus have a purely metrical formulation. The next
step consists in studying these metrical concepts in ceneral metric spaces in an attempt to develop an
analogue of the linear theory. A detailed exposition of this program will appear in J. Lindenstrauss’s
forthcoming survey [...] in our "dictionary" linear operators are translated in Lipschitz maps, the operator
norm by the Lipschitz constant of the map [...] Thz translations of "Banach-Mazur distance" and "finite-
representability" in linear theory are immediate. At the roots of the local theory of normed spaces are
properties such as type, cotype, superrefiexivity [...] The analogue of type in the geometry of metric spaces
is [...] A simple metrical invariant replacing the notion of cotype was not yet discovered.

J. Bourgain, 1986.

Unfortunately, the survey of Lindenstrauss that is mentioned above never appeared. Nonetheless, Lindenstrauss
had massive impact on this arca as a leader who helped set the course of the Ribe program, as well as due to
the important theorems that he proved in this direction. In fact, the article [?] of Johnson and Lindenstrauss,
where the aforementioned metiic dimension reduction lemma was proved, appeared a few years before [?] and
contained inspirational (even prophetic) ideas that had major subsequent impact on the Ribe program (including
on Bourgain’s works in this area). In the above quote, we removed the text describing "the analogue of type in
the geometry of mecric spaces" so as to not digress; it refers to the influential work of Bourgain, Milman and
Wolfson [?] (see also the earlier work of Enflo [?] and the subsequent work of Pisier [?]). "Superreflexivity" was
the main focus of [?], where the corresponding step of the Ribe program was completed (we will later discuss
and use a refinement of this solution). An answer to the above mentioned question on cotype, which we will
soon describe, was subsequently found by Mendel and the author [?]. We will next explain the terminology
"finite-representability" in the above quote, so as to facilitate the ensuing discussion.

1.2.1. Finite representability. The first decades of work on the geometry of Banach spaces focused almost
entirely on an inherently infinite dimensional theory. This was governed by Banach’s partial ordering of Banach
spaces [?, Chapter 7], which declares that a Banach space X has "linear dimension" at most that of a Banach
space Y if there exists o« > 1 such that X is a-isomorphic to a subspace of Y. In a remarkable feat of foresight,
the following quote of Grothendieck [?] heralded the local theory of Banach spaces, by shifting attention to the
geometry of the finite dimensional subspaces of a Banach space as a way to understand its global structure.

assouplissons la notion de "dimension linéaire” de Banach, en disant que l’espace normé E a un type
linéaire inférieur d celui d’un espace normé F, si on peut trouver un M > 0 fize tel que tout sous-espace
de dimension finie Ey de E soit isomorphe "a M prés" d un sous-espace Fy de F (i.e. il existe une



application linéaire biunivoque de FEy sur Fy , de norme < 1, dont ldpplication inverse a une norme
<14+ M).

A. Grothendieck, 1953.

Grothendieck’s work in the 1950s exhibited astounding (technical and conceptual) ingenuity and insight that go
well-beyond merely defining a key concept, as he did above. In particular, in [?] he conjectured an important
phenomenon® that was later proved by Dvoretzky [?] (see the discussion in [?]), and his contributions in [?]
were transformative (e.g. [?, 7, 7, ?]). The above definition set the stage for decades of (still ongoing) work on
the local theory of Banach spaces which had major impact on a wide range of mathematical areas.

The above "softening" of Banach’s "linear dimension" is called today finite representability, following the
terminology of James [?] (and his important contributions on this topic). Given « € [1,00), a Banach space
X is said to be o-finitely representable in a Banach space Y if for any 3 > «, any finite dimensional subspace
of X is B-isomorphic to a subspace of Y (in the notation of the above quote, f = 14- M); X is (crudely)
finitely representable in Y if there is some « € [1,00) such that X is a-finitely representable in Y. This means
that the finite dimensional subspaces of X are not very different from subspaces of Y, if each of X and Y is
finitely representable in the other, then this should be viewed as saying that X and Y have the same finite
dimensional subspaces (up to a global allowable error that does not depend on the finite dimensional subspace
in question). As an important example of the "taming power" of this definition, the principle of local reflexivity
of Lindenstrauss and Rosenthal [?] asserts that even though sometimes X** 2 X it is always true that X**
is 1-finitely representable in X. Thus, while in infinite dimensions X** can be much larger than X, passing
to the bidual cannot produce substantially new finite dimensional sirnctures. The aforementioned Dvoretzky
theorem [?] asserts that fs is 1-finitely representable in any insinite dimensional Banach space. As another
example of a landmark theorem on finite representability, Mauvey and Pisier strengthened [?] Theorem @ by
showing that ¢, is 1-finitely representable in any infinite dirnensional Banach space X.

Isomorphic local linear properties of Banach spaces are defined to be those properties that are preserved
under finite representability. As an example, one should keep in mind finitary inequalities such as the cotype
condition (@). The formal statement of Ribe’s rigidity theorem [?] is

Theorem 5. Uniformly homeomorphic Banack spaces X andY are finitely representable in each other.

The "immediate translation" of finite representability in the above quoted text from [?] is to define that for
o € [1,00) a metric space 1M1 is a-finjtely representable in a metric space 1 if ¢p(€) < « for every finite subset
€ C M. By doing so one does not induca any terminological conflict, because one can show that a Banach space
X is (linearly) o-finitely representable i a Banach space Y if and only if X is o-finitely representable in Y
when X and Y are viewed as meiric spaces. This statement follows from "soft" reasoning that is explained in [?]
(relying on a w*-differentiation argument of Heinrich and Mankiewicz [?] as well as properties of ultrapowers of
Banach spaces and the aforementioned principle of local reflexivity), though it also follows from Ribe’s original
proof of Theorem B in {?], and a different (quantitative) approach to this statement was obtained in [?].

1.2.2. Universality and dichotomies. Say that a metric space 111 is (finitarily) universal if there is o > 1 such
that ¢y (F) < « for every finite metric space F. By [?, ?], this requirement holds for some o > 1 if and only
if it holds for ¢ = 1 (almost-isometric embeddings), so the notion of universality turns out to be insensitive
to the underlying distortion bound. Since for every n € N, any n-point metric space (F = {z1,...,2z,},dg) is
isometric to a subset of { via the embedding (z € &) — (dy(z, ;) (Fréchet embedding [?]), a different
way to state the notion of universality is to say that 171 is universal if /. is finitely representable in 771.

Determining whether a given metric space is universal is a subtle matter. By Theorem B, for a Banach space
X this is the same as asking to determine whether gx = co. Such questions include major difficult issues in
functional analysis that have been studied for a long time; as notable examples, see the works [?, ?] on the
(non)universality of the dual of the disc algebra, and the characterization [?] of Sidon subsets of the dual of a
compact Abelian group G in terms of the universality of their span is the space of continuous functions on G.
Here are three famous concrete situations in which it is unknown if a certain specific space is universal.

2This phenomenon was situated within the Ribe program by Bourgain, Figiel and Milman [?], and as such it eventually had
ramifications to a well-studied (algorithmic) form of metric dimension reduction through its use to "compress" a finite metric space
into a data structure called an approzimate distance oracle [?]. To date, the only known way to construct such a data structure
with constant query time (and even, by now, conjecturally sharp approximation factor [?]) is via the nonlinear Dvoretzky theorem
of [?], and thus through the Ribe program. For lack of space, we will not discuss this direction here; see the survey [?].



Question 6 (Pisier’s dichotomy problem). For each n € N let X,, be an arbitrary linear subspace of £ satisfying

lim sup dim(X,,) = (6)
n—o00 10g n
Pisier conjectured [?] that (B) forces the /5 (Pythagorean) direct sum (X; @& X2 & ...)2 to be universal. By
duality, a positive answer to this question is equivalent to the following appealing statement on the geometry
of polytopes. For n € N, suppose that K C R is an origin-symmetric polytope with ¢®™ faces. Then, for each
d > 0 thereis k = k(n,0) € {1,...,n} with lim,,_,~ k(n,d) = oo, a subspace F' = F(n, ) of R” with dim(F') = k
and a parallelepiped @ C F (thus, @Q is an image of [~1, 1]¥ under an invertible linear transformation) such that
Q CKNF C(146)Q. Hence, a positive answer to Pisier’s dichotomy conjecture implies that every centrally
symmetric polytope with e?™ faces has a central section of dimension k going to oo (as a function of the specific
o(n) dependence in the underlying assumption), which is (1+8)-close to a polytope (a parallelepiped) with only
O(k) faces. The use of "dichotomy" in the name of this conjecture is due to the fact that this conclusion does
not hold with o(n) replaced by O(n), as seen by considering polytopes that appreximate the Euclidean ball.
More generally, by the "isomorphic version" of the Dvoretzky theorem due to Milman and Schechtman [?], for
every sequence of normed spaces {Y,}°°; with dim(Y,) = n (not only Y,, = ¢, which is the case of interest
above), and every k(n) € {1,...,n} with k(n) = O(logn), there is a subspace X, C Y, with dim(X,,) = k(n)
such that the space (X1 ® Xo@®...)s is isomorphic to a Hilbert space, and hence in particular it is not universal.
The best-known bound in Pisier’s dichotomy conjecture appears in the forthcoming work of Schechtman and
Tomczak-Jaegermann [?], where it is shown that the desired conclusion does indeed hold true if (B) is replaced
by the stronger assumption limsup,,_, . dim(X,)/((logn)?(loglog)*) = oo; this is achieved [?] by building on
ideas of Bourgain [?], who obtained the same conclusion if lim sup,, ... dim(X,,)/(logn)* > 0. Thus, due to [?]
the above statement about almost-parallelepiped central sections of centrally symmetric polytopes does hold
true if the initial polytope is assumed to have exp(o(y/n/logn)) faces.

Prior to stating the next question on universality (which, apart from its intrinsic interest, plays a role in
the ensuing discussion on metric dimension reduction), we need to very briefly recall some basic notation and
terminology from optimal transport (see e.g. [?, ?]). Suppose that (177, dj;) is a separable complete metric space
and fix p € [1,00). Denote by P1(111) the set cf &ll Borel probability measures p on 171 of finite p’th moment,
i.e., those Borel probability measure w on /1 for which [, dm(z,y)? du(y) < oo for all x € M. A probability
measure 7T € P,(111 x 1) is a called & couplng of p,v € P,(M) if u(A) = m(A x M) and v(A) = 7(11 x A) for
every Borel measurable subset A C 17i. The Wasserstein-p distance between p,v € P, (1), denoted W (p, v), is
defined to be the infimum of ( ([, ..y, dm(z,y)? dn(x, y))1/P over all couplings 7 of , v. Below, P, (M) is always
assumed to be endowed with the wetric Wy. The following question is from [?].

Question 7 (Bourgain’s universality problem). Is P;(R?) universal? This formulation may seem different from
the way it is asked in [7], but, as explained [?, Section 1.5], it is equivalent to it. More generally, is Py (R¥)
universal for some integer k > 2 (it is simple to see that P;(R) is not universal)? In [?] it was proved that
P1(¢1) is universal (see also the exposition in [?]). So, it is important here that the underlying space is finite
dimensional, though to the best of our knowledge it is also unknown whether Pq(¢3) is universal, or, for that
matter, if P1(¢,) is universal for any p € (1,00). See [?] for a (sharp) universality property of P,(R3) if p € (1,2].

For the following open question about universality (which will also play a role in the subsequent discussion
on metric dimension reduction), recall the notion [?, ?] of projective tensor product of Banach spaces. Given
two Banach spaces (X, || - ||x) and (Y, || - ||y), their projective tensor product X®Y is the completion of their
algebraic tensor product X ® Y under the norm whose unit ball is the convex hull of the simple tensors of
vectors of norm at most 1, i.e., the convex hull of the set {zr®y € X ®Y : |z||x,|ylly < 1}. For example,
¢1®X can be naturally identified with ¢ (X), and ¢, &0y can be naturally identified with Schatten—von Neumann
trace class Sy (recall that for p € [1,00], the Schatten—von Neumann trace class S, is the Banach space [?] of
those compact linear operators T': fo — £3 for which [|T||s, = (3_72; s;(T)P)Y/P < oo, where {s;(T)};=1 are the
singular values of T'); see the monograph [?] for much more on tensor products of Banach spaces.

It is a longstanding endeavour in Banach space theory to understand which properties of Banach spaces
are preserved under projective tensor products; see [?, 7] and the references therein for more on this research
direction. Deep work of Pisier [?] shows that there exist two Banach spaces X,Y that are not universal (even
of cotype 2) such that X®Y is universal. The following question was posed by Pisier in [?].



Question 8 (universality of projective tensor products). Suppose that p € (1,2). Is K,,@Eg universal? We
restricted the range of p here because it is simple to check that 010y = 4 (¢2) is not universal, Tomczak-
Jaegermann [?] proved that f2 ® f5 = Sy is not universal, and Pisier proved [?] that £,®¢, is not universal
when p,q € [2,00). It was also asked in [?] if lo@02&05 is universal. The best currently available result in this
direction (which will be used below) is that, using the local theory of Banach spaces and recent work on locally
decodable codes, it was shown in [?] that if a,b, c € (1, 00) satisfy é + % + % < 1, then £,®6,®0, is universal.

The following theorem is a union of several results of [?].

Theorem 9. The following conditions are equivalent for a metric space (11, d).

e /11 is mot universal.
e There exists ¢ = q(N) € (0, 00) with the following property. For everyn € N there is m = m(n, 1, q) €
N such that any collection of points {l”w}wezgm in M satisfies the inequality

1—2

Yoy Mo S Y e’ (™)

=1 weZy,, ee{-1,0,1}" weZy, ,

Here eq,. .., e, are the standard basis of R™ and addition (in the indices) is modulo 2m.
e There is (1) € (0,00) with the following property. For arbitroiily large n € N there exists an n-point
metric space (Bp,dy) such that
cm(Bn) Zm (logn)®""), (8)
Moreover, if we assume that 11 is a Banach space rather than an aréitrary metric space, then for any q € (0, o0]
the validity of (@) (as stated, i.e., for each n € N there is mn € N for which (@) holds for every configuration
{Twwezy ~of points in 1) is equivalent to (A), and hence, in particular, the infimum over those q € (0,00] for
which (@) holds true is equal to the infimal cotype qm of M.

The final sentence of Theorem M is an example of & successful step in the Ribe program, because it reformulates
the local linear invariant (@) in purely metric terms, namely as the quadratic geometric inequality (@) that
imposes a restriction on the behavior of pairwise distances within any configuration of (2m)" points {zy }wezp
(indexed by the discrete torus Z%, ) in the given Banach space.

With this at hand, one can consider {1} to be a property of a metric space, while initially (d) made sense
only for a normed space. As in the case of (H), if ¢ = oo, then (@) holds in any metric space (1M,dm)
(for any m € Z, with the implicit constant in (@) being universal); by its general nature, such a statement
must of course be nothing more iban a formal consequence of the triangle inequality, as carried out in [?].
So, the validity of (@) for ¢ < oo could be viewed as an asymptotic (randomized) enhancement of the tri-
angle inequality in (171, dj;); by considering the the canonical realization of Z§,  in C", namely the points
{(exp(mtiw /m), ..., exp(Tiw,/m)) bwezp , equipped with the metric inherited from £7,(C), one checks that not
every metric space satisfies this requirement. The equivalence of the first two bullet points in Theorem 8 shows
that once one knows that a metric space is not universal, one deduces the validity of such an enhancement of
the triangle inequality. This is an analogue of Theorem B of Maurey and Pisier for general metric spaces.

The equivalence of the first and third bullet points in Theorem 8 yields the following dichotomy. If one finds
a finite metric space F such that c4(777) > 1, then there are arbitrary large finite metric spaces whose minimal
distortion in 771 is at least a fixed positive power (depending on 711) of the logarithm their cardinality. Hence, for
example, if every n-point metric space embeds into 7711 with distortion O(loglogn), then actually for any & > 0,
every finite metric space embeds into 7711 with distortion 1 + 8. See [?, 7, 7, ?] for more on metric dichotomies
of this nature, as well as a quite delicate counterexample [?] for a natural variant for trees (originally asked by
C. Fefferman). It remains a mystery [?] if the power of the logarithm 6(777) in Theorem 8 could be bounded
from below by a universal positive constant, as formulated in the following open question.

Question 10 (metric cotype dichotomy problem). Is there a universal constant © > 0 such that in Theorem B one
could take 0(11) > 6. All examples that have been computed thus far leave the possibility that even 0(177) > 1,
which would be sharp (for 1711 = ¢3) by Bourgain’s embedding theorem [?]. Note, however, that in [?] it is asked
whether for the Wasserstein space P,(R?) we have liminf, ,; 8(P,(R?)) = 0. If this were true, then it would
resolve the metric cotype dichotomy problem negatively. It would be interesting to understand the bi-Lipschitz
structure of these spaces of measures on R3 regardless of this context, due to their independent importance.



Theorem M is a good illustration of a "vanilla" accomplishment of the Ribe program, since it obtains a metric
reformulation of a key isomorphic linear property of metric spaces, and also proves statements about general
metric spaces which are inspired by the analogies with the linear theory that the Ribe program is aiming for.
However, even in this particular setting of metric cotype, Theorem 8 is only a part of the full picture, as it
has additional purely metric ramifications. Most of these rely on a delicate issue that has been suppressed in
the above statement of Theorem M, namely that of understanding the asymptotic behavior of m = m(n, 11, q)
in (@). This matter is not yet fully resolved even when 711 is a Banach space [?, ?], and generally such questions
seem to be quite challenging (see [?, 7, 7] for related issues). Thus far, whenever this question was answered
for specific (classes of) metric spaces, it led to interesting geometric applications; e.g. its resolution for certain
Banach spaces in [?] was used in [?] to answer a longstanding question [?] about quasisymmetric embeddings,
and its resolution for Alexandrov spaces of (global) nonpositive curvature [?] (see e.g. [?, ?] for the relevant
background) in the forthcoming work [?] is used there to answer a longstanding question about the coarse
geometry of such Alexandrov spaces.

1.3. Metric dimension reduction. By its nature, many aspects of the local theory ¢f Banach spaces involve
describing phenomena that rely on dimension-dependent estimates. In the contes:t, of the Ribe program, the goal
is to formulate/conjecture analogous phenomena for metric spaces, which is traditionally governed by asking
Banach space-inspired questions about a finite metric space (171, dyy) in which log |[171| serves as a replacement
for the dimension. This analogy arises naturally also in the context of the bi-Lipschitz embedding problem into
R”* (Problem B); see Remark B9 below. Early successful instances of this analogy can be found in the work of
Marcus and Pisier [?], as well as the aforementioned work of Johnson and Lindentrauss [?]. However, it should
be stated at the outset that over the years it became clear that whilc making this analogy is the right way to get
"on track" toward the discovery of fundamental metric phenomena, from the perspective of the Ribe program
the reality is much more nuanced and, at times, even unexpected and surprising.

Johnson and Lindenstrauss asked [?, Problem 3] whetrer every finite metric space 111 embeds with distortion
O(1) into some normed space Xj; (which is allowec to depend on 1M1) of dimension dim(Xp;) < log|M|. In
addition to arising from the above background, this question is motivated by [?, Problem 4], which asks if the
Euclidean distortion of every finite metric space 111 satisfies co(111) < +/log |111|. If so, this would have served
as a very satisfactory metric analogue of John’s theorem [?], which asserts that any finite dimensional normed
space X is /dim(X)-isomorphic to a subspace of £o. Of course, John’s theorem shows that a positive answer
to the former question [?, Problem 3] formeally implies a positive answer to the latter question [?, Problem 4].

The aforementioned Johnson-Linderstrauss lemma [?] (JL lemma, in short) shows that, at least for finite
subsets of a Hilbert space, the answer to the above stated [?, Problem 3] is positive.

Theorem 11 (JL lemma). For cach n € N and « € (1,00), there is k € {1,...,n} with k Sy logn such that
any n-point subset of ly embeds into €5 with distortion o.

We postpone discussion of this fundamental geometric fact to Section B below, where it is examined in detail
and its proof is presenied. Beyond Hilbert spaces, there is only one other example (and variants thereof) of
a Banach space for which it is currently known that [?, Problem 3] has a positive answer for any of its finite
subsets, as shown iu the following theorem from [?].

Theorem 12. There is a Banach space T2 which is not isomorphic to a Hilbert space yet it has the following
property. For every finite subset € C T2 there is k € {1,...,n} with k < log|C| and a k-dimensional linear
subspace F' of T®) such that @ embeds into F with O(1) distortion.

The space T@ of Theorem I7 is not very quick to describe, so we refer to [?] for the details. It suffices to
say here that this space is the 2-convexification of the classical Tsirelson space [?, 7], and that the proof that
it satisfies the stated dimension reduction result is obtained in [?] via a concatenation of several (substantial)
structural results in the literature; see Section 4 in [?] for a discussion of variants of this construction, as well as
related open questions. The space T of Theorem 2 is not isomorphic to a Hilbert space, but barely so: it is
explained in [?] that for every n € N there exists an n-dimensional subspace F, of T?) with cy(F,) > eeAck™ ()
where ¢ > 0 is a universal constant and Ack!(-) is the inverse of the Ackermann function from computability
theory (see e.g. [?, Appendix B]). So, indeed lim,,_, o, c2(F},) = 00, but at a tremendously slow rate.

Remarkably, despite major scrutiny for over 3 decades, it remains unknown if [?, Problem 3| has a positive
answer for subsets of any non-universal classical Banach space. In particular, the following question is open.



Question 13. Suppose that p € [1,00) \ {2}. Are there o = a(p), 3 = B(p) € [1,00) such that for any n € N,
every n-point subset of ¢, embeds with distortion « into some k-dimensional normed space with k& < 3 logn?

It is even open if in Question 3 one could obtain a bound of k£ = o(n) for any fixed p € [1,00) \ {2}. Using
John’s theorem as above, a positive answer to Question 3 would imply that co(C) <, y/log|€| for any finite
subset € of £,. At present, such an embedding statement is not known for any p € [1,00) \ {2}, though for
p € [1,2] it is known [?] that any n-point subset of £, embeds into £ with distortion (logn)'/2+°(1); it would be
interesting to obtain any o(logn) bound here for any fixed p € (2, 00), which would be a "nontrivial" asymptotic
behavior in light of the following general theorem [?].

Theorem 14 (Bourgain’s embedding theorem). co(171) < log || for every finite metric space M.

The above questions from [?] were the motivation for the influential work [?], where Theorem I was proved.
Using a probabilistic construction and the JL lemma, it was shown in [?] that Theorem [4 is almost sharp in
the sense that there are arbitrarily large n-point metric spaces 111, for which co(177,,) 2 (logn)/loglogn. By
John’s theorem, for every o > 1, if X is a finite dimensional normed space and cx{11?,) < «, then co(11,,) <
oy/dim(X). Therefore the above lower bound on cy(171,,) implies that dim(X) = (logn)?/(o?(loglogn)?).

The achievement of [?] is thus twofold. Firstly, it discovered Theorem I (via the introduction of an influential
randomized embedding method), which is the "correct" metric version of .fohn’s theorem in the Ribe program.
The reality turned out to be more nuanced in the sense that the answer is not quite as good as the O(y/logn)
that was predicted in [?], but the O(logn) of Theorem 04 is still a sirong and useful phenomenon that was
discovered through the analogy that the Ribe program provided. Secoudly, we saw above that [?, Problem 3] was
disproved in [?], though the "bad news" that follows from [?] is only mildly worse than the O(logn) dimension
bound that [?, Problem 3] predicted, namely a dimension lower bound that grows quite slowly, not faster than
(log n)o(l). Curiously, the very availability of strong dimensicn reduction in ¢3 through the JL lemma is what
was harnessed in [?] to deduce that any "host normed space” that contains 777,, with O(1) distortion must have
dimension at least of order (logn/loglogn)? > logn. Naturally, in light of these developments, the question of
understanding what is the correct asymptotic behavior of the smallest k(n) € N such that any n-point metric
space embeds with distortion O(1) into a k(n)-dimensional normed space was raised in [?].

In order to proceed, it would be convenient tc introduce some notation and terminology.

Definition 15 (metric dimension reduction modulus). Fiz n € N and « € [1,00). Suppose that (X, | - ||x) s
a normed space. Denote by k%(X) the wminimum k € N such that for any € C X with |C| = n there exists a
k-dimensional linear subspace Fo of X into which € embeds with distortion .

The quantity k¥(¢~) was introduced by Bourgain [?] under the notation P(n) = k(¢ ); see also [?, 7]
where this different notation persists, though for the sake of uniformity of the ensuing discussion we prefer not
to use it here because we will treat X # (., extensively. [?] focused for concreteness on the arbitrary value
o = 2, and asked for {he asymptotic behavior k2 (/) as n — co.

An n-point subset of X = f, is nothing more than a general n-point metric space, via the aforementioned
isometric Fréchet embedding. In the same vein, a k-dimensional linear subspace of £, is nothing more than
a general k-dimensional normed space (F,|| - |#) via the linear isometric embedding (z € F) — (x}(x))2,,
where {z}}2°, is an arbitrary sequence of linear functionals on F' that are dense in the unit sphere of the dual
space F*. Thus, the quantity k¥(¢~) is the smallest £ € N such that every n-point metric space (1M, dm)
can be realized with distortion at most « as a subset of (R¥, || - |l;;) for some norm || - || : R¥ — R¥ on R*
(which, importantly, is allowed to be adapted to the initial metric space M), i.e., C(Rk7||,|‘m)(m, dm) < o« This

is precisely the quantity that [?, Problem 3| asks about, and above we have seen that [?] gives the lower bound

logn 2
k¥(loo) 2 | —=— ] .
nlloo) 2 <ocloglogn> (9)

Theorem I8 below is a summary of the main nontrivial® bounds on the modulus k*(X) that are currently
known for specific Banach spaces X. Since such a "combined statement’ contains a large amount information
and covers a lot of the literature on this topic, we suggest reading it in tandem with the subsequent discussion,
which includes further clarifications and explanation of the history of the respective results. A "take home"

3Trivially k&(X) < n — 1, by considering in Definition I3 the subspace Fe = span(C — zo) for any fixed z € €.



message from the statements below is that despite major efforts by many researchers, apart from information
on metric dimension reduction for £y, the space T of Theorem [, o, ¢; and Si, nothing is known for other
spaces (even for ¢; and S; more remains to be done, notably with respect to bounding k%(¢;),k%(S1) from
above).

Theorem 16 (summary of the currently known upper and lower bounds on metric dimension reduction). There
exist universal constants ¢, C > 0 such that the following assertions hold true for every integer n = 20.

(1) In the Hilbertian setting, we have the sharp bounds

1 logn logn logn
Va>1+ —, ko (lg) < = — —— 5. 10
* * In n(f2) log(1+ (ax —1)?) max { (o —1)2" log o (10)
(2) For the space T?) of Theorem I3, there exists oy € [1,00) for which k% (T?)) < logn.
(8) For l, namely in the setting of [?, Problem 3|, we have
Vae[l,2), ko (loo) < 1, (11)
and
c 1 x 1
Va2, onE ek (l) S e (12)
log (1 4 elgloen ) tog (1+ 125
(4) For {1, we have
. logn N n
Va>1, o F ———— T kl) S — 13
x n +1Og(0(’4‘].)’\ (VAN 1)/\./0( ( )
Moreover, if o = 2C\/lognloglogn, then we haw: the better upper bound
() € = 20 (14)
of o
10@ ‘\C’\/lognloglogn)
(5) For the Schatten—von Neumann troce ciass Sy, we have
e logn
Va1, ki (S1) 2 ne? 4+ ————. 15

The bound k%(¢2) < (logn)/ iog(1 + (a — 1)?) in (M) restates Theorem [ (the JL lemma) with the implicit
dependence on a now stated explicitly; it actually holds for every o > 1, as follows from the original proof in [?]
and explained in Section B helow. The restriction o« > 1+ 1/¥/n in () pertains only to the corresponding
lower bound on k%(¢2), which exhibits different behaviors in the low-distortion and high-distortion regimes.

Despite scrutiny of many researchers over the past 3 decades, only very recently the dependence on « in the
JL lemma when « 1s arbitrarily close to 1 but independent of n was proved to be sharp by Larsen and Nelson [?]
(see [?, 7, ?] for earlier results in this direction, as well as the subsequent work [?]). This is so even when o is
allowed to tend to | with n, and even in a somewhat larger range than the requirement & > 1+ 1//n in (I0)
(see [?] for the details), though there remains a small range of values of & (n-dependent, very close to 1) for
which it isn’t currently known what is the behavior of k%(¢2). The present article is focused on embeddings that
permit large errors, and in particular in ways to prove impossibility results even if large errors are allowed. For
this reason, we will not describe here the ideas of the proof in [?] that pertains to the almost-isometric regime.

For, say, o« > 2, it is much simpler to see that the k%(¢2) = (logn)/log «, in even greater generality that
also explains the appearance of the term (logn)/log(cc + 1) in (I3) and (I3). One could naturally generalize
Definition [ so as to introduce the following notation for relative metric dimension reduction moduli. Let F be
a family of metric spaces and Y be a family of normed spaces. For n € N and « € [1,00), denote by k*(F, )
the minimum %k € N such that for every 11 € F with |171l| = n there exists Y € Y with dim(Y) = &k such
that cy (M) < a. When ¥ is the collection of all the finite subsets of a fixed Banach space X, and Y is the
collection of all the finite-dimensional linear subspaces of a fixed Banach space Y, we use the simpler notation
k*(F,Y) = k%(X,Y). Thus, the modulus k¥(X) of Definition M3 coincides with k%(X, X). Also, under this
notation Question (I3) asks if for p € [1,00) \ {2} we have kI ({p, ls) Sp logn for some 1 < « <, 1. The study
of the modulus k%(F, ) is essentially a completely unexplored area, partially because even our understanding
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of the "vanilla" dimension reduction modulus k%(X) is currently very limited. By a short volumetric argument
that is presented in Section B below, every infinite dimensional Banach space X satisfies

V(n, o) €N x [1,00),  KY(X,lo) > bgl(‘;gil)
Hence also k%(X) > (logn)/log(x + 1), since (IH) rules out embeddings into any normed space of dimension
less than (logn)/log(a + 1), rather than only into such spaces that are also subspaces of X.

Using an elegant Fourier-analytic argument, Arias-de-Reyna and Rodriguez-Piazza proved in [?] that for every
o € [1,2) we have k¥({) 2 (2— «)n. This was slightly improved by Matousek [?] to k%(¢s) 2 n, i.e., he showed
that the constant multiple of n actually remains bounded below by a positive constant as « — 2~ (curiously,
the asymptotic behavior of k2 (£ ) remains unknown). These results establish (). So, for sufficiently small
distortions one cannot hope to embed every n-point metric space into some normed space of dimension o(n).
For larger distortions (our main interest), it was conjectured in [?] that k%(fs) < (logn)?M if & > 2.

The bounds in (I2) refute this conjecture of [?], since they include the lower bound k%(£.,) = n/*, which is a
landmark achievement of Matousek [?] (obtained a decade after Bourgain asked about, the asymptotics here and
over a decade after Johnson and Lindenstrauss posed the question whether k%({+) S« logn). It is, of course,
an exponential improvement over Bourgain’s bound (8). Actually, in the irtervening period Linial, London

-

and Rabinovich [?] removed the iterated logarithm in the lower bound of {?] by showing that Theorem [Z
(Bourgain’s embedding) is sharp up to the value of the implicit univerzal constant. By the same reasoning as
above (using John’s theorem), this also removed the iterated logarithm from the denominator in (8), i.e., [?]
established that k*((s) 2 (logn)?/o. This was the best-known bound prior to [?].

Beyond proving a fundamental geometric theorem, which, as seen in (I2), is optimal up to the constant in
the exponent, this work of Matousek is important because it injected a refreshing approach from real algebraic
geometry into this area, which was previously governed by considerations from analysis, geometry, probability
and combinatorics. Section B covers this outstanding contribution in detail, and obtains the following stronger

statement that wasn’t previously noticed in the literature but follows from an adaptation of Matousek’s ideas.

(16)

Theorem 17 (impossibility of coarse dimension reduction). There is a universal constant ¢ € (0,00) with the
following property. Suppose that w,Q : [0.00} —» [0,00) are increasing functions that satisfy w(s) < Q(s) for
all s € [0,00), as well as lims_yoo w(s) = co. Define
. def S
plw, Q)= sup —————
s€(0,00) w1 (29(3))
For arbitrarily large n € N there 15 a metric space (11,dm) = (m(n, w, ), dm(n,w,ﬂ)) with |M| = 3n such that
for any normed space (X, || - |ix), if there exists f: 1M — X which satisfies

Vaoyc,  w(dn(zy) <|f@) - f@lx <2dn(zy), (18)

€ (0,1). (17)

then necessarily
dim(X) > nB@d), (19)

A mapping that satisfies (I¥) is called a coarse embedding (with moduli w, ), as introduced in Gromov’s
seminal work [?] and studied extensively ever since, with a variety of interesting applications (see the mono-
graphs [?, 7, ?] and the references therein). The bi-Lipschitz requirement (I) corresponds to w(s) = Ts and
Q(s) = ats in (I8), in which case (I9) becomes Matousek’s aforementioned lower bound on k%(/,). Theorem [
asserts that there exist arbitrarily large finite metric spaces that cannot be embedded even with a very weak
(coarse) guarantee into any low-dimensional normed space, with the dimension of the host space being forced
to be at least a power of their cardinality, which is exponentially larger than the logarithmic behavior that
one would predict from the natural ball-covering requirement that is induced by low-dimensionality (see the
discussion of the doubling condition in Section B, as well as the proof of (IH) in Section B).

Remark 18. Consider the following special case of Theorem I[4. Fix 0 € (0,1] and let (171,dm) be a metric
space. It is straightforward to check that d%? : M x M — [0,00) is also a metric on 17. The metric space
(M, d9,) is commonly called the 0-snowflake of 111 (in reference to the von Koch snowflake curve; see e.g. [?])
and it is denoted 771°. Given « > 1, the statement that 1779 embeds with distortion « into a normed space
(X,]| - |x) is the same as the requirement (I¥) with w(s) = s and Q(s) = «s®. Hence, by Theorem L7

there exist arbitrarily large n-point metric spaces M, = M, («, 0) such that if 7728 embeds with distortion
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« into some k-dimensional normed space, then k > n¢/ (20019 Conversely, Remark 21 below shows that for
every n € N and o > 1, the 0-snowflake of any n-point metric space embeds with distortion o into a normed
space X with dim(X) Sy nCrat’?. So, the bound (Id) of Theorem M7 is quite sharp even for embeddings
that are not bi-Lipschitz, though we did not investigate the extent of its sharpness for more general moduli
w, 2 :]0,00) — [0,00).

At this juncture, it is natural to complement the (coarse) strengthening in Theorem 2 of Matousek’s bound
k(o) = n¢/% by stating the following different type of strengthening, which we recently obtained in [?].

Theorem 19 (impossibility of average dimension reduction). There is a universal constant ¢ € (0, 00) with the
following property. For arbitrarily large n € N there is an n-point metric space (11, dm) such that for any normed
space (X, |- ||x) and any « € [1,00), if there exists f : 1l — X which satisfies || f(x) — f(y)||x < adm(z,y) for

all z,y € X, yet # dryex 1f(@) = fY)llx = # > wyex dm(z,y), then necessarily dim(X) > ne/«.

An n-point metric space 71 as in Theorem [ is intrinsically high dimensioneal even on average, in the
sense that if one wishes to assign in an o-Lipschitz manner to each point ir 71 a vector in some normed
space X such that the average distance in the image is the same as the average distance in 771, then this
forces the abient dimension to satisfy dim(X) > n¢*. Prior to Theorer 9. the best-known bound here was
dim(X) > (logn)?/«?, namely the aforementioned lower bound k*(/~,) =, (logn)?/a? of Linial, London and
Rabinovich [?] actually treated the above "average distortion" requirement rather than only the (pairwise)
bi-Lipschitz requirement.

Remark 20. The significance of Theorem I will be discussed further in Section B below; see also [?, ?]. In
Section B we will present a new proof of Theorem [ that is different from (though inspired by) its proof in [?].
It suffices to say here that the proof of Theorem M9 is conceptually different from Matousek’s approach [?].
Namely, in contrast to the algebraic/topological argument of [?], the proof of Theorem IJ relies on the theory
of nonlinear spectral gaps, which is also an outgrowth of the Ribe program; doing justice to this theory and
its ramifications is beyond the scope of the present article (see [?] and the references therein), but the basics
are recalled in Section B. Importantly, the proct of Theorem I obtains a criterion for determining if a given
metric space 171 satisfies its conclusion, nagiely 771 can be taken to be the shortest-path metric of any bounded
degree graph with a spectral gap. This iutormation is harnessed in the forthcoming work [?] to imply that finite-
dimensional normed spaces have a structural proprty (a new type of hierarchical partitioning scheme) which has
implications to the design of efficient data structures for approximate nearest neighbor search, demonstrating
that the omnipresent "curse of dira<usionality" is to some extent absent from this fundamental algorithmic task.

In the intervening pericd between Bourgain’s work [?] and Matousek’s solution [?], the question of determining
the asymptotic behavior of i%¥({) was pursued by Johnson, Lindenstrauss and Schechtman, who proved in [?]
that k%(loo) <o nC/* for some universal constant C' > 0. They demonstrated this by constructing for every
n-point metric space M1 a normed space Xy, which they (probabilistically) tailored to the given metric space
m, with dim(Xp;) <« n®/* and such that 771 embeds into Xm with distortion «. Subsequently, Matousek
showed [?] via a different argument that one could actually work here with Xy = % for k € N satisfying
k<« n€/% i.e., in order to obtain this type of upper bound on the asymptotic behavior of k%*({s) one does not
need to adapt the target normed space to the metric space 771 that is being embedded. The implicit dependence
on « here, as well as the constant C' in the exponent, were further improved in [?]. For o« = O((logn)/loglogn),
the upper bound on k%(¢~,) that appears in (I2) is that of [?], and for the remaining values of « it is due to a
more recent improvement over [?] by Abraham, Bartal and Neiman [?] (specifically, the upper bound in (I2) is
a combination of Theorem 5 and Theorem 6 of [?]).

Remark 21. An advantage of the fact [?] that one could take Xy = ¢% rather than the more general normed
space of [?] is that it quickly implies the optimality of the lower bound from Remark I8 on dimension reduction
of snowflakes. Fix n € N, « > 1 and 6 € (0,1]. Denote & = min{y/a — 1,1}, so that &« < /(1 +8) > 1. By [7],

given an n-point metric space (171, dyy) there is an integer k < ne/*"’® and f=(f1, ..., fx) : M — R¥ such that
%
x
Ve €M, dnes) <15 - [0l < (155 dnten)

12



Hence (here it becomes useful that we are dealing with the %, norm, as it commutes with powering),

0 0
Va,y e, dnl(ﬂfay) \ie?llax ‘fz( ) fz( )| 1+5dm( ’y) :

By works of Kahane [?] and Talagrand [?], there is m = m(§,0) and a mapping (a quasi-helix) A : R — R™
such that |s — ¢|° < [[h(s) — h(t)||em < (1+8)|s — 7§|e for all s,t € R. The mapping

(x €M) H@hofz @Em
=1

is a distortion-o embedding of the 0-snowflake (171, d%,) into a normed space of dimension mk <40 ne/*""° The

implicit dependence on o, 0 that [?, ?] imply here is quite good, but likely not sharp as « — 17 when 6 # %

Since the expressions in (I2) are somewhat involved, it is beneficial to restate them on a case-by-case basis
as follows. For sufficiently large &, we have a bound?® that is sharp up to universal constant factors.

1
> (logn)loglogn = k() =< Lﬂ\. (20)
log <10g [ .
For a range of smaller values of «, including those « that do not tend tc co with n, we have
logn c N\
I<a< —— = nx <k¥(lo) Snw. 21
* loglogn ne Skalloe) S (21)

(21) satisfactorily shows that the asymptotic behavior of k¥ (/) is ¢{ power-type, but it is not as sharp as (20).
We suspect that determining the correct exponent of n in the power-type dependence of k() would be
challenging (there is indication [?, 7], partially assuming a positive answer to a difficult conjecture of Erdés [?, 7],
that this exponent has infinitely many jump discontinnities as a function of «). In an intermediate range
(logn)/loglogn < o < (logn)loglogn the bounds (2} are less satisfactory. The case « < logn, corresponding
to the distortion in Bourgain’s embedding theorem, is especially intriguing, with (I2) becoming

O(logn
1og1(,§,To§rZ < kO (g ) < logn. (22)
The first inequality in (22) has not been stated in the literature, and we justify it in Section B below. A more
natural lower bound here would be a consiant multiple of (logn)/loglogn, as this corresponds to the volumetric
restriction (IB), and moreover hy the upper bound (I0) in the JL lemma we know that any n-point subset of a
Hilbert space does in fact embed with distortion logn into €5 with k < (logn)/loglogn. The triple logarithm
in (22) is therefore quite iniriguing/surprising, thus leading to the following open question.

Question 22. Given an integer n > 2, what is the asymptotic behavior of the smallest kK = k, € N for which
any n-point metric space M1 embeds Wlth distortion O(logn) into some k-dimensional normed space Xp.

There is a dearth of available upper bounds on k%(-), i.e., positive results establishing that metric dimension
reduction is possible. This is especially striking in the case of k%(¢1), due to the importance of ¢; from the
perspective of pure mathematics and algorithms. The upper bound on k%(¢;) in the large distortion regime (I4)
follows from combining the Euclidean embedding of [?] with the JL lemma. The only general dimension
reduction result in ¢; that lowers the dimension below the trivial bound k%(¢;) < n — 1 is the forthcoming
work [?], where the estimate k¥(¢1) < n/o in (I33) is obtained; even this modest statement requires effort
(among other things, it relies on the sparsification method of Batson, Spielman and Srivastava [?]).

The bound k*(¢1) > n®/** in (I3) is a remarkable theorem of Brinkman and Charikar [?] which answered
a question that was at the time open for many years. To avoid any possible confusion, it is important to
note that [?] actually exhibits an n-point subset Cgc of ¢1 for which it is shown in [?] that if Cgc embeds with

distortion « into E’f, then necessarily k > n®**. On the face of it, this seems weaker than (I3), because the lower

40One can alternatively justify the upper bound in (20) (for sufficiently large n) by first using Theorem [ (Bourgain’s embedding
theorem) to embed an n-point metric space 11 into ¢> with distortion Alogn for some universal constant A > 1, and then using
Theorem [ (the JL lemma) with the dependence on the distortion as stated in (I0) to reduce the dimension of the image of 17
under Bourgain’s embedding to O((logn)/log(x/(Alogn))) while incurring a further distortion of «/(Alogn), thus making the
overall distortion be at most «. The right hand side of (E0) is therefore in fact an upper bound on kj (¢, £2); see also Corollary
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bound on k¥(¢1) in (I3) requires showing that if Cgc embeds into an arbitrary finite-dimensional linear subspace
F of £1, then necessarily dim(F) > n¢/ «*  However, Talagrand proved [?] that in this setting for every f > 1
the subspace F' embeds with distortion B into £}, where k Sp dim(F) logdim(F'). From this, an application of

the above stated result of [?] gives that dim(F)log dim(F) > n¢/**, and so the lower bound in (IC3) follows from
the formulation in [?]. Satisfactory analogues of the above theorem of Talagrand are known [?, 7, ?] (see also
the survey [?] for more on this subtle issue) when ¢; is replaced by ¢, for some p € (1, 00), but such reductions
to "canonical" linear subspaces are not available elsewhere, so the above reasoning is a rare "luxury' and in
general one must treat arbitrary low-dimensional linear subspaces of the Banach space in question.

The above difficulty was overcome for Sy in [?], where (IH) was proven. The similarity of the lower bounds
in (I3) and (I3) is not coincidental. One can view the Brinkman—Charikar example Cgc C ¢; also as a collection
of diagonal matrices in Si, and [?] treats this very same subset by strengthening the assertion of [?] that Cpgc
does not well-embed into low-dimensional subspaces of S; which consist entirely of diagonal matrices, to the
same assertion for low-dimensional subspaces of S; which are now allowed to consist of auy ratrices whatsoever.
Using our notation for relative dimension reduction moduli, this gives the stronger essettion k%(£1,S;) > n¢/ o

A geometric challenge of the above discussion is that, even after one isolates a candidate n-point subset €
of ¢; that is suspected not to be realizable with O(1) distortion in low-dimensiens (finding such a suspected
intrinsically high-dimensional set is of course a major challenge in itself), cne needs to devise a way to somehow
argue that if one could find a configuration of n points in a low-dimensional subspace F' of ¢; (or S;) whose
pairwise distances are within a fixed, but potentially very large, factcr o« > 1 of the corresponding pairwise
distances within € itself, then this would force the ambient dimensioa dim(F') to be very large. In [?] this was
achieved via a clever proof that relies on linear programming; see alse |?] for a variant of this linear programming
approach in the almost isometric regime o« — 1%, In [?] a different proof of the Brinkman-Charikar theorem
was found, based on information-theoretic reasoning. Annther entirely different geometric method to prove that
theorem was devised in [?]; see also [?, ?] for more applications of the approach of [?].

Very recently, a further geometric approach was obtained in [?], where it was used to derive a stronger
statement that, as shown in [?], cannot follow from the method of [?] (the statement is that the n-point subset
Cgc C ¢ is not even an «-Lipschitz quotient of any subset of a low dimensional subspace of Sy; see [?] for the
relevant definition an a complete discussion). The approach of [?] relies on an invariant that arose in the Ribe
program and is called Markov convexity. Fix g > 0. Let {X;}+cz be a Markov chain on a state space 2. Given
an integer k > 0, denote by {X:(k)}:cz the process that equals x; for time ¢t < k, and evolves independently
of x¢ (with respect to the same transiticr. probabilities) for time ¢ > k. Following [?], the Markov g-convexity
constant of a metric space (171.dp;), denoted 1I,(1M), is the infimum over those II € [0, oo] such that for every
Markov chain {X;}+cz on a state space Q and every f : Q — 111 we have

<iz 7)%EE [d'm (F (Relt — 2)), f(Xt))q] >é < H(ZE[d’m (f()(t)af(xlt—l))q])é

k=1tez = tez

By [?, 7], a Banach space X satisfies II,(X) < oo if and only if it has an equivalent norm ||| - ||| : X — [0, 00)
whose modulus of uniform convexity has power type ¢, i.e., |||z+y||| < 2—Qx(|||x—y|||?) for every z,y € X with
l||z||| = ||ly||] = 1. This completes the step in the Ribe program which corresponds to the local linear property
"X admits an equivalent norm whose modulus of uniform convexity has power type ¢," and it is a refinement of
the aforementioned characterization of superreflexivity in [?] (which by deep results of [?, ?] corresponds to the
cruder local linear property "there is a finite ¢ > 2 for which X admits an equivalent norm whose modulus of
uniform convexity has power type ¢"). By [?, 7], the Brinkman—Charikar subset Cgc C ¢; (as well as a variant
of it due to Laakso [?] which has [?] the same non-embeddability property into low-dimensional subspaces of
¢y) satisfies IT,(Cgc) = (logn)'/? for every g > 2 (recall that in our notation |Cgc| = n). At the same time, it is
proved in [?] that IIo(F') < y/logdim(F) for every finite dimensional subset of S;. It remains to contrast these
asymptotic behaviors (for ¢ = 2) to deduce that if cp(Cgc) < o, then necessarily dim(F) > n®/*’.

Prior to the forthcoming work [?], the set Cgc (and variants thereof of a similar nature) was the only known
example that demonstrates that there is no ¢; analogue of the JL-lemma. The following theorem is from [?].

Theorem 23. There is a universal constant ¢ € (0,00) with the following property. For arbitrarily large n € N
there exists an n-point O(1)-doubling subset H,, of £1 satisfying c4(Hy,) < 1, such that for every « € [1,00) and
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every finite-dimensional linear subspace F' of Sy, if H,, embeds into F with distortion o, then necessarily

dim(F) > exp (é \/@) (23)

See Section B for the (standard) terminology "doubling" that is used in Theorem 23. While (23) is weaker
than the lower bound of Brinkman—Charikar in terms of the dependence on n, it nevertheless rules out metric
dimension reduction in ¢; (or Sj) in which the target dimension is, say, a power of logn. The example H,
of Theorem B3 embeds with distortion O(1) into ¢4, and hence in particular sup,cyH4(3,) S Ha(ly) < oo,
by [?]. This makes 3, be qualitatively different from all the previously known examples which exhibit the
impossibility of metric dimension reduction in ¢;, and as such its existence has further ramifications that
answer longstanding questions; see [?] for a detailed discussion. The proof of Theorem 23 is markedly different
from (and more involved than) previous proofs of impossibility of dimension reduction in ¢, as it relies on
new geometric input (a subtle property of the 3-dimensional Heisenberg group which fails for the 5-dimensional
Heisenberg group) that is obtained in [?], in combination with results from [?, 7, ?, ?]; fuil details appear in [?].

1.4. Spaces admitting bi-Lipschitz and average metric dimension reduction. Say that an infinite
dimensional Banach space (X, || - ||x) admits metric dimension reduction if there 15 o« = ax € [1,00) such that
lim 28k _

n—oo logn
In other words, the requirement here is that for some 0 = ax € [1,0¢) and every n € N, any n-point subset
€ C X embeds with (bi-Lipschitz) distortion « into some linear subspace F of X with dim(F) = n°x(1),
Analogously, we say that (X, || - ||x) admits average metric dimension reduction if there is o = ax € [1,00)
such that for any n € N there is k, = n°X()_ie., lim, o (lcgky)/logn = 0, such that for any n-point subset C
of X there is a linear subspace F' of X with dim(F") = &,, and a mapping f : ¢ — F which is «-Lipschitz, i.e.,
1f(2) = fW)llx < aflz —yl[x for all all 7,y € €, yet

LSS - il > 5 vl o

zeC yel zeC yel

Our choice here of the behavior n°X() for the target dimension is partially motivated by the available results,
based on which this type of asymptotic behavior appears to be a benchmark. We stress, however, that since the
repertoire of spaces that are known to admit metric dimension reduction is currently very limited, finding any
new setting in which one could prove that reducing dimension to ox(n) is possible would be a highly sought
after achievement. In the same vein, finding new spaces for which one could prove a metric dimension reduction
lower bound that tends tc oo fascer than logn (impossibility of a JL-style guarantee) would be very interesting.

Remark 24. In the above definition of spaces admitting average metric dimension reduction we imposed the
requirement (24) following the terminology that was introduced by Rabinovich in [?], and due to the algo-
rithmic usefulness of this notion of embedding. However, one could also consider natural variants such as

(2 Ywee Lyee I(2) = FOR)YP > (Gz Yoee Lyee o — yl%)"/4 for any p,q € (0,00], and much of the
ensuing discussion holds mutatis mutandis in this setting as well.

The only Banach spaces that are currently known to admit metric dimension reduction are Hilbert spaces and
the space T(?) of Theorem [ (and variants thereof). These examples allow for the possibility that if (X, |- |x)
admits metric dimension reduction, i.e., ng(l)(X) = n°x(M then actually kr?X(l)(X) = Ox(logn). Such a
dichotomy would of course be remarkable, but there is insufficient evidence to conjecture that this is so.

The available repertoire of spaces that admit average metric dimension reduction is larger, since if p € [2, 00),

then £, and even S, satisfy the assumption of the following theorem, by [?] and [?], respectively.

Theorem 25. Let (X, ||-||x) be an infinite dimensional Banach space with unit ball Bx = {x € X : ||z|[x < 1}.
Suppose that there is a Hilbert space (H, ||-||z) and a one-to-one mapping f : Bx — H such that f is Lipschitz
and f~1: f(Bx) — X is uniformly continuous. Then X admits average metric dimension reduction. In fact,
this holds for embeddings into a subspace of logarithmic dimension, i.e., there is « = oex € [1,00) such that for
any n € N and any n-point subset C of X there is a linear subspace F of X with dim(F') < logn and a mapping
f: € — F which satisfies both (B4) and ||f(z) — f(y)||lx < &l — y||x for all z,y € C.
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Proof. This statement is implicit in [?]. By combining [?, Proposition 7.5] and [?, Lemma 7.6] there is a Ox(1)-
Lipschitz mapping f : € — f, which satisfies 5 > o >y llf(@) = fW)ll2 = D sce >_yee llz —yllx. By the
JL lemma we may assume that f actually takes values in ¢§ for some k < logn. Since X is infinite dimensional,
Dvoretzky’s theorem [?] ensures that K’Qf is 2-isomorphic to a k-dimensional subspace F' of X. O

Remark 26. By [?], for p € [2,00) the assumption of Theorem PA holds for X = ¢,. An inspection of the proofs
in [?] reveals that the dependence of the Lipschitz constant & = &, on p that Theorem PA provides for X = ¢,
grows to oo exponentially with p. As argued in [?, Section 5.1] (using metric cotype), this exponential behavior
is unavoidable using the above proof. However, in this special case a more sophisticated argument of [?] yields
o S p%/2; see equation (7.40) in [?]. Motivated by [?, Corollary 1.6], we conjecture that this could be improved
to &, S p, and there is some indication (see [?, Lemma 1.11]) that this would be sharp.

Prior to [?], it was not known if there exists a Banach space which fails to admit average metric dimension
reduction. Now we know (Theorem [9) that ¢, fails to admit average metric dimension reduction, and therefore
also any universal Banach space fails to admit average metric dimension reduction. A fortiori, the same is true
also for (non-average) metric dimension reduction, but this statement follows from the older work [?]. Failure
of average metric dimension reduction is not known for any non-universal (finite cotype) Banach space, and it
would be very interesting to provide such an example. By [?, ?] we know that ¢; and S; fail to admit metric
dimension reduction, but this is not known for average distortion, thus ieading to the following question.

Question 27. Does ¢1 admit average metric dimension reduction? Does ¢, have this property for any p € [1,2)?

All of the available examples of n-point subsets of /1 for which the ¢; analogue of the JL lemma fails (namely
if k = O(logn), then they do not embed with O(1) distortion irto £{) actually embed into the real line R with
O(1) average distortion; this follows from [?]. Specifically, the examples in [?, 7] are the shortest-path metric
on planar graphs, and the example in Theorem 23 is O{1)-doubling, and both of these classes of metric spaces
are covered by [?]; see also [?, Section 7] for generalizations. Thus, the various known proofs which demonstrate
that the available examples cannot be embedded iuto a iow dimensional subspace of ¢1 argue that any such low-
dimensional embedding must highly distort scine distance, but this is not so for a typical distance. A negative
answer to Question 24 would therefore require a substantially new type of construction which exhibits a much
more "diffuse" intrinsic high-dimensionality despite it being a subset of ¢1. In the reverse direction, a positive
answer to Question 24, beyond its inirinsic geometric/structural interest, could have algorithmic applications.

1.4.1. Lack of stability under projective tensor products. Prior to the recent work [?], it was unknown whether
the property of admitting metric aimension reduction is preserved under projective tensor products.

Corollary 28. There exist Banach spaces X,Y that admit metric dimension reduction yet X®Y does not.

Since S is isometric to fo®0s and [?] establishes that S; fails to admit metric dimension reduction, together
with the JL lemma “his implies Corollary P8 (we can thus even have X =Y and k%(n) Sq logn for all o« > 1).

Since we do not know whether S; admits average metric dimension reduction (the above comments pertaining
to Question 27 are valid also for S;), the analogue of Corollary BR for average metric dimension reduction was
previously unknown. Here we note the following statement, whose proof is a somewhat curious argument.

Theorem 29. There exist Banach spaces X,Y that admit average metric dimension reduction yet XQY does
not. Moreover, for every p € (2,00) we can take here X = (,,.

Proof. By [?] (which relies on major input from the theory of locally decodable codes [?] and an important
inequality of Pisier [?]), the 3-fold product £3&¢3&¢3 is universal. So, by the recent work [?] (Theorem [d),
(30503 does not admit average metric dimension reduction. At the same time, by Theorem P83 we know that
¢3 admits average metric dimension reduction. So, if £3®¢5 fails to admit average metric dimension reduction,
then we can take X =Y = {5 in Theorem P9. Otherwise, {385 does admit average metric dimension reduction,
in which case we can take X = ¢35 and Y = ¢3®05. Thus, in either of the above two cases, the first assertion of
Theorem P9 holds true. The second assertion of Theorem P9 follows by repeating this argument using the fact [?]
that Ep@%p@ﬁq is universal if 2/p+1/q < 1, or equivalently ¢ > p/(p—2). If we choose, say, ¢ = max{2,p/(p—2)},
then by Theorem 23 we know that both ¢, and ¢, admit average metric dimension reduction, while Ep@)Ep@Eq
does not. So, the second assertion of Theorem P29 holds for either Y = £, or ¥ = p<§>€q. O
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The proof of Theorem P9 establishes that at least one of the pairs (X = ¢3,Y = {3) or (X =/3,Y = Eg@@g)
satisfies its conclusion, but it gives no indication which of these two options occurs. This naturally leads to

Question 30. Does (305 admit average metric dimension reduction?

A positive answer to Question B0 would yield a new space that admits average metric dimension reduction.
In order to claim that ¢3®05 is indeed new in this context, one must show that it does not satisfy the assumption
of Theorem 3. This is so because S; (hence also ¢1) is finitely representable in £3&/3; see e.g. [?, page 61]. The
fact that no Banach space in which ¢; is finitely representably satisfies the assumption of Theorem B3 follows by
combining [?, Lemma 1.12], [?, Proposition 7.5], and [?, Lemma 7.6]. This also shows that a positive answer to
Question B0 would imply that any n-point subset of ¢ (or S1) embeds with O(1) average distortion into some
normed space (a subspace of 63@%3) of dimension n°Y), which is a statement in the spirit of Question 2. If
the answer to Question B0 were negative, then ¢3&¢5 would be the first example of a non-universal space which
fails to admit average metric dimension reduction, because Pisier proved [?, ?] that /5&4s is not universal.

Another question that arises naturally from Theorem P9 is whether its conclusion hoids true also for p = 2.

Question 31. Is there a Banach space Y that admits average metric dimension reduction yet £,QY does not?

1.4.2. Wasserstein spaces. Let (111, d) be a metric space and p € [1,00). The Wasserstein space Pp(117) is not
a Banach space, but there is a natural version of the metric dimension reduction question in this context.

Question 32. Fix « > 1, n € Nand py,...,n, € Pp(1M1). What is the asymptotic behavior of the smallest k € N
for which there is & C 1M with |§| < k such that ({py, ..., pun}, Wy) embeds with distortion « into Pp(S8)?

Spaces of measures with the Wasserstein metric Wy, are of major iinportance in pure and applied mathematics,
as well as in computer science (mainly for p = 1, where they are used in graphics and vision, but also for other
values of p; see e.g. the discussion in [?]). However, their bi-Lipschitz structure is poorly understood, especially
so in the above context of metric dimension reduction. If k& were small in Question B2, then this would give a
way to "compress" collections of measures using measures with small support while approximately preserving
Wasserstein distances. In the context of, say, image retrieval (mainly 7771 = {1,...,n}?> C R? and p = 1), this
could be viewed as obtaining representations of images using a small number of "pixels."

Charikar [?] and Indyk—Thaper [?] proved thac if 771 is a finite metric space, then P1(771) embeds into ¢; with
distortion O(log |M|). Hence, if the answer to Question B2 were k = n°(1) for some a = O(1), then it would
follow that any m-point subset of P {/11) embeds into ¢; with distortion o(logn), i.e., better distortion than
the general bound that is provided by Bourgain’s embedding theorem (actually the ¢1-variant of that theorem,
which is also known to be sharp in general [?]). This shows that one cannot hope to answer Question B2 with
k=n’M and « = O(1) without iinposing geometric restrictions on the underlying metric space 11, since if
(M =A{z1,...,xn},dm) is a metric space for which c¢; (1) < logn, then we can take py,..., H, to be the point
masses Oz, , ..., dz,, s0 that ({py, ..., 1y}, W1) is isometric to (1717, djp). The pertinent issue is therefore to study
Question B2 when the ?77 is "nice." For example, sufficiently good bounds here for 11 = R? would be relevant
to Question @, but at this juncture such a potential approach to Question @ is quite speculative.

The above "protiematic” example relied inherently on the fact that the underlying metric space 11 is itself far
from being embeddable in ¢1, but the difficulty persists even when 771 = ¢;. Indeed, we recalled in Question [@ that
Bourgain proved [?] that P1(¢1) is universal, and hence the spaces of either Theorem 7 or Theorem M9 embed
into P1(¢1) with O(1) distortion. So, for arbitrarily large n € N we can find probability measures py, ..., W,
on /1 (actually on a sufficiently high dimensional Hamming cube {0,1}"") such that ({1,..., .}, W1) does
not admit a good embedding into any normed space of dimension n°®). This rules out an answer of k = n°()
to Question B2 (even for average distortion) for (py,..., 1y, W1), because in the setting of Question B2, while
P1(8) is not a normed space, it embeds isometrically into a normed space of dimension |§| — 1 (the dual of the
mean-zero Lipschitz functions on (&, dm); see e.g. [?, ?] for an explanation of this standard fact). In the case
of average distortion, one could see this using a different approach of Khot and the author [?] which constructs
a collection of n = ¢9@ probability measures on the Hamming cube {0,1}? that satisfy the conclusion of
Theorem [, as explained in [?, Remark 5]. This shows that even though these n probability measures reside on
a Hamming cube of dimension O(logn), one cannot realize their Wasserstein-1 geometry with O(1) distortion
(even on average) in any normed space of dimension n°("), let alone in P;(8) with |§| = n°(),

It is therefore natural to investigate Question B2 when 771 is low-dimensional. When p = 1, this remains an
(important) uncharted terrain. When p > 1 and 11 = R3, partial information on Question B2 follows from [?].
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To see this, focus for concreteness on the case p = 2. Fix « > 1 and n € N. Suppose that (11, dy) is an n-point
metric space for which the conclusion of Theorem 7 holds true with w(t) = v/t and Q(t) = 2av/t. By [?], the
metric space (1, v/dy) embeds with distortion 2 into Po(R3), where R? is equipped with the standard Euclidean
metric. Hence, if the image under this embedding of 77 in P(R?) embedded into some k-dimensional normed
space with distortion &, then by Theorem 2 necessarily k > n¢/ * for some universal constant c. This does
not address Question B2 as stated, because to the best of our knowledge it is not known whether P2(S) embeds
with O(1) distortion into some "low-dimensional" normed space for every "small' & C R3? (the relation between
"small" and "low-dimensional” remains to be studied). In the case of average distortion, repeat this argument
with 77 now being the metric space of Theorem [9. By Remark B8 below, if the image in P2(R3) of (11, /dy)
embedded with average distortion o into some k-dimensional normed space, then necessarily k > exp(5+/logn).

2. FINITE SUBSETS OF HILBERT SPACE

The article [?] of Johnson and Lindenstrauss is devoted to proving a theorem on the extension of Lipschitz
functions from finite subsets of metric spaces.® Over the ensuing decades, the classic |?] attained widespread
prominence outside the rich literature on the Lipschitz extension problem, due to two components of [?] that
had major conceptual significance and influence, but are technically simpler than the proof of its main theorem.

The first of these components is the JL lemma, which we already stated in the Introduction. Despite its wide
acclaim and applicability, this result is commonly called a "lemma" rather than a "theorem" because within the
context of [?] it was just that, i.e., a relatively simple step toward the proof of the main theorem of [?].

The second of these components is a section of [?] that is devoted tc formulating open problems in the context
of the Ribe program; we already described a couple of the questions that were raised there, but it contains more
questions that proved to be remarkably insightful and had major imnpact on subsequent research (see e.g. [?, ?]).
Despite its importance, the impact of [?] on the Ribe progiam will not be pursued further in the present article,
but we will next proceed to study the JL lemma in detail (including some new observations).

Recalling Theorem [, the JL lemma [?] asserts that for every integer n > 2 and (distortion/error tolerance)

o € (1,00), if z1,...,x, are distinct vectors in a Hilbert space (H, ||-||z), then there exists (a target dimension)
k€ {1,...,n} and a new n-tuple of k-dimensional vectors yi,...,y, € R¥ such that
k Salogn, (25)

and the assignment x; — y;, viewed as a mapping into 612“, has distortion at most «, i.e.,
Vi,jgef{l..oonk e —aille <llyi —willg < «llee — 2w (26)

It is instructive to take note of the "compression" that this statement entails. By tracking the numerical value
of the target dimension & that the proof in Section 270 below yields (see Remark BR), one concludes that given
an arbitrary collection of, say, a billion vectors of length a billion (i.e., 1000000000 elements of R1 000000000y,
one can find a billion vectors of length 329 (i.e., elements of R329), all of whose pairwise distances are within a
factor 2 of the corresponding pairwise distances among the initial configuration of billion-dimensional vectors.
Furthermore, if one wishes to maintain the pairwise distances of those billion vectors within a somewhat larger
constant factor, say, a factor of 10 or 450, then one could do so in dimension 37 or 9, respectively.

The logarithmic dependence on n in (23) is optimal, up to the value of the implicit (x-dependent) constant
factor. This is so even when one considers the special case when x1,...,x, € H are the vertices of the standard
(n — 1)-simplex, i.e., ||z; — z;||z = 1 for all distinct 4,5 € {1,...,n}, and even when one allows the Euclidean
norm in (28) to be replaced by any norm |- || : R¥ — [0, 00), namely if instead of (28) we have 1 < [|y; —y;|| < «
for all distinct i,§ € {1,...,n}. Indeed, denote the unit ball of || - || by B = {z € R¥ : |z|| < 1} and let vol,(-)
be the Lebesgue measure on R*. If 4,5 € {1,...,n} are distinct, then by the triangle inequality the assumed
lower bound ||y; — y;|| > 1 implies that the interiors of y; + %B and y; + %B are disjoint. Hence, if we denote
A =L (i + 3B), then voli(A) = Y I voly(y; + 3B) = 2k vol,(B). At the same time, for every u,v € A
there are 4,5 € {1,...,n} for which u € y; + %B and v € y; + %B, so by another application of the triangle
inequality we have ||u — v|| < |lys — y;]| +1 < « + 1. This implies that A — A C (x + 1)B. Hence,

(ot + 1) {/vol,(B) = ¥/volp((a+ 1)B) > ¥/voly(A — A) > 2{/vol,(A) = {/nvoli(B),

5Stating this theorem here would be an unnecessary digression, but we highly recommend examining the accessible geometric
result of [?]; see [?] for a review of the current state of the art on Lipschitz extension from finite subsets.
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where the penultimate step uses the Brunn—-Minkowski inequality [?]. This simplifies to give

logn

~ log(a+ 1) (27)

By [?, 7], the vertices of (n — 1)-simplex embed isometrically into any infinite dimensional Banach space, so
we have thus justified the bound (I8), and hence in particular the first lower bound on k&(¢2) in (IT). As we
already explained, the second lower bound (for the almost-isometric regime) on k& (¢2) in (M) is due to the very
recent work [?]. The upper bound on k%(¢2) in (), namely that in (25) we can take

logn logn 10gn}’ (28)

< = max{ ———,
~log (1+ (x—1)?) {(oc— 1)27 log o
follows from the original proof of the JL lemma in [?]. A justification of (28) appears in Section 271 below.

Question 33 (dimension reduction for the vertices of the simplex). Fix 6 € (0, %) Wit is the order of magnitude
(up to universal constant factors) of the smallest G(8) € (0, 00) such that for every n € N there is k € N with
k< &(8)logn and yi,...,y, € R¥ that satisfy 1 < |jy; — yjlla < 1+ 8 for all distinet 4, j € {1,...,n}? By (28)
we have &(8) < 1/62. The best-known lower bound here is &(8) > 1/(5%10g(1/8)), due to Alon [?].

Remark 34. The upper bound (E8) treats the target dimension in the JL lemma for an arbitrary subset of a
Hilbert space. The lower bound (27) was derived in the special case of the vertices of the regular simplex, but
it is also more general as it is valid for embeddings of these vertices into an arbitrary k-dimensional norm. In
this (both special, and more general) setting, the bound (@) is quite sharp for large «. Indeed, by [?] (see
also [?, Corollary 2.4]), for each n € N and o > /2, if we write k = [(log(4n))/log(e2/(2v/ o —1))], then for
every norm | - || on R¥ there exist yy,...,y, € R¥ satisiving 1 < |ly; — y;]| < o for distinet 4,7 € {1,...,n}.
See [?, Theorem 4.3] for an earlier result in this dizection. See also [?] and the references therein (as well
as [?, Problem 2.5]) for partial results towards understanding the analogous issue (which is a longstanding open
question) in the small distortion regime o« € (i,+/2].

2.1. Optimality of re-scaled random projections. To set the stage for the proof of the JL lemma, note
that by translation-invariance we may assui.e without loss of generality that one of the vectors {z;}}"; vanishes,
and then by replacing the Hilbert space I with the span of {z;}!' ;, we may further assume that H = R 1.

Let Projgr € My (n—1)(R) be the k by n — 1 matrix of the orthogonal projection from R™ ! onto R, i.e.,
Projgez = (21,. .., 2) € R¥ is the first k coordinates of z = (z1,...,2,_1) € R"~1. One could attempt to simply
truncate the vectors vectors x1,...,x, so as to obtain k-dimensional vectors, namely to consider the vectors
{yi = Projgez;}; in (PH). This naive (and heavy-handed) way of forcing low-dimensionality can obviously fail
miserably, e.g. we could have Proj,z; =0 for all i € {1,...,n}. Such a simplistic idea performs poorly because
it makes two arbitrary and unnatural choices, namely it does not take advantage of rotation-invariance and
scale-invariance. To remedy this, let O,_1 C M,,_1(R) denote the group of n — 1 by n — 1 orthogonal matrices,
and fix (a scaling factor) o € (0,00). Let O € O,—; be a random orthogonal matrix distributed according to
the Haar probability measure on O,_;. In [?] it was shown that if k is sufficiently large (yet satisfying (23)),
then for an appropriate ¢ > 0 with positive probability (28) holds for the following random vectors.

{yi = oProjz: Oz}, C RE. (29)

We will do more than merely explain why the randomly projected vectors in (29) satisfy the desired conclu-
sion (28) of the JL lemma with positive probability. We shall next demonstrate that such a procedure is the
best possible (in a certain sense that will be made precise) among all the possible choices of random assignments
of x1,...,x, to y1,...,y, via multiplication by a random matrix in ka(n,l)(R), provided that we optimize so
as to use the best scaling factor o € (0, 00) in (29).

Let u be any Borel probability measure on M kx(n_l)(R), i.e., 1 represents an arbitrary (reasonably measur-
able) distribution over k x (n — 1) random matrices A € My, (,—1)(R). For a € (1, 00) define

def .
P inf u[{A € Mg (R): 1< [Az] s < o} (30)

zeSn—2
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where S"2 = {z e R" 1 : |z| gt = = 1} denotes the unit Euclidean sphere in R"~!. Then

u[ N {A € Miex(n-1)(R) = [[2i = 2l gp—1 < [|Azi — Azjl| g < orf|s — wjllg;l}]

i,j€{l,....,n}
<
5 S o‘})]

11— [U U <kan 3 R)\{AeMkX(n_l)(R HA T

|z — *TJHg" 1

i=1j=i+1
21-3 3 (1-ul{AeMuon® 1< fa B8] <a)])
i=1 j=i+1 |z 35]”4" 1163

>1- (Z) (1—p9). (31)

_2
n(n—1)"

In order to succeed to embed the largest possible number of vectors into R* via the above randomized
procedure while using the estimate (1), it is in our best interest to work with a probability measure p on
Mix (n—1)(R) for which p}} is as large as possible. To this end, define

Hence, the random vectors {y; = Ax; };.; will satisfy (28) with positive probability if p;f > 1 —

Pk def sup {pﬁ‘ : W is a Borel probability measure cn ka(n_l)(R)}. (32)
Then, the conclusion (28) of the JL lemma will be valid provided & < {1,...,n} satisfies
2
RN S Ay 33
Prg = n(n-—-1) (33)

The following proposition asserts that the supremumn in the definition (82) of pz’k is attained at a distribution
over random matrices that has the aforementioned structure (29).

Proposition 35 (multiples of random orthogonal projections are JL-optimal). Fiz « € (1,00), an integer n > 4
and k € {1,...,n —3}. Let u= pX, be ihe probability distribution on My, y—1)(R) of the random matriz

2n—6
xxn—k—=3 — ]_ i

_ 2k ) ProijO’ (34)
xxn—k—=3 — ]_

that is obtained by choosing C € Op—1 according to the normalized Haar measure on O,—1. Then p) = py ;..

Obviously (B2) is not 2 multiple of a uniformly random rank k orthogonal projection Proj : R*~! — R*~!
(chosen according to the normalized Haar measure on the appropriate Grassmannian). To obtain such a
distribution, one sbould multiply the matrix in (84) on the left by O*. That additional rotation does not
influence the Euclidean length of the image, and hence it does not affect the quantity (80). For this reason and
for simplicity of notation, we prefer to work with (84) rather than random projections as was done in [?].

Proof of Proposition Bd. Given A € My, (,—1)(R), denote its singular values by s1(A) > ... > si(A), i.e., they
are the eigenvalues (with multiplicity) of the symmetric matrix vVAA* € Mg (R). Then,

5001 [{O € 0u1: 1< A0z < (x}} - /Skl ¢27k<(zk:si(A)2wg)5> 495" (w), (35)

=1

where $°%7-1 and Sﬁsk_l are the Haar probability measures on the orthogonal group O,,_; and the unit Euclidean
sphere S¥~1, respectively, and the function ey K : [0,00) — R is defined by

n—k—3

k

2715 max{1l,0} (.2 _ 1

Voe0,00), %, (0) Y F”k/ (L ML (36)
(5) max{l,%} S
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To verify the identity (83), consider the singular value decomposition

0 SQ(A) . .
A=UL . . ot | ProjpeV, (37)
: .. . - 0

where U € O and V € O,_;. If O € O,,_; is distributed according to $°7-1, then by the left-invariance of
$%1 we know that VO is distributed according to $°7-1. By rotation-invariance and uniqueness of Haar
measure on S"2 (e.g. [?]), it follows that for every z € S*~! the random vector VOz is distributed according
to the normalized Haar measure on S"~2. So, ProjgiVOz is distributed on the Euclidean unit ball of R* with
density

r n—1 n—k—3
2T (n—l—k:) 2
See [?] for a proof of this distributional identity (or [?, Corollary 4] for a more general derivation); in codimension
2, namely &k = n — 3, this is a higher-dimensional analogue of Archimedes’ theorem that the projection to R
of the uniform surface area measure on the unit Euclidean sphere in &3 is the Lebesgue measure on [—1,1].
Recalling (B87), it follows from this discussion that the Euclidean rorm of AOz has the same distribution as
(Zle si(A)2u?)'/?, where u = (uy, . ..,u;) € R¥ is distributed according to the density (B8). The identity (33)
now follows by integration in polar coordinates (w,r) € S* ! x [0,00), followed by the change of variable
s=1/r.
Next, %, vanishes on [0, 1], increases on [1, |, and is smooth on [«, 00). The integrand in (B8) is at most
—k—1
s

1{Humk<1}' (38)

; 80 limgs00 Y7y 1 (0) = 0. By directly differentiaiing (88) and simplifying the resulting expression, one
sees that if o € [«, oo) then (Y7 ;) (o) = 0 if and only if 0 = omax(n, k, &), where

2n—6
, def | oxn—h=3 —1
Gmaxknyka O() = 2% (39)
oxn—k-3 — 1

Therefore, the global maximum of W7, is attained at Omax(n, k, &), and by (B3) we have

VA€ ka(n—l) (R% A(;J:Onfl |:{O S On,1 |AOZ||Ek S }] n k((rmax(n, k, OC)) = p& (40)

The final step of (E0) is another application (B3), this time in the special case A = Opax(n, k, &)Projgr, while
recalling (B0) and (89), and that p is the distribution of the random matrix appearing in (34).

To conclude the proof of Proposition (83), take any Borel probability measure v on My, ,—1)(R) and inte-
grate (B0) while using Fubini’s theorem to obtain the estimate

k=3
T
WV

/ 51 [{0 €0, 1 1< A0zl < o] dv(A)
My (n—1)(R) ’

O (& e O «
= [ v[{AeMun®): 1< A0z <] as®(0) S [ pas®t(0) <
n—1 n—1

So, the maximum of py over the Borel probability measures v on My, (,—1)(R) is attained at . O

Remark 36. Recalling (83), due to (20) the conclusion (E8) of the JL lemma holds if & satisfies
k—

n—k—3

Omax (1,k,00) 2
/ & ds>1— Lj (41)

écmax(n,k,(x) sn=2 n(n - 1)

k
212

k
r'(3)
where Opax(n, k, ) is given in (B9). This is the best-known bound on k in the JL lemma, which, due to

Proposition B3, is the best-possible bound that is obtainable through the reasoning (81). In particular, the
asymptotic estimate (28) follows from (1) via straightforward elementary calculus.
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Remark 37. The JL lemma was reproved many times; see [?7, 7,7, 2,2, 2,2, 2.2, 2,2, 2, 7,2, 2,7, 7], though we
make no claim that this is a comprehensive list of references. There were several motivations for these further
investigations, ranging from the desire to obtain an overall better understanding of the JL. phenomenon, to obtain
better bounds, and to obtain distributions on random matrices A as in (81) with certain additional properties
that are favorable from the computational perspective, such as ease of simulation, use of fewer random bits,
sparsity, and the ability to evaluate the mapping (2 € R* 1) s Az quickly (akin to the fast Fourier transform).
This body of work represents ongoing efforts by computer scientists and applied mathematicians to further
develop improved "JL transforms," driven by their usefulness as a tool for data-compression. We will not survey
these ideas here, partially because we established that using random projections yields the best-possible bound
on the target dimension & (moreover, this procedure is natural and simple). We speculate that working with the
Haar measure on the orthogonal group O,,_ as in (29) could have benefits that address the above computational
issues, but leave this as an interesting open-ended direction for further research. A specific conjecture towards
this goal appears in [?, page 320], and we suspect that the more recent work [?] on the spectral gap of Hecke
operators of orthogonal Cayley graphs should be relevant in this context as well (e.g for cerandomization and
fast implementation of (E9); see [?, ?] for steps in this direction).

Remark 38. In the literature there is often a preference to use random matrices with independent entries in
the context of the JL lemma, partially because they are simple to generate, though see the works [?, 7, 7]
on generating elements of the orthogonal group O,_; that are distributed according to its Haar measure. In
particular, the best bound on k in (23) that was previously available in the literature [?] arose from applying (81)
when A is replaced by the random matrix ¢G, where o = 1/vk aud the entries of G = (g;;) € My (n—1)(R)
are independent standard Gaussian random variables. We can, however, optimize over the scaling factor ¢ in
this setting as well, in analogy to the above optimization over the scaling factor in (29), despite the fact that
we know that working with the Gaussian matrix G is inferict to using a random rotation. A short calculation
reveals that the optimal scaling factor is now \/ (a2 —1)/(2klog ), i.e., the best possible re-scaled Gaussian
matrix for the purpose of reasoning as in (B1) is not. ;}; G but rather the random matrix

,(‘ (1°f '0(2_1
\/2klogo¢

For this optimal multiple of a Gaussian matrix, one computes that for every z € S*~2 we have

(42)

k

k
9: Z (> B 2 kﬁ
— |
1-P|1 < HngHﬁg < OC:| = f?l;\’ ‘/log“ <62[3—1) exp < 626 > dﬁ

k
21 [ o2 2 2 2
B (2~ 1log e
P(5) \ logx 20tlog o + 20 — ot — 4o (log «)? — 2log x — 1

The first step in (E3) follows from a straightforward computation using the fact that the squared Euclidean
length of G¥z is distributed according to a multiple of the x* distribution with k degrees of freedom (see e.g. [?]),
i.e., one can write the leftmost term of (£3) explicitly as a definite integral, and then check that it indeed equals
the middle term of (£3), e.g., by verifying the the derivatives with respect to « of both expressions coincide.
The final estimate in (£3) can be justified via a modicum of straightforward calculus. We deduce from this that
the conclusion (EB) of the JL lemma is holds with positive probability if for each i € {1,...,n} we take y; to be
the image of x; under the re-scaled Gaussian matrix in (B2), provided that k is sufficiently large so as to ensure
that

r'(%) (ch—l(X“;l)g - 2n2(a? — 1)%log (44)
Ls-1 \ logo ~ 20tlog ot + 202 — ot — 4o (log &)2 — 2log o — 1°

The values that we stated for the target dimension k in the JL lemma with a billion vectors were obtained
by using (E4), though even better bounds arise from an evaluation of the integral in (B3) numerically, which
is what we recommend to do for particular settings of the parameters. As « — 1, the above bounds improve
over those of [?] only in the second-order terms. For larger o these bounds yield substantial improvements that
might matter in practice, e.g. for embedding a billion vectors with distortion 2, the target dimension that is
required using the best-available estimate in the literature [?] is k = 768, while (£2) shows that k£ = 329 suffices.
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3. INFINITE SUBSETS OF HILBERT SPACE

The JL lemma provides a quite complete understanding of the metric dimension reduction problem for finite
subsets of Hilbert space. For infinite subsets of Hilbert space, the research splits into two strands. The first is
to understand those subsets € C R" for which certain random matrices in Mg, (R) (e.g. random projections, or
matrices whose entries are i.i.d. independent sub-Gaussian random variables) yield with positive probability an
embedding of € into R¥ of a certain pre-specified distortion; this was pursued in [7,2,7,2,7,2,7, 7], yielding
a satisfactory answer which relies on multi-scale chaining criteria [?, 7] .

The second (and older) research strand focuses on the mere existence of a low-dimensional embedding rather
than on the success of the specific embedding approach of (all the known proofs of) the JL lemma. Specifically,
given a subset € of a Hilbert space and o € [1, 00), could one understand when does € admit an embedding with
distortion « into 612“ for some k € N? If one ignores the dependence on the distortion «, then this qualitative
question coincides with Problem 2 (the bi-Lipschitz embedding problem into R¥), since if a metric space (M, dm)
satisfies infyen cgr (111) < oo, then in particular it admits a bi-Lipschitz embedding into a Hilbert space.

We shall next describe an obvious necessary condition for bi-Lipschitz embeddakility into R for some k € N.
In what follows, all balls in a metric space (171, dj) will be closed balls, i.e., for &€ /7l and r € [0,00) we write
Bm(z,r) = {y € M : dp(z,y) < r}. Given K € [2,00), a metric space (1, dyy) is said to be K-doubling
(e.g. [?, ?]) if every ball in 7M1 (centered anywhere in 777 and of any radius} car be covered by at most K balls of
half its radius, i.e., for every = € 111 and r € [0, 00) there is m € N with m < K and yi,...,ym € 1 such that
Bm(z,7) € Bm(y1, 37) U...U By(ym, 37). A metric space is doubling if it is K-doubling for some K € [2, 00).

Fix k € N and o > 1. If a metric space (17, dy;) embeds with distortion a into a normed space (R¥,|| - ||),
then 1M is (4o + 1)*-doubling. Indeed, fix € M and r > 0. Let {z1,...,2,} € Bm(z,7) be a maximal subset
(with respect to inclusion) of By (z,r) satisfying dpm (2, 2,} > &1 for distinct 4, j € {1,...,n}. The maximality
of {z1,...,2,} ensures that for any w € Byp(z,7) \ {21,...,2,} we have minjery o dm(w,z) < ir, ie,
Bm(z,r) € Bm(z1, %7’) U...U Bm(zn, %r) We are assuming that there is an embedding f : 711 — R* that
satisfies dm(u,v) < ||f(u) — f(v)]| < adm(u,v) for ali w,v € M. So, for distinct 4,5 € {1,...,n} we have
5 <dm(zi,zj) <||f(zi) = f(2)ll < odm(zi,25) < aldm(zi, x)+dm(z, z;)) < 2ar. The reasoning that led to (22)
with y1 = 2f(21),...,yn = 2f(2,) and « replaced by 4o gives k > (logn)/log(4x + 1), i.e., n < (4 + 1)k

Remark 39. In Section =3 we recalled that in the context of the Ribe program log|171| was the initial (in
hindsight somewhat naive, though still very useful) replacement for the "dimension" of a finite metric space 1.
This arises naturally also from the above discussion. Indeed, 177 is trivially |[171|-doubling (simply cover each ball
in 771 by singletons), and this is the best bound that one could give on the doubling constant of 777 in terms of
|1M1]. So, from the perspective of the doubling property, the natural restriction on k € N for which there exists
an embedding of 171 into soie k-dimensional normed space with O(1) distortion is that k& 2 log|11].

Using terminology that was recalled in Remark IR, the definition of the doubling property directly implies
that for every 0 € (0, 1) a metric space 11 is doubling if and only if its 8-snowflake 777° is doubling. With this
in mind, Theorem B0 below is a very important classical achievement of Assouad [?].

Theorem 40. The following assertions are equivalent for every metric space (N1, dn).

e /11 is doubling.
o For every 0 € (0,1) there is k € N such that M® admits a bi-Lipschitz embedding into R*.
e Some snowflake of M admits a bi-Lipschitz embedding into R for some k € N.

Theorem AT is a qualitative statement, but its proof in [?] shows that for every K € [2,00) and 6 € (0, 1),
there are (K, 0) € [1,00) and k(K,0) € N such that if 7 is K-doubling, then 771° embeds into R¥(5:0) with
distortion (K, 0); the argument of [?] inherently gives that as @ — 1, i.e., as the 0-snowflake 771° approaches
the initial metric space 11, we have a(K,0) — oo and k(K,0) — oco. A meaningful study of the best-
possible asymptotic behavior of the distortion a(K,0) here would require specifying which norm on R* is being
considered. Characterizing the quantitative dependence in terms of geometric properties of the target norm on
R* has not been carried out yet (it isn’t even clear what should the pertinent geometric properties be), though
see [?] for an almost isometric version when one considers the £, norm on R* (with the dimension % tending
to oo as the distortion approaches 1); see also [?] for a further partial step in this direction. In [?] it was shown
that for 0 € [3,1) one could take k(K,0) < k(K) to be bounded by a constant that depends only on K; the
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proof of this fact in [?] relies on a probabilistic construction, but in [?] a clever and instructive deterministic
proof of this phenomenon was found (though, yielding asymptotically worse estimates on «(K,0), k(K) than
those of [?]).

Assouad’s theorem is a satisfactory characterization of the doubling property in terms of embeddability into
finite-dimensional Euclidean space. However, it is a "near miss" as an answer to Problem B: the same statement
with © = 1 would have been a wonderful resolution of the bi-Lipschitz embedding problem into R¥, showing
that a simple intrinsic ball covering property is equivalent to bi-Lipschitz embeddability into some RF. Tt is
important to note that while the snowflaking procedure does in some sense "tend to" the initial metric space as
0 — 1, for 0 < 1 it deforms the initial metric space substantially (e.g. such a 8-snowflake does not contain any
non-constant rectifiable curve). So, while Assouad’s theorem with the stated snowflaking is useful (examples of
nice applications appear in [?, ?]), its failure to address the bi-Lipschitz category is a major drawback.

Alas, more than a decade after the publication of Assouad’s theorem, it was shown in [?] (relying a on a
rigidity theorem of [?]) that Assouad’s theorem does not hold with 6 = 1, namely there exists a doubling metric
space that does not admit a bi-Lipschitz embedding into R¥ for any k& € N. From the qualitative perspective,
we now know that the case 8 = 1 of Assouad’s theorem fails badly in the sense that there exists a doubling
metric space (the continuous 3-dimensional Heisenberg group, equipped with the Carnot—Carathéodory metric)
that does not admit a bi-Lipschitz embedding into any Banach space with thie Radon-Nikodym property [?, ?]
(in particular, it does not admit a bi-Lipschitz embedding into any reflexive or separable dual Banach space, let
alone a finite dimensional Banach space), into any L;(p) space [?], or into any Alexandrov space of curvature
bounded above or below [?] (a further strengthening appears in the forthcoming work [?]). From the quantitative
perspective, by now we know that balls in the discrete 5-dimensiona! Heisenberg group equipped with the word
metric (which is doubling) have the asymptotically worst-possible bi-Lipschitz distortion (as a function of their
cardinality) in uniformly convex Banach spaces [?] (see alsc [?]) and L (p) spaces [?, ?]; interestingly, the latter
assertion is not true for the 3-dimensional Heisenberg gioup [?], while the former assertion does hold true for
the 3-dimensional Heisenberg group [?].

All of the known "bad examples" (including, in addirion to the Heisenberg group, those that were subsequently
found in [?, 7, ?, ?]) which show that the doubling property is not the sought-after answer to Problem B do
not even embed into an infinite-dimensional Hiiert space. This leads to the following natural and intriguing
question that was stated by Lang and Plant in [7].

Question 41. Does every doubling subset of a Hilbert admit a bi-Lipschitz embedding into R* for some k € N?

As stated, Question BT is qualitative, but by a compactness argument (see [?, Section 4]) if its answer were
positive, then for every K € [2,00) there would exist dx € N and ax € [1,00) such that any K-doubling subset
of a Hilbert space would embed iuto Eg’( with distortion ag. If Question BI had a positive answer, then it
would be very interesting to determine the asymptotic behavior of dx and ax as K — oo. A positive answer
to Question Bl would be a solution of Problem B, though the intrinsic criterion that it would provide would
be quite complicated, namely it would say that a metric space (171, dyy) admits a bi-Lipschitz embedding into
R* for some k € N if and only if it is doubling and satisfies the family of quadratic distance inequalities (2).
More importantly, it seems that any positive answer to Question Bl would devise a procedure that starts with a
subset in a very high-dimensional Euclidean space and, if that subset is O(1)-doubling, produce a bi-Lipschitz
embedding into RO such a procedure, if possible, would be a quintessential metric dimension reduction
result that is bound to be of major importance. It should be noted that, as proved in [?, Remark 4.1], any such
general procedure cannot be an embedding into low-dimensions via a linear mapping as in the JL lemma, i.e.,
Question B calls for a genuinely nonlinear dimension reduction technique.?

Despite the above reasons why a positive answer to Question B1 would be very worthwhile, we suspect
that Question B0 has a negative answer. A specific doubling subset of a Hilbert space which is a potential
counterexample to Question B was constructed in [?, Question 3], but to date it remains unknown whether or
not this subset admits a bi-Lipschitz embedding into RO If the answer to Question B is indeed negative, then
the next challenge would be to formulate a candidate conjectural characterization for resolving the bi-Lipschitz
embedding problem into R¥.

60n its own, the established necessity of obtaining a genuinely nonlinear embedding method into low dimensions should not
discourage attempts to answer Question B, because some rigorous nonlinear dimension reduction methods have been devised in
the literature; see e.g. [?, 27,7, 2,7, 2,2, 2,2, 2,2,2,2,2,7,2,72,2,7,7, 7, 7, 7]. However, all of these approaches seem far from
addressing Question E1I.
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The analogue of Question B is known to fail in some non-Hilbertian settings. Specifically, it follows from [?,
?, 7] that for every p € (2,00) there exists a doubling subset D, of L,(R) that does not admit a bi-Lipschitz
embedding into any L,(n) space for any g € [1,p). So, in particular there is no bi-Lipschitz embedding of D,,
into any finite-dimensional normed space, and a fortiori there is no such embedding into any finite-dimensional
subspace of L,(R). Note that in [?] this statement is made for embeddings of D,, into L,(u) in the reflexive
range ¢ € (1,p), and the case ¢ = 1 is treated in [?] only when p > po for some universal constant py > 2.
The fact that D, does not admit a bi-Lipschitz embedding into any L;(n) space follows by combining the
argument of [?] with the more recent result? of [?, ?] when the underlying group in the construction of [?] is the
5-dimensional Heisenberg group; interestingly we now know [?] that if one carries out the construction of [?] for
the 3-dimensional Heisenberg group, then the reasoning of [?] would yield the above conclusion only when p > 4.
A different example of a doubling subset of L,(R) that fails to embed bi-Lipschitzly into f’; for any k£ € N was
found in [?]. In L;(R), there is an even stronger counterexample [?, Remark 1.4]: By [?], the spaces considered
in [?7, ?] yields a doubling subset of L (R) that by [?] (see also [?]) does not admit a bi-Lipschitz embedding into
any Banach space with the Radon—-Nikodym property [?, 7], hence it does not admit a bi-Lipschitz embedding
into any reflexive or separable dual Banach space. The potential validity of the above statement for p € (1,2)
remains an intriguing open problem, and the case p = 2 is of course Question E1l.

4. MATOUSEK’S RANDOM METRICS, MILNOR—THOM, AND COARSE DIMENSION REDUCTION

Fix two moduli w,Q : [0,00) — [0,00) as in Theorem [, i.e., they are increasing functions and w <
point-wise. For a metric space (171, dy) define dimq, o) (171, din) to be the smallest dimension k € N for which
there exists a k-dimensional normed space (X, || - || x) = (X(¥2), || - [ xgn)) and a mapping f : 1711 — X that
satisfies (I¥). If no such k € N exists, then write dim, o,(/7l,din) = co. For a € [1,00), this naturally
generalizes the notation dimg (177, dp) of [?] in the bi-Lipschitz setting, which coincides with dimy o (177, dm)-

Recalling (I7), the goal of this section is to show that daim g, o) (11, dm) > nB@Q) for arbitrarily large n € N,
some universal constant ¢ € (0,00) and some metric space (111, dyp) with [1711| = 3n, thus proving Theorem [2.
We will do so by following Matousek’s beautiful ideas in [?], yielding a probabilistic argument for the existence
of such an intrinsically (coarsely) high-dimensicnal metric space (111, dpy).

The collections of subsets of a set S of sjze ¢ € N will be denoted below (g) ={eCS: |¢]=(}. FixneN
and a bipartite graph G = (L, R, E) witk |L| = |R| = n. Thus, L and R are disjoint n-point sets (the "left side"
and "right side" of G) and E is a subset of (LLZJR) consisting only of ¢ C L UR such that [LNe¢| =|RNe| = 1.
Following Matousek [?], any such graph G can used as follows as a "template" for obtaining a family 2lEl graphs,
each of which having 3n vertices. ¥or each A € L introduce two new elements Xt A~. Denote Lt = {X* : A €L}
and L~ = {A~ : A € L}. Assume that the sets L™, L™, R are disjoint. For every 0 : E — {—, +} define

LFuL-UR
5 )

We thus obtain a hipartite graph G, = (Lt UL™,R,Ey). By choosing o : E — {—, +} uniformly at random,
we think of G, ag a random graph; let P denote the uniform probability measure on the set of all such o. In
other words, consider 0 : E — {—,+} to be independent tosses of a fair coin, one for each edge of G. Given an
outcome of the coin tosses o, each edge ¢ € E of G induces an element of E; as follows. If A is the endpoint
of ¢ in L and p is the endpoint of ¢ in R, then E; contains exactly one of the unordered pairs {AT, p}, {\~, p}
depending on whether o(¢) = + or o(e) = —, respectively; see Figure M below for a schematic depiction of this
construction.

Let dg, : (L UL UR) x (LF UL™ UR) — [0, 00] be the shortest-path metric corresponding to Gg, with the
convention that dg,(x,y) = oo if z,y € L' UL~ UR belong to different connected components of G;. We record
for convenience of later use the following very simple observation.

£, {0 0} . (\p) €LxR A {Ap}eE}C ( (45)

Claim 42. Fiz A € L and 0 : E — {—,+}. Suppose that k o dg, (X", X7) < co. Then the original "template
graph" G contains a cycle of length at most k.

Proof. Denote by 7 : LY UL~ UR — LUR the canonical "projection," i.e., 7t is the identity mapping on R and
7i(Xt) = m(X") = A for every A € L. The natural induced mapping 7t : E; — E (given by nt({z,y}) = {n(z), n(y)}

"When [?] was written, only a weaker bound of [?] was known.
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L+

I-\_/ o({A,0}) =+

Figure 1 — The random bipartite graph G, = (L™ UL, R, E,) that is associated to the bipartite graph
G = (L,R,E) and coin flips 0 : E — {—,+}. Suppose that (A\,0) € L x R and ¢ = {A,p} € E. If the
outcome of the coin that was flipped for the edge e is +, ther: inciude in E, the red edge between At and
p and do not include an edge between A~ and p. If the cutcoine of the coin that was flipped for the edge
¢ is —, then include in E; the blue edge between A~ ad p and do not include an edge between X and p.

for each {z,y} € Eg) is one-to-one, because by construction E; contains one and only one of the unordered pairs
{ut,p},{u", p} for each (u,p) € L x R with {i, p} € E.

Let v : {0,...,k} = LT UL UR be a geodesic in Gy that joins Xt and A~. Thus y(0) = X, y(k) = A~ and
{{v(i — 1),v(i)}}¥_, are distinct edges in E, {they are distinct because v is a shortest path joining A and A~
in Gy). By the injectivity of 7t on E,, the unordered pairs {{m(y(i — 1)), 7t(y(i))} }F_, are distinct edges in E.
So, the subgraph H of G that is induced on the vertices {7(y(i))}¥_, has at least k edges. But, H has at most k

vertices, because 7t(y(0)) = m(v(k)) = A. Hence H is not a tree, i.e., it contains a cycle of length at most k. O

Even though dg, is not recessarily a metric due to its possible infinite values, for every s,T" € (0, 00) we can
re-scale and truncate it so as o obtain a (random) metric di’ : (L UL~ UR) x (L' UL~ UR) — [0,00] by
defining

Vo,ye LFUL UR, dsT(x,y) © min {sdg,(z,y),T}. (46)

The following leinma shows that if in the above construction G has many edges and no short cycles, then

with overwhelmingly high probability the random metric in (28) has large coarse metric dimension.

Lemma 43. There is a universal constant v > 0 with the following property. For every w, € : [0,00) — [0,00)
as above, every n € N and every template graph G = (L, R, E) as above, suppose that g € N and s, T > 0 satisfy

© D) T (47)
and that the shortest cycle in G has length at least g. Then for every & € (0, %] we have
P [a 'E— {—, 4} dimgg (L+ UL U R,df;T> < z'm‘na] < (28%)71F. (48)
In particular, by choosing 6 = % in (ER) we deduce that
P [o 'E— {—,+}: dimg g (L+ uL U R,df;T) > ”;ﬂ >1— e slEl. (49)

Prior to proving Lemma B3, we shall now explain how it implies Theorem I
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Proof of Theorem [T assuming Lemma F3. Recalling (I77), we can fix s € (0,00) such that

def | WTH(2Q(s)) 2
9= {s J“g Blw, ) o

There is a universal constant k € (0,00) such that for arbitrarily large n € N there exists a bipartite graph
G = (L,R,E) with |[L| = |R| = n, girth at least g (i.e., G does not contain any cycle of length smaller than ¢) and
|E| > n't¥/9. Determining the largest possible value of k here is a well-studied and longstanding open problem
in graph theory (see e.g. the discussions in [?, ?, ?]), but for the present purposes any value of k suffices. For
the latter (much more modest) requirement, one can obtain G via a simple probabilistic construction (choosing
each of the edges independently at random and deleting an arbitrary edge from each cycle of length at most
g —1). See [?] for the best known lower bound on k here (arising from an algebraic construction).

We shall use the above graph G as the template graph for the random graphs {GU}G:E_é{_#}. Our choice of
g in (B0) ensures that if we write T' = sg, then (B7) holds true and we obtain a distritiition over metric spaces
(LF UL~ UR,d¥") for which the conclusion (29) of Lemma B3 holds true. Hence, by choosing ¢ = k/2 and
substituting the bound |E| > n!'**/9 into (&9) while using (60) we have

1
P [O‘ :E—{—,+}: dimy o (L+ UL UR, df;T> 2 ncﬁ(“”m} > 1 —exp (—5n1+cﬁ(w’m> .

Consequently, by the definition of dim, o(-), with probability exponentially close to 1 the random metric space
(Lt UL~ UR, d5") satisfies the assertion of Theorem [, O

The proof of Lemma B3 relies on the following lemma that was ebtained implicitly by Matousek [?]. Its proof
takes as input a clever argument of Alon [?] which uses the classical bound of Milnor [?] and Thom [?] on the
number of connected components of a real algebraic varicty.

Lemma 44. Fir m,n € N and E C {1,...,n}%. Suppose that Ay = (azlj), o A = (@) € M (R) are matrices
that satisfy afj #0 for all (i,j) € E and k € {1,.. ,m}, and that the sign vectors
. 1 . .o . E
(81gn(aij))(i7j)€E, (51gn(afj))(i7j)eE ce (51gn(a§?))(i7j)eE Cc{-1,1} (51)
are distinct. Then there exists k € {1,...,m} such that
logm

El )
nlog (logm>
Proof. Let o € N be an auriliary parameter that will be specified later so as to optimize the ensuing argument.

Write h = [|E|/«] and fix any partition of E into subsets Ji,...,J, # @ (i.e., J1,...,Jp C E are pairwise disjoint
and E = J; U...UJp) that satisfy |J,| < o for all w € {1,...,h}.

rank(Ag) 2 (52)

Denote
def . k def
e bl e rankiy 52
ke{l,...,m}

Lemma B2 assumes that n > 0, and its goal is to show that r is at least a universal constant multiple of the
quantity that appears in the right hand side on (62). The definition of r means that for every k € {1,...,m}
there exist n-by-r and r-by-n matrices By € M,,»,(R) and C; € M, x,(R), respectively, such that Ay = ByCy.
Define vectors {{ = (CF,...,F) € R*}7 | by setting

Ve (Lomyx (L T () e (54)
(1,3)€du

Observe that the definition of w in (63) ensures that the quantity under the square root in (64) is positive, so
Cu € (0,00). Define polynomials {p, : Myxr(R) X My (R) x R? — R}_, by setting

def 1 " 2 1
pu(X,Y,2) = H (Xy)?j e §PL2|Ju| - H <inkykj> — 2 5M2|Ju\7 (55)

(4,4)€du (i,j)€Jy k=1
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for all w € {1,...,h}, X = (zis) € Mnx,(R), Y = (ys;) € Myxn(R) and z = (2;) € R". The above notation
ensures that p,(By, Cy, () =0forall k € {1,...,m} and u € {1,...,h}. In other words, {(Bg, Cx, Cx)}jq €V,
where V C My, (R) X Myxpn(R) x R is the variety

h

v N {(X, Y, 2) € Muxr(R) X Moscn(R) X R%: pu(X,Y, 2) = 0}. (56)
u=1
We claim that V has at least m connected components. In fact, if k,¢ € {1,...,m} are distinct, then

(Bk, Ck, i) and (By, Cy, Cp) belong to different connected component of V. Indeed, suppose for the sake of
obtaining a contradiction that C C V is a connected subset of V and (Bg, C, (), (Bg, Cp, ¢) € C. Since k # ¢,
by switching the roles of k and ¢ if necessary, the assumption of Lemma B4 ensures that there exists (i,7) € E
such that (ByCy); = a <0< a = (B¢Cy)ij. So, if we denote P : € — R by P(X.Y,z) = (XY);;, then
Y(Bg, Ck, () < 0 < ﬂ)(Bg, Cy, Cp). Slnce C is connected and 1 is continuous, it follows that P(X,Y,2) = 0 for
some (X,Y,z) € C. Let u € {1,...,h} be the index for which (i, j) € Ju. By the definition (B3) of p,, the
fact that P(X,Y,z) = (XY);; = 0 implies that p,(X,Y,2) = —22 — wul < — Lyl < 0, since u > 0. Hence
(X,Y,z) ¢V, in contradiction to our choice of (X,Y, 2) as an element of CC \7

Recalling (B3), for all u € {1,...,h} the degree of p, is 4]|J,| < 4. So, the variety V in (B8) is defined using
h polynomials of degree at most 4o in 2nr + h variables. By (a special case of) a theorem of Milnor [?] and
Thom [?], the number of connected components of V is at most 4o(8c — 1) +h=1 = 4o(8e¢ — 1)2nrHIEI/] =1,
Since we already established that this number of connected components is at least m, it follows that

nrt | 1Bl 1 F og E
m < daa— 1R o s a’f”Wﬂ.ﬂ“) (57)

\
The value of « € N that maximizes the rightmost quantity in (52) satisfies

El [ [E| ’
ax ————|log .
log(2m) \ log(2m)

For this « the estimate (57) simplifies to imply the desired bound r 2 log m/(nlog(|E|/logm)). O

Proof of Lemma 3. For notational couvenjence, write L = {A1,...,A,} and R = {p1,...,pn}, and think of E
as a subset of {1,...,n}? (i.e., (i,4) € E if and only if {\;, p,;} is an edge of G).
For every A € N denote

B,y 9 {a CEo {—,+}: dimeg (L+ UL UR, df;T) < A} . (58)

Then, by the definition of diing o(-), if 0 € Ba, we can fix a normed space (X, || - || x,) with dim(Xs) = A and
a mapping fo : LT UL~ UR — X, that satisfies

Yoy e FULUR, w(dy(2,) < |fo(@) = foly)llx, < Qd5" (2,9)). (59)

Using the Hahn—Banach theorem, for each i € {1,...,n} and 0 € Ba we can fix a linear functional z5; € Xg
of unit norm that normalizes the vector fo(X[) — fg( .)€ Xg, ie.,

sup M =1. (60)
weX {0} [wllx,

Z;,i(fc(ki) f(r ) - Hf(r fG HXU and Hz*’.

Using these linear functionals, define an n x n matrix A; = (af;) € My, (R) by setting

V(Z,j) € {17'-‘771}27 fj = (fc(pj)) Za,i(fc(x;) +f0(>\i )) (61)
Observe in passing that the following identity holds true for every i,j € {1,...,n} and o € Ba.
. 1, _ N i
olij)af; = 520 (Fo(X) = fo 7)) + (i )z (folos) = o (AT")). (62)
(Simply verify (62) for the cases o(i,j) = + and o0(4, j) = — separately, using the linearity of 27 ;.)
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Since we are assuming in Lemma B3 that the shortest cycle in the template graph G has length at least g, it
follows from Claim B2 that dg,(X,A;) > g for alli € {1,...,n} and 0: E — {—,+}. So,

70N

=T (N A7) B min {sdg, (N, A7), T > min{sg, T} 2 sg. (63)

VIR 17 ”L
Recalling (3), we have {?\G(m ,p;} € Eg for all (4, ) € E. Hence dg, (A G(Z’]), pj) = 1 and therefore

(EE)
dfy’T(}\G(Z’]), pg) < Sng (A (7])’ pj) = 3. (64)

Consequently, for every (i,j) € E and o € Bp we have
(52)

1
oid)a > aalfol) = fol)) = by, |

A 1
2 fufcm ~ 50Dy, - |

o - ()
fo(pj) — fc( AT )‘
(59)

> (dST(A+ }\—)) Q(dST(A( )7p]))

177

Xy

(B3)A\(52) 1 (&2)

> §w(sg) —Q(s) > 0.

Hence, af; # 0 and sign(af;) = o(i, j) for all (i,j) € E and 0 € Ba. This is precisely the setting of Lemma £2
(with m = |Ba|), from which we conclude that there exists T € By suchi that

clog | BAl

rank(A;) > e (65)
nlog \105|BA|)
where ¢ € (0,00) is a universal constant. Henceforth, we shall fix a specific T € B as in (B3).
Since T € Ba we have dim(X;) = A, so we can fix e, basis el, ..., e of X; and for every j € {1,...,n} write
f(pj) = y%jei + ... +yA-eTA for some scalars Vi,j’ 2) ,VTAJ € R. Hence,
(E[I) * VAN * A 1 * —
(a;r])? 1 = 'YT,J( (6%))?21 R YT,j (ZT,i(eT ))?:1 - 5(20,1' (fTO\er) + fT(}\z )))?:1

We have thus expressed the columns of the matrix A; as elements of the span of the A + 1 vectors

(#2a(en))imrs (i€ iy (22a(€)) iy (20, (F ) + £x(A7))) 1, € R
Consequently, the rank of A; is at most A + 1 < 2A. By contrasting this with (63), we see that

[E| [E| c|E|
1 > .
log | Ba | ©8 log | Ba | 2An (66)

We shall now conclude by showing that Lemma 3 holds true with n = ¢/2. Indeed, fix € (0,3] and

observe that we may assume also that on|E|/n > 1, since otherwise the left hand side of (E8) vanishes. Then,
by choosing A = [9|E|/n| € N in the above reasoning it follows from (BB) that

E| E| c _1
— g ——— ) >——==>3>e¢
log [Ba| ° \log |[Bal) = 261 ~ & ‘
This implies that |Ba| < 3B, Equivalently, P[Ba] < (26) 7/l which is the desired bound (&8). O

5. NONLINEAR SPECTRAL GAPS AND IMPOSSIBILITY OF AVERAGE DIMENSION REDUCTION

Fix n € N and an irreducible reversible row-stochastic matrix A = (a;;) € M, (R). This implies that there is a
unique® A-stationary probability measure 7t = (711, ...,7,) € [0,1]" on {1,...,n}, namely A = 7, and we have
the reversibility condition m;a;; = mja;; for all 4,5 € {1,...,n}. Then A is a self-adjoint contraction on L(m),
and we denote by 1 =A1(A) > A2(A) > ... > A\, (A) > —1 the decreasing rearrangement of its eigenvalues.

8We are assuming irreducibility only for notational convenience, namely so that 7t will be unique and could therefore be suppressed
in the ensuing notation. Our arguments work for any stochastic matrix and any probability measure 7 on {1,...,n} with respect
to which A is reversible. We suggest focusing initially on the case when A is symmetric and 7t is the uniform measure on {1,...,n},
though the general case is useful for treating graphs that are not regular, e.g. those of Section . See [?] for the relevant background.
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Given a metric space (11, dpy) and p > 0, define y(A, d},) to be the infimum over those y > 0 such that
n
Vri,...,z, € M, ZZT[ZT[]dm xi, xj)P yZZT{ZaUdm (i, 2)P. (67)
i=1 j=1 =1 j=1
This definition is implicit in [?], and appeared explicitly in [?]; see [?, 7, ?] for a detailed treatment. It suffices
to note here that if (H, || - ||z) is a Hilbert space and p = 2, then by expanding the squares one directly sees
that y(A, || - ||3;) = 1/(1 — A2(A)) is the reciprocal of the spectral gap of A. In general, we think of y(A, db,) as
measuring the magnitude of the nonlinear spectral gap of A with respect to the kernel dj, : 111 x 111 — [0, c0).
Using the notation that was recalled in Section I, the definition (62) immediately implies that nonlinear
spectral gaps are bi-Lipschitz invariants in the sense that y(A,d},) < cn(M)Py(A,d}) for every two metric
spaces (1M, dm) and (1,dp), every matrix A as above and every p > 0. In particular, if (H, | - | g) is a Hilbert
space into which (171, dy;;) admits a bi-Lipschitz embedding, then we have the following general (trivial) bound.

YA diy) < (M) /Y (A ] - [13)- (68)
In the recent work [?] we proved the following theorem, which improves over (63) when 771 is a Banach space.

Theorem 45. Suppose that (X, ||-|x) is a Banach space and that (H, ||-1jz) ¢ a Hilbert space. Then for every
M € (0,00) and every matriz A as above for which Ag(A) < 1 — M?/ca(X )% we have

YA 1R) £ B D ) a1 ). (69)

In the setting of Theorem B, since Y(A, || - [|%) = 1/(1 — M»(A)}, the bound (E9) can be rewritten as

2
Y(A, |- ||§() < <log(C2()« ) /1 — Ao(A) + 1)) |

—A2(A)
which is how Theorem B3 was stated in [?]. Note that (B9) coincides (up to the implicit constant factor) with
the trivial bound (B8) if M = O(1), but (B9) is an asymptotic improvement over (68) as M — oo.
The proof of Theorem B3 in [?] is a shorv interpolation argument that takes as input a theorem from [?].
While we do not know of a different proof of (63), below we will present a new and self-contained derivation of
the following weaker estimate (using the same notation as in Theorem B3) that suffices for deducing Theorem I9.

vl 5 e D o A ). (70)

The proof of (I[0) appears in Section 6B below. We will next show how (I0) implies Theorem 9 as well as the
leftmost inequality in (I2), which includes as a special case the triple logarithmic estimate in (22).

Given n € N and an n-vertex connected graph G = ({1,...,n}, Eg), let Ag be its random walk matrix, i.e., if
degg (i) is the degree in G of the vertex ¢ € {1,...,n}, then (Ag)w = 1y jyee./ degg(i) for all 4, € {1,...,n}.
Fori € {1,...,n} we alzo denote n® = degg (i )/(Q\Egl) Thus, 7 € R” is the probability measure on {1, coo,n}
with respect to which Ag is rever81ble We will use the simpler notation A;(Ag) = A;(G) for every i € {1,...,n}.
For p € (0,00)and a metric space (17, dp), we will write y(G, d%;) = Y(Ag, d%;). The shortest-path metric that
is induced by G on {1,...,n} will be denoted dg : {1,...,n} x {1,...,n} — NU{0}.

Theorem 46. There is a universal constant K > 1 with the following property. Fixn € N and o« > 1. Let
A € M, (R) and 7 € [0,1]" be as above. For every normed space (X, | - ||x), of f:{1,...,n} = X satisfies

( S gl £G6) - f<j>rr%()2 <a (71)

i=1 j=1

then necessarily

1—Ao(A) Py Py X -
dim(X) > K8/ Eh Eamm 010l (72)
In particular, in the special case when G = ({1,...,n},Eg) is a connected graph we have
1
1 . . 2 . 122(6) Gl f(
(rEG| > s - f(y)\\?%) Cou = dm(X) 2K ¢ VIR D00’
{ivj}eEG
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In the case of regular graphs with a spectral gap, Theorem BB has the following corollary.

Corollary 47. Fix two integers n,r > 3 and let G = ({1,...,n},Eg) be a connected r-regular graph. If

(X, | - llx) is a normed space into which there is a mapping f: {1,...,n} — X that satisfies
1 2 1o o
(o & 0-s0R) <« aa  (HXNI0-101F) > 5D D dei). (@
G {i,j}€Eq i=1 j=1 i=1 j=1

then necessarily
) c(1-25(6))
dim(X) 2 n «losgr
where ¢ € (0,00) is a universal constant.

Proof. This is nothing more than a special case of Theorem EB once we note that by a straightforward and
standard counting argument (see e.g. [?]) we have 2 3" | > j-1dc(i,j) 2 log, m. O

For every integer r > 3 there exist arbitrarily large r-regular graphs G with Ay(G) = 1 — Q(1); see [?] for
this and much more on such spectral expanders. Corollary B shows that the shortest-path metric on any such
graph with » = O(1) satisfies the conclusion of Theorem IIQ because the o-Lipschitz assumption of Theorem 9
implies the first inequality in (Z3) and the assumption - lel i f @) = fO)llx = L3>t > i1 da(i, 7)
of Theorem M9 implies the second inequality in ([[3) (using Jensen's inequality).

Note that we actually proved above that any expander is "metivically high dimensional" in a stronger sense.
Specifically, if G = ({1,...,n}, Eg) is a O(1)-spectral expander, i.e., it is O(1)-regular and A2(G) < 1—(1), and

i 5 \ for i 1 |2
one finds vectors z1,...,x, in a normed space (X, || - [l x) fer which the averages ol > qijreee @i — x;(l% and

5 >oijmt i — % are within a O(1) factor of the averages \E71G| > {ij}eEe dg(i,§)* =1 and 5 doij=1 dg(i,5)?,
respectively, then this "finitary average distance information" (up to a fixed but potentially very large multiplica-
tive error) forces the ambient space X to be very high (worst-possible) dimensional, namely dim(X) > n®1),

Remark 48. If one replaces (IZ3) by the requirement that for an increasing modulus w : [0,00) — [0,00) we
have,

(B X Wo-s@B) <t ma (HX060-5013) > 5 LD wldali). (79
=1 j=1

{i.7}€Eq i=1 j=1

Pol=

N|—=

then the above argumerd applies mutatis mutandis to yield the conclusion
dlm(X) > ec(lfkg(G))w(clogr n) (75)

Indeed, the aforementioned counting argument shows that least 50% of the pairs (i,7) € {1,...,n}? satisfy
dg(i,7) 2 log, n. Compare (Z3) to Theorem [ which provides a stronger bound if the average requirement (72)
is replaced by its pairwise counterpart (I8). Nevertheless, the bound (I73) is quite sharp (at least when r = O(1)
and A2(G) =1 — (1)), in the sense that there is a normed space (X, || - || x) for which (2) holds and

C(log r Clogn
dim(X) < ¢ )‘”(vl-%m) logn, (76)
where C' > 0 is a universal constant. Indeed, by [?] the diameter of the metric space ({1,...,n},dg) satisfies

diam(G) < (logn)/y/1 — A2(G). By an application of (I2) with & =< (log, n)/w(diam(G)) there exists a normed
space (X, || - ||x) with dim(X) < n?1/® logn, thus (8) holds, and a mapping f : {1,...,n} — X that satisfies
dg(i,7)/a < || f(@) — fU)llx < dg(i,7) for all 4,5 € {1,...,n}. Hence, the first inequality in (Z2) holds, and

(0= 10I8) > 2 (S as67) 2 " = o diam(@)) > 5 5> el )

i=1 j=1 i=1 j=1 i=1 j=1
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Proof of Theorem B8 assuming (7Q). Let C' € (0,00) be the implicit universal constant in (Z0). Then

(S mmisi - 1018) " 2 VAl ) (ZZmaqu <j>||%()%

i=1 j=1 i=1 j=1
(Eﬂ) ) Calog(ca(X) + 1)
<

where the last step of (IZ7) is an application of (70) with M = ca(X)+/1 — A2(A), while using that for a Hilbert
space H we have y(A, |- %) = 1/(1 — A2(A)). Tt follows that

[SIE

(77)

1—Ao(A)
() > 26(X) > 0o(X) +1 5 ¢ oo VEL D mmF0-f0)l 78

i

where the first step of (IZ8) uses John’s theorem [?]. This establishes (2) with K = ¢/¢ > 1. O

For non-contracting embeddings (in particular, for bi-Lipschitz embedding), the proof of the following lemma
is an adaptation of the proof of [?, Theorem 13].

Lemma 49. Fiz two integers n,r > 3 and let G = ({1,...,n},Eg) be a connected r-reqular graph. If (X,| || x)

is a normed space into which there is a mapping f : {1,...,n} — X that satisfies
1
6 = U)X ( L= ey 2 ) 2
min ——A—"C >, and y @) — f(y <« 79
i#] {v.i}€EG
Then necessarily
logn N o~
logrnzdun(x) < o“/ W (G, || HX) (80)

Prior to proving Lemma B9, we will derive some of itz corollaries. For the terminology of Corollary B0 below,
recall that a Banach space Y is said to be B-convex [7] if ¢1 is not finitely representable in Y'; see the survey [?]
for more on this important notion, including useful analytic, geometric and probabilistic characterizations.

Corollary 50. There is a universal constant C € (0,00) for which the following assertion holds true. Let'Y be
an infinite dimensional B-convexr Banach space. For arbitrarily large n € N, if « > C'logn, then we have

logn

10g (logn)

Proof. The upper bound k%{(/«,Y) < (logn)/log(a/logn) actually holds for any infinite dimensional Banach
space Y. Indeed, by Bourgain’s embedding theorem [?] any n-point metric space 711 admits an embedding f
into ¢ with distortion Alogn, where A € (0,00) is a universal constant. If o > 4Alogn, then by applying the
JL-Lemma [?] we know that f(771) embeds with distortion o/(2A logn) into £5, where k < (logn)/log(a/logn).
By Dvoretzky’s theorem [?], we know that 5’5 embeds with distortion 2 into Y, so overall we obtain an embedding
of 1M1 into a k-dimensional subspace of Y with distortion at most 2(Alogn)(x/(2Alogn)) = «.

Conversely, suppose that « > 2logn and that Y is a B-convex Banach space. By a theorem of V. Laf-
forgue [?] (see also [?] for a different approach), for arbitrarily large n € N there is a O(1)-regular graph
G = ({1,...,n},Eg) such that v(G,|| - ||?) <y 1. If ({1,...,n},dg) embeds with distortion « into a k-
dimensional subspace of Y, then by Lemma B9 we have n'/(¥) <y «/logn. Thus k >y (logn)/log(a/logn),
as required. O

k) (loo, V) <y (81)

Thus, we have in particular k"5 ((s,Y) <y logn.

Question 51. Is the assumption of B-convexity needed for the conclusion (B1) of Corollary 607 Perhaps finite
cotype suffices for this purpose? This matter is of course closely related to Question 22.

Corollary 52. Under the assumptions and notation of Lemma B3, we have
alog(ca(X) +1)
1 —2A2(G)

Proof. This is nothing more than a substitution of () with M = ca(X)+/1 — A2(G) into (ED). O

logn

1
1,2 dim(X) 5

log r
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Since by John’s theorem [?] we have co(X) < /dim(X) and for every n € N there exists a graph G as in
Lemma 9 with r = O(1) and A2(G) = 1 — (1), it follows from Corollary 62 that

1
alog(kn(loo) + 1) 2 n2kiteo) logn.

This implies the lower bound on k%(/,) in (I2
Proof of Lemma F9. Denote v = y(G, | - |%

)
W= S~ (Bx (f(0),e/2v) ) = { € {L,..om}: 11F() = F()Ix < /2y (82)

Let m € {1,...,n} satisfy |Un| = maxjeqy,. ny [Wil. Then

E)A@) 2 X -
R S S (G I 10)] S S S IO 001 X

i=1 j=1 =1 je{l,...n}\U;

n

3 (/)20 — W) 2 2mvel(n — [Unl). (83)
This simplifies to [Up,| > in. Also, since =5 S°F S () — fOlk =2 >0, i_1dc(i,5)* 2 (log, n)?,

the first inequality in (B3) implies the a priori lower bound a,/y 2 log, n
Next, fix p € (0,00) and let No, C U, be a maximal (with respecé i inclusion) 2p-separated subset of Uy,.
Then WU,, C Ujen, Ba(i,2p), where Bg(7,2p) denotes the ball centered at i of radius 2p in the shortest-path
metric dg. Since G is r-regular, for each i € {1,...,n} we have the (crude) bound |Bg(i,2p)| < 2r?*. Hence,
1 < U | < 2r2°Ngp|. So, if we choose p = % log, n, then i3\42 | 2 v/n. Since by ([[A) distinct 4, j € Na, satisfy
(@) — fU)llx = da(i,j) = 2p, the X-balls {Bx(f(i).2) : ¢ € Nap} have pairwise disjoint interiors. At the
same time, since each i € Ny, belongs to U,,, we have || f(i) — ( )| x < /2y (by the definition of U,,), and
hence Bx (f(i),p) C Bx(f(m), /2y + p). So, writiug dim(X) = k, we have the following volume comparison.

(¢
). In particular, for o < logn it gives the first inequality in (22).

. Forie{1,...,n} write

(ay/2y + p)*voly (Bx (0,1)) = voly, (Bx{f{im), x\/2y + p)) volk< U Bx(s >
ZGsz
= % vol(Bx(f(i),p)) = p*volx(Bx(0,1))[Nay| 2 p*voli(Bx(0,1))vn.
1€Na,

This simplifies to give nak < 5"{\& +1x 122{17 where we used the definition of p, and that o\/y 2 log.n. O
5.1. Nonlinear Rayleigh quotient inequalities. Our goal in this section is to present a proof of (0). As
we stated earlier, the proof that appears below is different from the proof of Theorem B3 in [?]. However, the
reason that underlies its validity is the same as that of the original argument in [?]. Specifically, we arrived at
the ensuing proof because we were driven by an algorithmic need that arose in [?]. This need required proving
a point-wise strengthening of an upper bound on nonlinear spectral gaps, which is called in [?] a "nonlinear
Rayleigh quotient inequality.” We will clarify what we mean by this later; a detailed discussion appears in [?].

The need to make the interpolation-based proof in [?] constructive/algorithmic led us to merge the argument
in [?] with the proof of a theorem from [?], rather than quoting and using the latter as a "black box" as we did
in [?]. In doing so, we realized that for the purpose of obtaining only the weaker bound () one could more
efficiently combine [?] and [?] so as to skip the use of complex interpolation and to obtain the estimate ([70) as
well as its nonlinear Rayleigh quotient counterpart. Thus, despite superficial differences, the argument below
amounts to unravelling the proofs in [?, ?| and removing steps that are needed elsewhere but not for (IZ0).
At present, we do not have a proof of the stronger inequality (69) that differs from its proof in [?], and the
interpolation-based approach of [?] is used for more refined algorithmic results in the forthcoming work [?].

We will continue using the notation/conventions that were set at the beginning of Section B. Fix p > 1 and
a metric space (171,dy). Let Ly(7t; 771) be the metric space (1", dy, (x:m)), Where dp, () @ 117 x 1™ — [0, 00)
is

hSA

n def -
Vo= (z1,...,2n),y = (Y1,....yn) €M", dp,um)(@,y) = (Zﬂidm(l’myi)p>
i=1
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Throughout what follows, it will be notationally convenient to slightly abuse notation by considering 711 as a
subset of Ly (; 711) through its identification with the diagonal subset of 7", which is an isometric copy of 17
in L,(m; 11). Namely, we identify each = € 111 with the n-tuple (z,z...,z) € IM"™.
If x = (z1,...,2n) € Lp(m; 111) \ 111, then the corresponding nonlinear Rayleigh quotient is defined to be
def Zz 1 Z) 1 T[Za'bjdm (‘T’U x])P
i1 D=1 TTGdm (i, )P

The restriction x ¢ 771 was made here only to ensure that the denominator in (84) does not vanish. By definition,

1
Y(A,db)) = sup —_—
(A din) = x€ Ly (m;M)~M R(x; A, dm)

R(z; A, db) < (84)

(85)

Note that Ly(7; X) is a Banach space for every Banach space (X, |- || x). In this case, the matrix A € M, (R)
induces a linear operator A®ldx : Ly(7; X) — Ly(7; X) that is given by (A®@ldx)(z1.. . 2,) = (327_; aijz;)iy.
The following lemma records some simple and elementary general properties of nonlinear Rayleigh quotients.

Lemma 53. Suppose that (111,dm) is a metric space, n € N, p € [1,00) and d € [0,1]. Let m= (my,...,m,) be
a probability measure on {1,...,n} and A,B € M, (R) be row-stochastic matrices that are reversible with respect
to 7. For any x € Ly(m;111) \ 111 we have

(1) R(z;8A+ (1 —8)B,dh,) = 8R(x; A, dby,) + (1 — 8)R(x; B, dby,)
(2) R(z; (1 —8)ld, + A, dby,) = SR(z; A, dby,), where Id,, € M,,(R) is the identity matriz.
(3) R(z; A dg’n) <.

(4) R(x; AB, dby)7 < R(w; A, dby) 7 + R(x: B, dly)7.

(5) R(z; At d%l) t'R(z; A, dby) for every t € N.

'U»—A

Proof. The first assertion is an immediate consequence of the definition of nonlinear Rayleigh quotients. The
second assertion is a special case of the first assertion, since by definition R(z;ld,,, d%) = 0. The third assertion
is justified by noting that by the triangle inequality, for every i,j, k € {1,...,n} we have

dm (i, 25)P < (dm (i, xp) & dm{og, 25)) <27 dm (@, a)? + 207 din (g, 25)P (86)
where the last step of (88) uses the convexity of the function (¢ € [0, 00)) + tP. By multiplying (88) by m;a;;/n?,
summing over i, j,k € {1,...,n} and using the fact that A is reversible with respect to 7, we get
N
\L Lmamdm zi, ;)P QPZZTEm]dm zi, )P,
=] j=1 =1 j=1

Recalling the notation {&2), this is precisely the third assertion of Lemma B3.
It remains to justify the fourth assertion of Lemma B3, because its fifth assertion follows from iterating its
fourth assertion t -- 1 times (With B a power of A). To this end, writing A = (a;;) and B = (b;;), we have

<sz (AB)ijdm (zi, ;) > (ZZm(Zambkj> (dm (i, z1) + dm(zp, 5))" >

i=1 j=1 i=1 j=1
(Zzzﬂzazkbkgdm T, T) ) (Zzzﬂzazkbkgdm (wg, z5)P >
=1 j=1 k=1 =1 j=1 k=1
n n n n 1
= (Zzﬂiaikdm(l‘z,wk)p> T+ (Zzﬂkbkjdm(xk,iﬁj)p> g (87)
i=1 k=1 J=1 k=1

where the first step of (B7) uses the triangle inequality in 777, the second step of (8B7) uses the triangle inequality
in L,(pn) with p being the measure on {1,...,n}> given by u(i,j, k) = mabg; for all i,j,k € {1,...,n}, and
the final step of (B7) uses the fact that A and B are both row-stochastic and reversible with respect to . O

The identity in the following claim is a consequence of a very simple and standard Hilbertian computation
that we record here for ease of later references.
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Claim 54. For every Hilbert space (H,|| - ||m) and every x € Lo(m; H) ~ H we have R(x; A% || - ||%) < 1.
Moreover, if Y r , miz; =0, then

(A @dm)a| 1, ()

1= R(x; A% |- 13).
20 2o s ) \/ "

Proof. Let (-,-) : H x H — R be the scalar product that induces the Hilbertian norm || - ||z. Then, the scalar
product that induces the norm || - || 1, mry is given by (y, 2) L, (mm) = 21 Ti(yi, 2i). By expanding the squares
while using the fact that A is row-stochastic, reversible relative to 7, and ;" | mz; = 0, we get that

S (A2l — 51 = 2Nl e — 2Zm<xz,2 >u~arj>

i=1 j=1 Jj=1
= 2||z|2 — 2z, (A’ @ Idp)z) = 2||z|2 —2liA®Idp)z||?
Lo(mH) ; H)Z) 1 ) Lo(mH) —~ “II HIP N Lo (e H
and
S iy — iy = 2Zm\|z@||H - 2\ @i =2l ey
i=1 j=1
Therefore, recalling the definition (84), we have
(A®Idg)z’
(a3 = 1 - LA S e O
”33|!12(mH)
Lemma 55 (point-wise Rayleigh quotient estimate for Hilbert isomorphs). Let (X, || - ||x) be a normed space
and fiz d € [1,00). Suppose that || - ||gr : X — [0,00) is a Hilbertian norm on X that satisfies
VyeX,  lwin < llyllx <dllyla (88)
For every x € La(m; X) \ X define a quantity t(x,\) = t(x;A,| - ||z, d) to be the minimum t € N such that
1, 1.2 1
y(&;(an42A) JLH%) >1- 5 (89)
with the convention that t(x;A) = oo if mo such t exists. Then,
1
s St A (90)
R(z; A |- 11%)
Proof. We may assume without loss of generality that > | mz; = 0 and t(z; A) < co. Define a matrix
1 1 \t(x:A)
Bxiﬁ(imn+—§A) € My (R). (91)

Then B, is also a row-stochastic matrix which is reversible with respect to 7, and, by the definition of t(x;A),

1
R@iBL - I3) 21—

By Claim B4, since Z _, mx; = 0, this implies that

B, ®Id :
I )8 oy (LY _ L (92)
2/ Ly (s 1) 4d? 2d

At the same time, due to (B8) we have

1(Be @ldx)2ll 1y mxy  N(Be @ 1da)all iy (93)
[EIINES'S! - 1221 £ ()
By combining (92) and (83) we see that [|(B @ ldg)z|| 1, x) < %HQUHLQ(n;X)- Consequently,
1
[z — (Bz @ ldx) [l 1, (. x) 2 2] o) — [[(Be @ Mdx) 2 1) () = §Hx|’L2(n;X)~ (94)
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Observe that
n o n % n n ) %
(szmuxi - xju?x) < (szjumux T llzjlx) ) < 2l e (05)
i=1 j=1 i=1 j=1

where in the first step of (83) we used the triangle inequality in X and the second step of (g5) is an application
of the triangle inequality in La(7t ® 7). Also, since B, is row-stochastic,

D < (Zn:Zn:m(Bx)ijnm - xj\§(>57 (96)

i=1 j=1

n

2 = (By @ ldx) x|l 1, (e x) = (Z“

=1

n

> (Ba)ij(wi — )

j=1

where in the final step of (88) we used the convexity of the function || - ||% : X — R.
Recalling the definition (84), by substituting (83) and (88) into (94) we see that

1 1 \t=A) (exm) 1
R (510 + 58) ) D R(wiBa1B) > (97)

= |

We now conclude the proof of the desired estimate (80) as follows.

() 1 1\ t@A) 1 1 S\ 1
15 R (Ghda b 5A) TR ) < e APR (@ i+ A I ) = @ AR (AR, (98)
2 2 2 2 Y~ 2

where the second step of (88) uses the fifth assertion of Lemma B3, and the final step uses its second assertion. [J
The quantity t(x; A) of Lemma B3 can be bounded as follows in terms of the spectral gap of A.

Lemma 56. Continuing with the notation of Lemma B4, ihe following estimate holds true.

log(2d) < log(2d)

~1—A(A)

t(iA) < { (99)

2
| log (iixT(A))

Proof. Since A is row-stochastic, A, (A) > —-1. Therefore %Idn+%A is a positive semidefinite self-adjoint operator

on Lo(m) that preserves the hyperplane L2(‘fr) = {u € R™; Z? 1 mu; = 0}. The largest eigenvalue of 11d, + 1A

on LY(m) is 2 + FA2(A), and therefow (31d,, + 3A)" || Ly (r) < < (3 4+ 30 (A)) [ul| Ly () for uw e LY(m) and t € N.
If v € Lo(m; X) \ X satisfies J 07| m; xl 0, then we may apply the above observation to the coordinates of

x with respect to some orthonotmial basis of H, each of which is an element of L9(7r), and deduce that

IaaY 1a\t
||.[{,.an+fA) @1dy ) 1]
11 t N2 2 Lo (mH) 1 1 \2t
S+ onA) 2 B M) 1= R (Fid +2A) L1 ), 100
(5+3%@) 3 T i (gl + 3A) I s (100)

where in the second step of () we applied Lemma 64 with A replaced by (31d,, + $A)t. Hence
1 1 \2t ) 1 1 2t
s\ 5ldn 5 I 2 1- (7 a ) .
sz(a: <2Id + 2A> I HH) 5+ 3h(R)

Consequently, if t > (log(2d))/log(2/(A2(A) + 1)), then R(w; (31dn + 2APE, || -[|3;) = 1— ;3. By the definition of
t(z; A), this implies the first inequality in (89). The second inequality in (99) follows by elementary calculus. [

Proof of (). By a classical linearization argument [?] (see [?, Chapter 7] for a modern treatment), for every
d > co(X) there is a Hilbertian norm || - ||z on X that satisfies (88). We therefore see that for every A as above

sup t(x; A)

3
VYA L-120E swp
€L (mX)NX /:R I’ A ” HX x€Lo(mX)NX
log(ca(X) + 1)

) Jog(c og(c
S lg(f()il(;)” YA ) < e D ey LA B, Gon

where, for the final step of () recall that in the context of (Z0) we assume that Ag(A) < 1— M?/c(X)2. O
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5.1.1. Structural implications of nonlinear Rayleigh quotient inequalities. Fix integers n,k,r > 3 (think of n
as much larger than k). Let (X, | - ||x) be a k-dimensional normed space. Suppose that G = ({1,...,n},Eg)
is a connected r-regular graph. Although we phrased (and used) Corollary B4 as an impossibility result that
provides an obstruction (spectral gap) for faithfully realizing (on average) the metric space ({1,...,n},dg) in
X, a key insight of the recent work [?] by Andoni, Nikolov, Razenshteyn, Waingarten and the author is that
one could "flip" this point of view to deduce from Corollary B2 useful information on those graphs that do
happen to admit such a faithful geometric realization in X, namely they satisfy (Z3). Clearly there are plenty
of graphs with this property, including those graphs that arise from discrete approximations of subsets of X
(as a "vanilla" example to keep in mind, fix a small parameter & > 0, consider a d-net in the unit ball of X as
the vertices, and join two net points by an edge if their distance in X is O(5)). The conclusion of Corollary &4
for any such graph is that it cannot have a large spectral gap, and by Cheeger’s inequality [?, 7, 7, ?] it follows
that this graph can be partitioned into two pieces with a small (relative) "discrete boundary." On the other
hand, if we are given a mapping f : {1,...,n} — X that satisfies the first condition in (Z3) but not the second
condition in (I73), then there must be a ball in X of relatively small radius that coniains a substantial fraction
of the vectors {f(i)}"_,. The partition of {1,...,n} that corresponds to this dense ball and its complement
encodes useful geometric "clustering" information. We have thus observed a dichotomic behavior that allows
one to partition geometrically-induced graphs using either a "spectral partitici" or a "dense ball partition."

In [?], the above idea is used iteratively to construct a hierarchical partition of X. Our overview suppresses
important technical steps, which include both randomization and a re-weighting procedure of the graphs that
arise at later stages of the construction (the start of the construction is indeed the above "net graph"); see [?]
for the full details. In particular, one needs to use general row-stochastic matrices due to the re-weighting
procedure, i.e., one uses the full strength of Theorem BB rather than only the case of graphs as in Corollary 4.

In summary, one can use the bound (Z0) on nonlinear speciral gaps to provide a "cutting rule" that governs
an iterative partitioning procedure in which each inductive step is either geometric (a ball and its complement)
or a less explicit existential step that follows from speciral information which is deduced from a contrapositive
assumption of (rough, average) embeddability. This striictural information is used in [?] to design a new data
structure for approximate nearest neighbor search in arbitrary norms (see the article of Andoni, Indyk and
Razenshteyn in the present volume for an extensive account of approximate nearest neighbor search). Although
this yields important (and arguably unexpecied) progress on an algorithmic question of central importance, the
non-explicitness and potential high complexity of the spectral partitioning step raises issues of efficiency that
are not yet fully resolved. Specifically, tiic most general data structure that is designed in [?] is efficient only
in the so-called "cell probe mode!," but not in the full polynomial-time sense; we refer to [?] for an explanation
of these complexity-theoretic iszues and their significance, because they are beyond the scope of the present
article.

While the above issue of eificiency does not occur in our initial investigation within pure mathematics, it is
very important from the algorithmic perspective. This is what initially led to the desire to obtain a nonlinear
Rayleigh quotient inequality rather than to merely bound the nonlinear spectral gap, though (in hindsight)
such inequalities are interesting from the mathematical perspective as well. We did not formally define what we
mean by a "nonlinear Rayleigh quotient inequality" because there is some flexibility here, but the basic desire
is, given x1, ...,y € X, to bound their Rayleigh quotient in X by a Rayleigh quotient of points in a Euclidean
space.

The inequality (80) of Lemma B3 is of the above form, because the parameter t(x; A) defined by (89) involves
only examining a certain Rayleigh quotient in a Hilbert space. It should be noted, however, that to date we have
not succeeded to use the specific nonlinear Rayleigh quotient inequality of Lemma BA for algorithmic purposes
(though with more work this may be possible), despite the fact that it was found with this motivation in mind.

Other nonlinear Rayleigh quotient inequalities were obtained in [?, ?] and used to address issues of algorithmic
efficiency. Very roughly, the drawback of (80) is that the matrix A is changed in the Hilbertian Rayleigh quotient
of (B9) (the main problem is the potentially high power 2t). A more directly algorithmically-useful nonlinear
Rayleigh quotient inequality would be to change the point x € Lo(7t; X)) but not change the matrix A. Namely,
suppose that we could control R(z; A, || - ||%) from below by a function of R(ba(x); A, || - ||%), for some mapping
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ba : Lo(m; X) — Lo(mr; H). Nonlinear Rayleigh quotient inequalities of this type are proved in [?, 7], though
the associated mappings ¢ turn out to be highly nonlinear and quite complicated.®

The upshot of the latter type of nonlinear Rayleigh quotient inequality is that if (due to existence of a faithful
embedding into X) we know that R(z; A, | - ||%) is small, then it follows that also R($a(z); A, || - [|%) is small.
The proof of Cheeger’s inequality (via examination of level sets of the second eigenvector) would now provide a
sparse "spectral partition" of {1,...,n} that has the following auxiliary structure: The partition is determined
by thresholding one of the coordinates of H (in some fixed orthonormal basis), namely the part to which each
i € {1,...,n} belongs depends only on whether the coordinate in question of the transformed vector da(x); € H
is above or below a certain value. If in addition (A, z) — ¢a(x) has favorable computational properties (see [?]
for a formulation; roughly, what is important here is that after a "preprocessing step" one can decide quickly to
which piece of the partition each i € {1,...,n} belongs), then this would lead to fast "query time."

The above description of the algorithmic role of nonlinear Rayleigh quotient inequalities is impressionistic,
but it conveys the core ideas while not delving into (substantial) details. Such inequalities are interesting in
their own right, partially because they necessitate making mathematical arguments constructive, thus leading
to new proofs, as we did for (70), and also leading to intrinsically meaningful studies, such as obtaining [?]
algorithmic versions of existential statements that arise from the use of the maximum principle in complex
interpolation.
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