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Abstract

There have been incredible progress in the last twenty years in the rigorous analysis of planar statistical
mechanics models whose limits are conformally invariant. This paper wili not try to survey all the recent
advances. Instead, it will discuss some recent results about particular conformally invariant measures on
loops and paths.

1 Introduction

One of the main goals in statistical physics is to understand macrosopic behavior of a system given the
interactions which are mainly microscopic but may exhibit long range correlations. Such models often
depend on a parameter and at a critical value of the parameter the collective interaction switches from being
microscopic to macroscopic. Critical phenomenz is the study of such systems at or near this critical value.

There is a wide class of models (percolation, self-avoiding walk, Ising and Potts model, loop-erased
random walk and spanning trees,...) whose behavior is very dependent on the spatial dimension. There
exists a critical dimension above whick the behavior is relatively simple (although it is not always trivial
to prove this is true!), but below the critical dimension there is “non mean-field” behavior with nontrivial
critical exponents for long-range correlations and fractal structures arising.

It was first predicted by Belavin, Polyakov, and Zamolodchikov [3, 2] that the continuum limit of critical
fields in two dimensions would exhibit some kind of conformal invariance. This idea along with the related
Coulomb gas techniques allowed for a number of nonrigorous predictions of critical exponents, see, e.g.,
[8, 7,10, 48, 49, 51]. These exact exponents agreed with simulations so even though the theoretical arguments
were far from being mathematically rigorous, it seemed clear that they were giving correct predictions and
hence there should he mathematical structures and theorems to make precise and prove these predictions.

Major breakthroughs in the rigorous theory happened in around the turn of the twenty-first century.
Probably the most important is Schramm’s creation of what it now called the Schramm-Loewner evolution
(SLE). This combined with ideas of Werner and myself on the Brownian intersection exponent opened up
the understanding of the continuum limit for curves and interfaces of fields. On the discrete side, Kenyon
used conformal invariance to prove the exact value of the dimension of the loop-erased walk and Smirnov
proved “Cardy’s formula” for the crossing probabilities of critical percolation on the triangular lattice.

These works were just a start to what may be called a major subfield studying critical behavior of two-
dimensional systems. This has included two Fields medals [47, 21], two other plenary talks [53, 37], at least
four previous invited talks [56, 25, 13] plus a number of other invited talks somewhat related, and it has
been a part of the work of at least four invited speakers in this conference.

Given the explosive nature of the field, I will not try to give an overview. I have decided to give a personal
perspective and to focus on several loop measures and related models, loop-erased random walk (related to
uniform spanning trees) and the Gaussian free field. T start by introducing one of the main characters,
discrete loop measures, and show how they are related to some well known objects, spanning trees and
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determinant of the Laplacian. It also generates one of the random fractals, the loop-erased random walk,
and we then discuss what it means to take a scaling limit. This leads to a review of two of the main players
in the field: the conformally invariant Brownian loop measure and the Schramm-Loewner evolution (SLE).
I discuss a number of properties of SLE and focus on the most recent part to finish the characterization, the
natural or fractal parametrization of the curve.

The Gaussian free field in two dimensions is the next topic. I start with the discrete field and show
recent results that construct the field using the loop measure with some extra randomness. I then introduce
the continuous free field which has become the centerpiece of much of the work in conformally invariant
systems. Here I only give a quick introduction. In respect for my advisor, Ed Nelson, I have decided
to phrase this section in terms of nonstandard analysis [46]. While T am not sure this will add to the
mathematical development of the field, I have a hope that it will be a pedagogicai too! in the future to
explain the relationship between the discrete and the continuous. Here I use it tc heip define “Liouville
quantum gravity” which is the exponential of the Gaussian field.

The next part of the paper concerns the second type of loop, SLE type ioops. I again give a discrete
introduction focusing on the loop-erased random walk and spanning tres model. I then discuss recent
constructions of such loops — either as part of conformal loop ensembles (C'LE) or directly from the definition
of SLE. The first construction uses the Brownian soup directly and the second construction is modeled on
the definition of the Brownian loop measure and makes use of the natural parametrization.

I finish my discussing some recent results that combine the ideas in this survey, the convergence of the
loop-erased walk to SLFEs in the natural parametrization. This requires a combinatorial estimate involving
a signed loop measure and reduces the discrete problem to a calculation for the Brownian loop measure.
Then, it is shown how this relates to the the natural parammecrization of SLE.

2 Loop measures and spanning trees

We start with a simple definition. Given a countable set X and a function p: X x X — [0, 00), we define a
(rooted) loop 1= [lo,l1,...,l,] to be 2 fintte sequence with [; € X and lyp = l,. An important case is when
p is the transition matrix for a Markov or subMarkov chain. We let |I| = n denote the number of vertices in
the loop; if |I| = 0, the loop is trivia’ and p(l) = 1; if |I| > 0, p(l) = p(lo,11) p(l1,l2) - p(ln—1,1n). Our loop
measures will always be on nontrivial loops.

An (unrooted) loop £ is an eqoivalence class of rooted loops under the equivalence

o liy ooyl ~ 1,y by 1] ~ [loy sy ooyl Ly L] ~ e

In other words, an unrooted loop is a rooted loop that has retained its orientation but has forgotten its
starting point. We can write p(¢) since p(l) is the same for all representatives. The number of representatives
of an unrooted loop divides n but can be strictly less than n; for example, the unrooted loop generated by
[,y,z,y,z] has only two representatives. The loop measure on rooted loops is given by

p(l)

mil) = my() = T,

and the loop measure on the unrooted loops is the induced measure

mwzw@=2mmzwm@,

let

where s(£) denotes the number of rooted representatives of ¢. In this generality, there is no need to restrict
to positive values of p; indeed it can be complex-valued or even matrix-valued.

As an example, we will assume that X is a finite, connected, (undirected) graph and that p gives the
transition probabilities for simple random walk on the graph. In other words, p(z,y) = 1/d, if  is adjacent
to y where d, is the degree of 2. Wilson [61] found the following algorithm for choosing a spanning tree from



the uniform distribution over all spanning trees. Let us write X = {zo, 1, ..., 2, } where we have chosen an
arbitrary ordering of the vertices. We choose a spanning tree as follows thinking of xy as the root vertex:

e Start a random walk at x; and stop it when it reaches xy and erase the loops chronologically from the
path. Add these edges to the tree.

e Recursively, choose the vertex of smallest index that has not been added to the tree; start a random
walk there and stop it when it reaches a vertex in the tree; erase loops and add those edges to the tree.

We continue until we have a spanning tree. A straightforward analysis of the algorithm {see [30, Chapter
9]) shows that the probability that a particular tree 7T is chosen is

-1

Hp(ijyj) F(A) = H dy F(A)v F(A) = H C‘!A; (yﬁyj)'

yEX\{zo}
Here {y1,...,yn} is a permutation of A := {x1,...,z,} (determined by T); g; is the vertex adjacent to y;
in 7 on the path to zo; A; = A\ {y1,...,y;-1}; and G4, denotes the usual random walk Green’s function

for the walk killed upon leaving A;. The term in brackets is clearly independent of the permutation. While
it is not obvious that our definition for F'(A) does not depend on the ordering of the vertices, it indeed does
not. One can check this as a simple exercise in Markov chaiu theory but it is more illuminating to write it
in one of two order independent ways:

e F(A)=1/det A where A = G~ = (I — P) is the (negative of the random walk) Laplacian considered
as a matrix indexed by A;.

. Ifm:mp,

F{4) =exp {Z m(E)} , (1)
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The surprising fact is that Wilson'’s algorithm gives equal probability to each spanning tree; moreover, since
we know what this probability, is we can conclude that the number of spanning trees is

'{ Il @ Fa'=| [] dy| detA.

yeX\{zo} yeX\{zo}

This looks even nicer if we use the graph Laplacian A, (the degree matrix minus the adjacency matrix) in
which case the right-hand side becomes just det Ag. This is far from being a new result — it was proved by
Kirchhoff in the nineteenth century.

The fact that the quantity in (1) is a determinant can be seen if we write it in terms of the rooted loop
measure and use a well known identity,

exp{ > m(Z)} - exp{ZiTr(P”)} = det[I — P].

ICAy n=1

The great utility of the loop measure comes from its description in terms of unrooted loops; indeed, the proof
of Wilson’s algorithm uses the fact that one sample from a “soup” of unrooted loops in any order.
Although this can be done in generality, we will be focusing on a special case. Suppose that A is a finite,
simply connected subset of the integer lattice Z? containing the origin so that 4 = {x € Z? : dist(x, A) = 1}.
The usual simple random walk measure gives p(z,y) = 1/4 if |x —y| = 1. Suppose we take a simple random
walk starting at the origin, stop it when it reaches 0A, and then erase loops to give a self-avoiding path 7.
This gives a probability measure on self-avoiding walks (SAW) starting at the origin ending and JA. By



Wilson’s algorithm, it is the probability that the unique path from the origin to OA in the uniform spanning
tree of the graph X = AU {0A} is n (here, A is considered as a single point — this is called the wired
spanning tree). In this case, the number of spanning trees is 4#(4) F(A)~1,

Associated to loop measures are loop soups. This is a colorful term for a Poissonian realization from m.
Let £4 denote the set of unrooted loops in the set A. At each time ¢, the soup C;(A) is a multiset from L4
where loop ¢ appears N/ times. It is defined by saying that {N/ : £ € L4} are independent Poisson processes
with parameter m(¥).

There are various ways to describe the probability distribution for loop-erased random walk from the
origin to 0A without making reference to loop erasure. One nice one is as a Laplacian randoym walk. Suppose
the path starts as n = [ng = 0,71, ..., n]. Then the probabilities for the next step are given by weighting by
the solution of the Dirichlet problem (for the discrete Laplacian) in A \  with boundary value 0 on 1 and 1
on JA. In other words, loop-erased random walk is Laplacian growth where the growtii only occurs at the
tip.

Suppose we observe the loop-erased walk 1. Can we recover (with added randomness) the simple random
walk that produced n? The answer is yes, and the way to do it is by taiing a realization of the loop soup
Cy at time t = 1. We then use 7 to “explore” the loop soup. We start =t the origin and view all loops in C;
that intersect the origin. We turn these into rooted loops by choosing the origin as the root (if the origin is
visited several times choose randomly) and then add all the loops to the path in the order they appeared in
the soup. At this point we have not observed the soup in A\ {G}. We take our next step 7, and observe
the loops in A\ {0} that intersect 71, and continue. A short combiratorial argument [30, Chapter 9] shows
that the distribution of the path at the end is that of 2 usual simple random walk. Note that the order in
which we discover loops in the soup depends on the choice of n, and for a particular n we only observe the
loops that intersect 7.

The probability that a particular 7 is chosen for the loop-erased walk in A is 4" F,(A), where log F,(A)
denotes the loop measure of loops in A that intersect . What happens if we “perturb” the domain, say,
consider A C A? How does this change the probability of seeing a certain n? This probability is zero if
nN(A\ A) is nonempty, but otherwise it is 41"l F},(A). In other words, the Radon-Nikodym derivative is
given in terms of the loops in the larger domain that are lost when shrinking:

L ICU 3 m(f) b )
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In continuous models for paths and loops, one of the key quantities to consider is the effect of perturbation
of a domain on the nieasure of a particular path.

One observable cf a lcop soup is n, = n,(t), the number of times that a vertex x is visited by time ¢. In
the case t = 1 and the loop-erased walk, n, is a geometric random variable,

P{n, = k} = ¢* (1 - q), q:m.

More generally, the distribution of n,(t) is negative binomial,

Pl =1 = (LT ) -

One can convert to continuous times by adding independent exponential waiting times. For ¢t = 1, given n,,
we define L, (1) to be the sum of n, + 1 independent exponential random variables with parameter 1. Then
a standard computation shows that L,(t) has an exponential distribution with parameter gq. For other ¢, we
can choose L, (t) to be the sum of n,(¢) independent exponential random variables and a Gamma random
variable with parameters ¢ and 1. In particular, if ¢t = 1/2, then L, (t) is the sum of n,(1/2) exponentials
plus a random variable with the same distribution as Z?/2 where Z is a standard normal.

As we discuss below, {L,(1)/2 : € X} has the same distribution as {|Z,|> : z € X} where {Z, =
X, +1iY, : x € X} is a complex Gaussian field with independent real and imaginary parts each having
covariance matrix G. Equivalently, {L,(1/2)} has the distribution of {X?2}.



3 Scaling limits

In two dimensions, conformally invariant objects are obtained as scaling limits of discrete models. Both the
loop soup and the loop-erased walks have limits that we describe here. To each finite, connected subset A
of Z? = 7 + iZ we associate a domain in C,

DA:intlU(z—i-S) , S={z+iyeC:|z|, |yl <1/2}.

z€A

Conversely, if D is a simply connected domain in C containing the origin and 1/n is a laitice spacing, we let
A,, be the connected component containing the origin of all w with w+S8 C nD. Then weset D,, =n~1 Dy,
as a lattice approximation of the domain D. If z € n=' Z2, we write S, = z+n" LS.

As an example, let D be the square {z + iy : |z|,|y| < 1} so that A, = {z + iy € Z? : |z|,|y| < n}. Let
Zn = —n,w, = n. Then in the limit we get the square D = {x + iy € C: lu}, |y| < 1} with the boundary
points z = —1,w = +1. On A,, we have the LERW from z,, to w,; to be mecrc precise, we consider all simple
random walk paths starting at z,, ending at w,, otherwise staying in A.,. and erase the loops chronologically.
We also have the random walk loop measure. Here we consider the scaling limits of both.

We start with the loop measure which does not depend on the boundary points z,w. To each rooted
loop I = [ly, ..., l2;] in A, we associate the scaled loop 1) (t),0 <t < k/n?,

1M (j/n?) =n"ty, G<j<Fk, (3)

extended to other ¢ by linear interpolation. We give /() the same measure as [; in other words, the loop
measure on D,, is the same as the loop measure ci: A4,, except that the paths are scaled, As n — oo, the
total mass of the measure goes to co. The Brewnian scaling in (3) uses the relationship dt = (dx)? where
2 is the fractal dimension of Brownian paths. It is well known that the probability that a two-dimensional
simple random walk is at its starting point a‘ter 2k steps is asymptotic to (7k) ™!, and hence the measure of
loops 1™ rooted at a particular point ¢ € n~*Z? of time duration t = k/n? is asymptotic to

11 1

1
;E % = 27rt2 dt Area(SC) dt = —. (4)

n2
The scaling limit of this can now be determined [34] and is described in the next section.

The definition of the LERW from z to w starts with the usual random walk measure from z to w; to be
more precise, every neavest neighbor walk w = [wo, ..., wg] with wg = —n,wr = n and {wy,...,wk_1} € 4,
gets measure 4~ %, The tctal mass of this measure is the probability that a simple random walk starting at
—n immediately enters A, and then exits at n. It can be shown (using, for example, the “gambler’s ruin”
estimate for random walk or in this case by explicit computation as a finite Fourier series) that the total mass
is asymptotic to cn~2 for a (computable) constant c. If we erase loops from the paths we get a measure on
self-avoiding paths with the same total mass. As before, we can consider this as the measure on self-avoiding
paths n = [0 = —n,...,mx = n] with 91,...,9x_1 € A,, that gives measure 47 F,(A,), to each such 7.
The total mass can be written as the value of the partition function

Za,(Bi—n,m) = > e (4,

n:—n—n,nCA,

evaluated at the critical 5. = log4. The mass can also be described in terms of spanning trees. A wired
spanning tree of A, is a spanning tree of the graph A, U {0A,} where all the points in the boundary have
been identified to a single point. Using Wilson’s algorithm rooted at the boundary with z; = —n 4+ 1, we
can see that the total mass is (1/4 times) the probability that the uniform spanning tree contains a path
starting at —n + 1 and reaching the boundary along the edge adjacent to n.

In order to scale the paths, we need to know the fractal dimension d which can be defined roughly by
saying the that typical LERW crossing A,, has on the order of n¢ steps. Using the Brownian scaling as



the model, we associate to each LERW 1 = [no, ..., n;] connecting —n to n in A,, the scaled path of time
duration kn—¢,

NG/t =n""n; 0< <k (5)
When taking the limit, we first multiply the measure by n? so that the limit has finite total mass, and then
we take a limit of the paths above. The limit is be a version of the Schramm-Loewner evolution (SLE).

4 Brownian loop measure and soup in C

Let D be a bounded, simply connected domain in C. For every n, let A,, C Z? and D,, ="' A,, be defined
as in the previous section. The Brownian loop measure is the scaling limit as n — oo of the random walk
loop measure on A,,. It can be constructed directly [35], and, indeed, it was defined before the discrete loop
measures.

A rooted loop is a curve 7 : [0,t,] — C with v(0) = 7(t,) where t, € (C.c0). An (unrooted) loop is an
equivalence class of rooted loops under the equivalence v ~ ~" where " (¢} == v{t+r) and ¢+ is interpreted
modulo ¢,. We will define the loop measure first for rooted loops and then use this to define the measure
for unrooted loops. It is useful to view a rooted loop < as a triple {z,%.,%) where z is the root, ¢, is the
time duration, and 4 is a loop of time duration 1 rooted at the origin. The bijection is given using Brownian
scaling

Y(t) =z +t/24(t/t), <<t

The rooted loop measure on C can be given by

(Area) x x (Brownian bridge),

dt

2mt”
Here Brownian bridge refers to the probability mieasure associated to (appropriately defined) Brownian
motion starting at 0 conditioned to return t2 0 at time one. The middle term can be written as t=1 (2mt) .
The factor (27t)~! is the density of Brownian motion at time ¢ evaluated at the origin and the t~1 is the
analogue of the |I|~! term from the discrete loop measure. This is the natural continuum analogue of (4). To
give the measure on a domain D one vestricts this measure to loops in D. This is an infinite measure even
for bounded D because the rieasure of small loops blows up. This measure induces a measure on unrooted
loops which we call the Breownian loop measure. Poissonian realizations of the Brownian loop measure are
called Brownian loop scups.

The Brownian loop measure satisfies two important properties. The first is immediate but still very
important.

e Restriction property. If D’ C D then the loop measure on D’ is the same as the loop measure on
D restricted to loops that lie in D’.

The second is particular to two dimensions and is a starting point for analysis of conformally invariant
processes.

o Conformal invariance [35]. If f : D — f(D) is a conformal transformation, then the image of the
loop measure on D is the loop measure on f(D).

Let us explain the last statement. The Brownian (heat equation) scaling can be written intuitively as
dxz = +/dt. This is the scaling for a path with fractal dimension 2. (We will consider paths of fractal dimension
d for which dx = (dt)'/®.) The parametrization for the Brownian motion is a “natural” two-dimensional
parametrization |dB;| ~ t'/2. As shown first by Lévy [40], complex Brownian motion is conformally invariant
provided that one changes the parametrization to respect the fractal dimension. In our case, if v is a loop
in D of time duration ¢, we define a loop f o~ in f(D) by

t"f
ron = / (4 (3)) 2 ds,



and f o(r) = fly(o(r))] where .
/0 P (/(s)[2 ds = 7.

If up denotes the Brownian loop measure on unrooted loops and f o pup is defined by

foup(V)=up{y: foyeVy},

then fopup = pygpy. This result requires no topological assumptions on the domain D.

The definition of the loop measure is not very conducive to calculation. When computing measures of sets
it is often useful to use a decomposition of into Brownian (boundary) bubbles. This focuses on a particular
rooted representative of an unrooted loop. For example, if y = uc is the measure on the entire plane, then
we can write

fic = / PR, (z + iy) da dy.
C

This is a decomposition focusing on the (unique) point on the loop of smaliest imaginary part. Here 3 (0)
is a o-finite measure on loops rooted at the origin and otherwise staying in the upper half plane H. It can
be defined in a number of equivalent ways by taking limits. More generaily, if f : D — f(D) is a conformal
transformation, z € 9D, and z and f(z) are analytic boundary points, we have the conformal covariance
rule

Fo (=) = |f (=) 15, (2).

Another useful way to write po is by focusing on the point of greatest magnitude
[ bub
pe = | () dACz), (6
SO

where D is the unit disk.

5 Measures on self-avoiding curves

The loop-erased random wzalk is one of many lattice models for which scaling limits are expected to exist.
Many of them are parts of more complicated fields, for example, loop-erased random walks arise as macrosopic
paths in scaling limits cf unitorm spanning trees. Suppose D is a bounded, simply connected subdomain of C
containing the origin which for ease we will assume has an analytic boundary. Let z,w be distinct points on
the boundary. We will consider measures on (continuous) curves 7y : (0,¢,) — D with v(0—) = z,v(ty+) = w
(we sometimes allow t, = 00). Much of the work of the last eighteen years has built on work of Oded
Schramm [52] t5 understand the possible limits under the assumption that the limit is conformallly invariant
or covariant. We will consider (positive) measures pup(z,w) on such curves; if ||pp(z, w)|| < oo, we write
uﬁ (z,w) for the corresponding probability measure obtained by normalization. The goal is to find families
of measures indexed by D, z, w which have the following properties.

o Fractal dimension. The measure is supported on simple curves of Hausdorfl dimension d € [1,2]
with the appropriate fractal parametrization. If f : D — f(D) is a conformal transformation, then
f o~ is defined by f o~(t) = f[y(os)] where

[ irwrtas =
0

Note that Brownian curves satisfy this with d = 2 but they are not simple. Although we start with an
assumption of simplicity of the curves, it turns out that many important examples gives curves that
are not simple. However, they will be “non-crossing”. For the moment we restrict to the simple case.



o Conformal covariance. If f: D — f(D) is a conformal transformation, then

foup(z,w) = ()" |f ()" pspy(f(2), f(w)),

where b is a scaling exponent. In particular the probability measures are conformally ‘nvariant:

and ,ug(z, w) can be defined even for nonsmooth boundaries.
» Reversibility. The measure pp(w, z) is obtained from up(z,w) by reversing the paths.

o Boundary perturbation or generalized restriction. Suppose D’ C D and the domains agree in
neighborhoods of z,w. Then pp/(z,w) is mutually absolutely continuous with the measure given by
wp(z,w) restricted to curves with v(0,t,) C D’. If &p ps denotes the Radon-Nikodym derivative, then
it is a conformal invariant,

@p.p/(7) = @rpy,rp) (f o).

e Domain Markov property. Suppose an initial segment & ¢i 4 ending at 2z’ € D is observed. Then
in the probability measure y%(z, w), the conditional distticuvion of the remainder of the curve given
7 is given by pup\5(2’,w). By reversibility, we should be able 1o also grow ends of the curve from w.

The big breakthrough by Schramm [52] described i1 cur notation is as follows. Let us restrict to simply
connected domains D, consider only the probability measures uﬁ(z,w) (which do not require boundary
smoothness), and assume conformal invariance and the domain Markov property. Finally, consider the
curves v and f o~ only modulo reparametrizatior. Then there is only a one parameter family of curves that
are candidates for this. This is now called the (chiordal) Schramm-Loewner evolution (SLE) with parameter
k£ > 0. It describes the curve 7[0,t,] in terius of the collection of conformal maps g; : D \ 7[0,¢] — D with
g:(7(t)) = z,g¢+(w) = w. The evolution ot g; is described with a Loewner equation driven by a Brownian
input. The parameter x gives the variance of the Brownian motion. It takes some work to understand the
curve [0, ¢] from the maps g; but we now know a lot.

e The measure is suppoited cn simple curves for k£ < 4; it is supported on plane-filling curves for k > 8;
and for 4 < k < 8, it 12 supported on self-intersecting but “non-crossing” curves that are not plane
filling. [50]

e For k < 8, the measure is supported on curves of Hausdorff dimension

K
d=1+—.
+8

In particular, for each 1 < d < 2, there is a unique family of curves. [50, 1]
o The measure is reversible for k < 8 [45, 64].

The relationship with the Brownian loop measure comes in the boundary perturbation rule. We define
the conformal invariant: if D is a domain and K, K’ are disjoint, relative closed, subsets, then Ap (K, K') =
exp{m(L)}, where £L = Lp(K, K') is the Brownian measure of loops in D that intersect both K and K.
Using mainly the work in [26], for d < 4 we can define the measure pp(z, w) such that the following is true.

« The total mass of up(z,w) is Hp(z,w)? where b = 5% and Hp(z,w) denotes the boundary Poisson
kernel (the normal derivative in each component of the Green’s function) normalized so that Hy(0,1) =
1.



o If D’ C D as above and (0,t,) C D’, the Radon-Nikodym derivative is given by

iy (2, w)

dMD(Z,U)) (7) - AD(’Y? D \ D/)C/2 = exp {5 m[ﬁD(')/, D \ D/)]} , (7)

where c is the central charge given by

(3k — 8)(6 — k)
c=—""—~—7
2K
This is the same central charge that is a fundamental parameter in conformal field theories. In statistical
physics, it also can be described in terms of infinitesimal changes of the “stress energy tensor”. Here
we see it as measuring the effect on the path measure of infinitesimal changes t¢ the ambient domain.

The scaling limit of LERW is SLE,. (This was predicted in [52] and proved, at lcast for the related radial
case, in [32] for curves modulo reparametrization.) Here we see ¢ = —2; indeed (7) is the scaling limit of the
relation (2). This answers all of the questions above except for giving the path the correct parametrization;
we discuss this in Section 11.

The theory of chordal SLE in simply connected domains can be derived from the assumptions of conformal
invariance and domain Markov property of the probability measures }ﬁ; {z,w). In fact, the role of the partition
function and the Brownian loop measure was found by studying the unique one-parameter family of measures
in simple connected domains. There is a another way of locking at this that is important. Let us consider the
case of the upper half plane and boundary points 0 anc¢ infivity. The fundamental observation of Schramm
was the following. Suppose that we consider the case or the upper half plane H and boundary points 0 and
infinity. One version of “Loewner chains” (which were developed by Loewner to understand the Bieberbach
conjecture) states that if  is a simple curve from 0 to oo; Hy = H \ ¥[0,¢], and g; : Hy — H is the unique
conformal transformation satisfying

a(2) = z+0(1), z— o0,

then with an appropriate parametrization cf v, there is a continuous function real-valued function U; such

that
2

9¢(2) = Uy’
Schramm noted that couformal invariance and the domain Markov property implied that U; is a driftless

Brownian motion, and hence Uy = v/k Wy, where W; is a standard Brownian motion and & is the parameter.
Setting a = 2/k and deing a linear time change, we get

dgi(z) = go(z) = z.

a
09i(2) = —————, Z) =2z,
gt( ) gt(z)_Ut gO( )
where Uy = — b5, is a standard Brownian motion. If Z;(z) = g:(z) — Uy, we can write this as a Bessel equation,
adt
dz = dB;.
t(z) Zt(Z) + t

For x < 4, this gives a measure on simple curves and the following is true. Suppose D = H\ K is a simply
connected subdomain where K is compact, not containing the origin. There are three equivalent ways to
find uﬁ (0, 00).

e Use a conformal transformation to map H onto D fixing 0 and oo and use conformal invariance.

o Give the Radon-Nikodym derivative of the two probability measures. Assuming v N K = (), the value
is

@ (0)™" exp { S mlLo(r. D\ D)}



where ®p : D — H with ®p(0) = 0,Pp(c0) = o0, PH(c0) = 1. Equivalently, we can define the
measure pp(0,00) with total mass (partition function)

c
¥ (0)" == E [exp { S mlLo(v. D\ D]}
and this satisfies the generalized restriction property.

e Give the Radon-Nikodym derivative on the probability space on which the Brownian motion is defined.
One standard way to construct “adapted” absolutely continuous measures to a Brownian motion is to
give a drift,

dY, = Ry dt + dBy,

where R; is measurable with respect to the process at time ¢. The process in D is SLFE in all of
H “weighted by” or “tilted” by the partition function. The precise meaniug of this is given by the
Girsanov theorem. Let M; be the partition function of the remaining domain seen at time t; more
precisely, M, is a (local) martingale of the form

My = Cy @, () 1, (0)",

where C; is a differentiable process that can be considered as a continuous normalization to be a
probability measure. Then if we change the probability ineasure to weight by M, then

dB; = Rydt +dB;,  Ri=b[log®) 1y, (0))

where B is a standard Brownian motion in the new measure. An equivalent way to specify the process
in D is to give the drift term R; which is the logarithmic derivative of the partition function.

One of the main reasons that the conformal Markov property (domain Markov property and conformal
invariance) determine SLE up to a single parameter, is the fact that a domain obtained from slitting a
simply connected domain from the poundary is still simply connected and hence conformally equivalent to
the original domain. This is not true for nonsimply connected domains and more general Riemann surfaces.
Extending SLFE to more general domains requires making more assumptions than just the conformal Markov
property. One possibility is tc use the Brownian loop measure and use the generalized restriction measure to
define the measure pup(z,w) for other domains. This will satisfy the conformal Markov property but is not
the unique process. Another idea is to find the partition functions ®p(z,w); if one does (perhaps as limits
of some discrete model) and can prove sufficient smoothness, then one can define the process in terms of the
logarithmic derivative. Finding the correct partition function for a scaling limit of a model is a big step to
understanding the behavior.

6 Natural parametrization

The use of the Loewner differential equation to study SLFE requires parametrization by some form of ca-
pacity, that is, by the size of the set seen by a Brownian motion starting away from the set. For example,
if we consider SLE from 0 to infinity in the upper half plane H with corresponding maps g, then the
parametrization is such that for z € H, t — g¢4(z) is continuously differentiable.

The scaling limit of discrete curves such as in (5) should also give a parametrization of the curves. It
turns out that not only is this not the same measure, it and the capacity parametrization are singluar with
respect to each other. However, one can use the properties of SLFE to find this new parametrization which
is sometimes called natural parametrization. It is the fractal d-dimensional analogue of parametrization by
arc length. Brownian paths have the natural 2-dimensional parametrization.
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Given a path 7, the natural parametrization would be defined so that the “d-dimensional length” of v[0, ¢]
is t. One well-known d-dimensional measure is Hausdorff measure defined (at least up to a constant) by

oo
d o . d
HEYV) = lelﬁ)l msz:;[dlam U;1,
where the infimum is over all covers of V' by sets of diameter at most e. The Hausdorff dimension of V' is the
unique d at which H?(V) jumps from oo to 0; the value at d can be anything. For random sets of Hausdorff
dimension d, typically we have H?(V) = 0. Roughly speaking, this is because we can take covers by sets of
any size less than or equal to €, and given a realization of the random set, the optimal cover takes advantage
of this freedom. There are refinements of Hausdorff measure using gauge functions, and the optimal gauge
function is well understood for some processes such as Brownian motion. However, tor processes with very
strong dependence on the immediate past such as SLFE, determining a correct gauge correction is difficult
and open.
To parameterize SLE paths it is more useful to take a naive approach aad try to cover by balls of radius
€; this is much closer to the approximation by a lattice since one has = fixed lattice size. A similar idea is
the d-dimensional Minkowski content which for subsets V of C = R? iz given by

Conty(V) = liﬁ)l €472 Area{z : dist(z, V) < ¢}, (8)

provided that this limit exists. Rezaei and I [31] were able to chow that this limit exists and is nontrivial for
SLE,,k < 8 (for k > 8 the curve is plane filling and the naiural parametrization should be parametrization
by area). In particular, the curve v can be reparametrized such that for each s, Conty[v[0, s]) = s.

Proving the existence of this limit starts with hoping that it exists and seeing what this would imply.
Consider SLE from z to w in a domain D and let { € D. The (chordal SLE) Green’s function Gp({; z, w)
is the normalized probability that the SLZ path goes through ¢, more precisely,

Gp((, z,w) = lil%l 2 P{dist(¢,y) < €}
€
Establishment of the limit on the right-hand side is essentially the same as showing that for fixed 0 < p < 1
as e — 0,
P{dist(¢,y) < pe | dist(¢,7) < e} ~ p*7
This requires understanding the distribution of the tip of v when it first gets within € of (.

For simply connected £, it was noted in [50] that if such a function existed, then M; := G p\ 4, (¢; (), w)

would have to be a local martingale and an Itd’s formula calculation gave d = 1 + ¢ and

Gp(¢;z,w) = rp(Q)? 72 Sp (¢ 2,w) =L, (9)

where rp(¢) denotes conformal radius and Sp((; z,w) denotes the sine of the (conformally invariant) ar-
gument of ¢ with respect to z,w. Here vz = v[0,t]. Having made the observation, we can use the local
martingale given by the left-hand side of (9) and the Girsanov theorem to understand the local behavior of
the path as it gets near (. To establish the Minkowski content, one needs to improve this to a “two-point”
estimate,

P{dist(¢,7) < pe,dist(¢’,7) < pe | dist((,7) < e, dist((',7) < e} ~ p*F D,

The natural parametrization satisfies a kind of Markovian property. Suppose D is a bounded domain,
z,w are distinct boundary points, and «(t) is an SLE,, path from z to w in D. Let ©; = Contp(y;). Then

E[0..] = /D G (G 2 w) dA(C).

EOu | =0:+¥;, VU, := . Gp,(G7(t), w) dA(C) (10)
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where Dy = D\ ;. Since E [O4 | 7¢] is a martingale, we can characterize ©; as the unique increasing process
such that ¥; + O, is a martingale (Doob-Meyer decomposition). The first construction [33, 36] of the natural
parametrization used this characterization and it is important in the proof of the discrete parametrization
of LERW to the natural parametrization of SLFE,.

Another way of viewing a “d-dimensional” parametrization is in terms of the Holder exponent. Under
the natural parametrization, the SLE, curves are Hélder continuous for all oo < 1/d [62].

7 Gaussian field

Maybe the most fundamental random field is the Gaussian (free) field, that is, varables {Z, : x € X}
indexed by a set which can be finite, countable, or uncountable, such that each finite ainiensional distribution
is multivariate Gaussian. The distribution is determined by the means and the covariances and we say it is
centered if the means are zero. A relationship between random paths and Gaussian fields has been known
for a while, (see, e.g., [6, 15, 57]) but what we describe here relating to loop measures is more recent due to
Le Jan [38, 39] and Lupu [41].

We started with a discrete-time, discrete-space loop measure and then described the Brownian loop
measure which is continuous-time, continuous space. We will also consider continuous-time, discrete space.
There are two ways to get a loop measure with continuous times cn a discrete space. Le Jan’s approach is to
use a definition analogous to Brownian loop measure by havine patis from a continuous time Markov chain.
The other is to start with discrete time loops and then ad< wziting times. Both approaches have advantages;
we will use the latter approach here. Suppose we have a finite set X and a real-valued symmetric function
g on edges; for ease, we will assume ¢(x,z) = 0 althcugh the definitions here can be adapted to allow for
self-edges. Such a weight gives a measure on paths by multiplying the weight of the edges and hence also
gives a weight on loops. We will assume that this weight is actually a measure

> la(w)] < oo,
w
where the sum is over all finite length paths in A. In particular the Green’s function can be written as
Gla,y) = -Qloy= Y alw).
wir—Y

A particular case is when ¢ are the transition probabilities for a subMarkov chain. There corresponds a
weight on rooted loops m{l) = my(l) = ¢(I)/|!] and the corresponding measure on unrooted loops. The
centered Gaussian {icld {Z, : x € X'} with covariance matrix G is the random vector whose Radon-Nikodym
derivative with respect to independent, standard Gaussians is

Vdet(I — Q) exp {Z Qe Ze}

where the sum is over all undirected edges e = {z,y} and Z. = Z,Z,. If we consider the random field
T ={T, = Z2/2;x € X}, then the density of T can be written as

g9(t) Vdet(I - Q)E eXp{ZNeqe \/FH

where ¢(t) is the density for independent x%/2 random variables; the sum is over all edges e = {z,y},
te = tuty, Je = JpJy; and {J,} are independent with P{J, = £1} = 1/2.
To get a realization of T we can proceed as follows.

o Start with a realization of T for independent standard normals, that is, {¢’} independent with x3/2
distributions.

12



o Take a realization of the discrete loop soup giving local times {n,}.

« Replace each n, with the sum of n, independent exponentials with rate 1 and add this to {t.} to get

{ta}.

There are several ways to verify it; in [29], motivated by [42], it was done in a way to also get the joint
distribution with the distribution on currents, that is, functions k& on edges with the property that each
vertex has an an even number of edges coming out of it. We start with a realization of the loop soup from m
with intensity 1/2. If ¢ > 0, this induces a probability distribution on currents k. Given k, we also get the
local times n, on vertices (n, is 1/2 times the number of edges in k that intersect z). A little work shows
that the probability that the current {k. : e € £} with corresponding local times {n, : © € X'} is chosen is

k-
higs

ecé

I(n, + l)
det(I — Q) l — =27
U0

This formula works for nonpositive integrable weights if we interpret the Pcisson process as the measure on
loops. With this the validity of the claim above is straightforward to verify.

The loop soup and some extra randomness give the square of the ficld Z2, but that is insufficient for
determining the signs. For positive weights, the signs of the field can be chosen so that the clusters formed
by the loop soup are all of the same sign. However, some more randomness is needed. Suppose V' C X and
let Gy, Gye be the corresponding Green’s functions for the random walks restricted to those sets. Then the
density of the random field on X with respect to independent fields on V and X'\ V' with covariance Gy, Gye

is given by 1
1 .
exp {—2 Z m(t)}} exp { Z Qe Ze } ,

LeLx e€&*

‘| s 0e = 2qe.

where £* denote the set of edges with one vertex in V' and one in V¢, and £* denotes the set of loops that
intersect both V' and V. This gives a way, first proposed by Lupu, to put the signs on the field.

e Take a Poissonian realization ¢f the loop measure giving the local times n, and then choose continuous
local times giving t.

e Open each edge e that has been traversed by a loop in the soup.
 Independently, open each edge with probability 1 — exp{—2gc+/tc}-
e Give each Z, in a connected cluster the same sign using independent fair coins in each cluster.

This formulacion has started with a measure on discrete time loops and added some waiting times. The
original construction started with a continuous time loop measure that can be derived from the discrete time
measure by adding exponential waiting times of mean one which is the same as x3/2. In this formulation, one
also needs to have some “trivial loops” that do not move and whose time duration have a x?/2 distribution.
Another nice variation due to Lupu [41] only uses a loop soup on a slightly different graph (metric graph or
cable system) and some random coin flips. In this case the connected clusters for the loop soup are exactly
the clusters for which one choose random coin flips.

We note that when n, is large, it makes little difference whether we use n, or t,. Indeed,

te =ngy + Yy +O(1),
where Y, is an independent, mean zero, random variable with variance n, and

Yy
V2N,

where {Y,} are conditionally independent given {n,} with mean zero and variance n,.

V2t =2n, + +0(n; %),
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8 Continuous Gaussian field and quantum gravity

As fundamental a conformal invariant as Brownian motion in C is the (continuous) Gaussian free field.
One way that it can be obtained is as a limit of the Gaussian field from the previous section. Let D be a
simply connected bounded subdomain of C containing the origin. Let gp denote the Green’s function for
the Laplacian: if D is the unit disk and f : D — D is a conformal transformation with f(z) = 0, then
gp(z,w) = —log|f(w)|. Let N be a large integer; in the spirit of nonstandard analysis [46] we can consider
N ~ co. We will use the notation from Section 3 with lattice spacing 1/N and corresponding sets Dy C D
and Ay C Z2NND.

Let Gy = G4, denote the Green’s function for the usual random walk killed upeu leaving Ay, and let
gn denote the function gy (z,w) = (7/2) Gy (zN,wN). For standard z,w € D with z 5 w,

gN(Zaw) = gD(Z,’LU)

(precise error estimates can be given, see, e.g., [23], but we will not discuss ihem). The Gaussian field on
AN, {Z. : z € AN} can be viewed as a piecewise constant function ¢y (z) = «/ﬂ/ﬁ Zyn for z € S, (we do
not need to worry about the values on the boundaries of the squares S,,). I the terminology of nonstandard
analysis, the Gaussian free field ¢ on D with Dirichlet boundary conditiens is the “standard part” of ¢y .

The macroscopic object ¢ is a little tricky because it is not rictined pointwise. For example, ¢n(0) is a
normal random variable of variance (up to an infinitesimal)

gn(0,0) =log N —log [ #{0)] + co

and hence the standard part is not defined. One way to get well-defined quantities is to take averages. For
example, if f is a standard L? function on D, then we can define ¢(f) to be the standard part of

f(2) on(2)d \[N > f(z/N) 2.,

Dn 2€EAN

which is a centered normal random variable with variance
| [ £6) fw) an(z,0) dA) dAw).

This observation gives one way to construct the continuous field rigorously — as the centered Gaussian
process indexed by fuuncticus f with

E[¢f on] = //f w) gp(z,w) dA(2) dA(w).

We will retain the discrete picture to consider what is sometimes called Liouville quantum gravity. This
is a fancy term for the exponential e where 7 is a constant that we will choose to be nonnegative. To
make sense of this, consider the field 1y (z) = N7 /2exp{yéy(z)}. We choose this normalization so that
the expected value is of order one,

7% Var(¢n) } 1
— =1L

E[¢¥n(2)] = N7 2E [exp{rén(2)}] = N7 2 exp {

We let puy be the random measure on Dy whose Radon-Nikodym derivative with respect to area is ¥, that
is, pn[S.] = N724,(2). Let p be the standard part of this measure. It is not so clear whether this make
sense. By construction we can see that px is a random measure on D such that E[uy(D)] < 1. However, it
does not follow from this calculation that the “typical” value of uy (D) is of order 1; it is possible that the
typical value is infinitesimal. Whether or not this is true depends on the value ~.

We can do a “back of the envelope” calculation to find the critical value. Suppose ® is a normal random
variable with mean zero, variance 0 = log N + O(1), and Y = e?®. If we tilt the distribution by Y, that is
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consider the random variable ® under the measure tilted by e~ /2 e??, the induced distribution on ® is that
of a normal random variable with mean yo? and variance 2. The original probability of getting a value as
large as ~yo? is of order e=7°/2 That is, the typical value of ¥y (z) in the tilted measure is of order N /2
and the probability (in the original measure) of such of value is of order N =7*/2. Since there are of order

N? points, we see that critical value is v = 2; if v < 2, then we would expect that the measure u would be
2
supported on a set of N2~ squares, that is, on a set of “fractal dimension” 2 — %

We will now use Liouville quantum gravity to reparametrize a curve. Let us consider the loop-erased
random walk which has dimension d = 5/4. Then we can reparametrize the curve as in (5) and get a curve
whose macroscopic time duration is finite and positive. The number of points visited by & typical path is
comparable to N% and the amount of time it spends on each of these points is N =% = [are‘a(&l)rd/ 2. Suppose
an independent realization of the Liouville quantum gravity is given. Then we can also reparametrize our
curve so that the amount of time spent on square S, is [/ pn(S:)]~“. Here we can view « as the “quantum

fractal dimension” of the path chosen so that
> Win(S) = 1.

If a random set of dimension d is chosen independently of the Gaussian ficld, then the expected value of the
left-hand side is comparable to

NYE [(un(8.)) 2]

where z is a typical interior point for which we see that

o2 72

72 . 2
E [(un(S.)) /2] = N7 Blexp {arZy./2}] = N-oH0+5

This gives the KPZ relation

4 8

which is often written in terms of the scaling exponents x, A defined by d = 2 — 2z, = 2 — 2/,

2 2

2 2.2
d~a<1+7>0‘7, (11)

4

As in the case of the ioop measure, for each k < 4, there is a corresponding value of +. In this case ~ is
chosen so that the quantum fractal dimension «q of the SLE, path is 1. Using (11) we can see which v to
choose for each k.

o If ¥2 = K, theu the quantum fractal dimension of an independent set of Euclidean fractal dimension
1+ ¢ is one.

In the case of the loop-erased random walk, we choose 7 = /2, and then we have a one-dimensional
parametrization of the d-dimensional curve. For k' > 4, a similar association is appropriate; indeed, the
outer boundary of SLE, curves are locally like SLFE, curves with x ' = 16. These values of k, s’ share the
same central charge.

One of the most exciting recent developments in conformally invariant systems has been the work of Scott
Sheffield, Jason Miller, Bertrand Duplantier, and others in understanding the random geometry and surfaces
produced by taking independent realizations of the Gaussian free field (and hence of the quantum gravity)
and realizations of SLFE, or SLE, curves and loops. I am not going to try to explain this work for two
reasons: it would take too much space to give even a reasonable description and I do not feel I have sufficient
expertise to do it justice. I suggest the paper [14] whose abstract starts with the inviting sentence “There is
a simple way to “glue together” a coupled pair of continuum random trees (CRTs) to produce a topological
sphere”; but then is followed by a very technical paper of over 200 pages! Another major breakthrough by
Miller and Sheffield [44] is making rigorous the relation between the 42 = 8/3 (c = 0) case and combinatorial
models for random graphs and the Brownian map [37].
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9 Random simple loops

A rooted self-avoiding loop (rSAL) is a path [lg,l1, ..., l2,] with Iy = I3, and all other vertices distinct. We
will call £ an (unrooted) self-avoiding loop (SAL) if it is an equivalence class of rooted self-avoiding loops as
before. For self-avoiding loops, there are exactly 2n rooted loops associated to an SAL. We have retained
the orientation of the loop. A self-avoiding polygon (SAP) is an equivalence class of SAL where we ignore
the orientation; to each SAP of length 2n > 2, there are 2 SALs and 4n rSALs.

When studying SALs or SAPs in Dy, we can either consider loops in the (scaled) lattice or the dual
lattice. We note that SAPs on the dual lattice are in one-to-one correspondence with finite simply connected
subsets of Z? where the correspondence is given by the boundary. For finite (not necessaiily citaply) connected
subsets we can fill in the bounded components of the complement (giving the hull of the set) and then take
the outer boundary. Of course, this is not a bijection since the outer boundarv of a set is the same as
the outer boundary of its hull. We will be studying measures on SAPS or SALs with an emphasis on the
macrosopic (that is, noninfinitesimal) diameter. Some of these measures will be infinite because they give
large measure to small loops, but the measure on large loops is bounded.

We start by considering a simple to define measure on loops using the random walk measure similar to
one in [24]. We will define it as a measure on SALSs, but one could equally consider it as a measure on SAPs
(being careful of factors of 2 since the relation between SALs and SAPs is 2-to-1). There are two variants
of the measure, depending on whether the loops lie on the lattice or the dual lattice. In either case we will
be considering the random walk loop measure on the original iattice. Recall that if 7 is a loop in the lattice,
then

F,(A) =expq — Z m(f)

£C.ALNN#£D

Here £ N7 # () means that the loops share a vertex. If 7 is a loop in the dual lattice, we define F(A) in the
same way but in this case £ C A means that the edges of £ are parts of boundaries of squares centered at
z € A, and £Nn # () means that £ includes a vertex adjacent to 5. Our simple candidate for a measure is to
give each 7 measure
ma(n) = e Pl Fn(A)_C/Q7 (12)

where 8 = f. is a critical value and c denotes the central charge. Part of the conjecture is a form of
hyperscaling, which can be stated roughly that at the critical value of 3, the total measure of loops of
diameter at least 1 contaived in D is of order 1. The conjecture is that many of the interesting measures on
loops are absolutely continuous with respect to this measure but that there may be domain corrections that
will depend on the particuiar model studied.

One way to compensate, which will turn out to be natural at least in the case ¢ = —2, is to include an
extra term

() = P [Ha(n,04) Fy (4) 72,
where H(n,dA) denotes an “excursion measure” term,
1
Ha(n,04) = ZESn,A(x) =1 Z Z (1 -9l
TEN zen |y—z|=1

Here g(x) = gy, a(x) is the probability that a simple random walk starting at « reaches 1 before A (so that
g =1 onn), and Es,, () = —Ag is the probability that a simple random walk starting at n reaches 0A
before returning to 7. If the scaled walk 7 is of diameter 1 and is not too close to the boundary, then
Ha(n,0A) < 1. Indeed, (2/7) Ha(n,0A) ~ r=! where r is chosen so that annular region between n and
0D 4 is conformally equivalent to {1 < |z| < €"}. In particular, the continuum limit is a conformal invariant
at least for transformations of the annular region. In this case one can show similarly to [16] that the limit

lim, Ha(n,04) F,(A)

exists and is nontrivial.
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9.1 c¢ = 0: Self-avoiding polygons

The case ¢ = 0 where m4(n) depends only on |n| is a version of one of the big open questions in the
intersection of probability, combinatorics, and statistical physics. The value e” is called the connective
constant and its value is not known (although it is known on the honeycomb lattice [12]). However, its
continuum limit is perhaps the easiest to construct because it satisfies the restriction property: the value
ma(n) does not change if A changes, provided that n C A.

A very similar measure can be constructed from the random walk loop measure. To each unrooted loop
we can associate its outer boundary. To be more precise, the set of vertices visited by an unrooted loop
is a connected set and this set can become a simply connected A by filling in the finite holes. The outer
boundary is the simple loop in the dual lattice given by 9D 4. Mandelbrot [43] made the remarkable heuristic
observation that the outer boundary of these loops looked like self-avoiding walks. The random walk loop
measure therefore generates a measure on SAPs on the dual lattice (one could also specify or choose a random
orientation to get a measure on SALs). For the continuous limit, Brownian motiocn, this was proved, first
in [26] where it was shown that locally the paths are the same as SLFg;3 paths. A direct construction of

-

SLEg3 loops without topological constraints on a domain was done by Werner [60].

9.2 c¢ = —2: Loop-erased loops

We will call a SAW ¢ a near-SAL if £ has an odd number of steps and ends distance 1 from the starting
position. In other words, £ can be turned into a SAL by addiug the edge connecting the initial and terminal
vertices. For each SAL n with 2n steps, there exist 2n near-SALs € (each with 2n — 1 steps) that produce 7.
For each ¢ = [z = &, &1,...,y = &] in A the quantity 4% F¢(A) represents the expected number of times
that one views £ if one starts a random walk at x, erases ioops as they appear chronologically, and stops the
walk when it leaves A. Equivalently,

47k e (A) = > 4l

w:z—y,LE(w)=n

where the sum is over all ordinary (nor necessarily self-avoiding) random walks in A from z to y whose
loop-erasure is €. In analogy with the case of the loop measure, if we give each near-SAL measure

1

—k
EES VR 1)

then the induced measure on SALS is m 4.

Using [4], one can see that the expected number of times that the loop-erasing process starting at x (not
too close to the boundary) produces a near-SAL with diameter greater than 1 is comparable to N —3/4 and
the typical nainber of steps of such a near-SAL is of order N°/%. Hence the total mass of the measure in (13)
for near-SALs rooted at x of diameter greater than one is comparable to N~2. Summing over the O(N?)
points, see that the measure p4 of macroscopic loops is comparable to one. For macroscopic loops that are
not too close to JA we also get that Hypa(n, A) is comparable to one.

The measure 7 arises naturally in the study of uniform spanning trees. If A is a finite subset of Z2
with n elements, then a wired spanning tree is a spanning tree of the graph of n + 1 vertices obtained by
identifying all the boundary points as a single vertex we can call dA. Using Wilson’s algorithm with 0A as
the root, we can see that the number of wired spanning trees is 4" det[I — Q4] = 4"/ F(A), where @ 4 is the
matrix indexed by A with Qa(z,y) = 1/4 if x,y are nearest neighbors and equals zero otherwise.

As an extension if the boundary is partitioned into two sets 0; and 0, and we wire 01,0y separately,
giving a graph of n + 2 vertices, then the number of spanning trees is

4n+1
F(A) Hoa(01,0:)°
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where

Hya(01,02) = Y Esg, (x) = Y Esg,(x)

€O €02

and Esp, (x) is the probability that a simple random walk starting at x reaches Js;_; before returning to 9;.
Indeed, this is what is output from Wilson’s algorithm if one makes 0; the root and do the initial vertex
from which loop-erased random walks are chosen. In the case of an annular region with 01,02 being the
components of the boundary we call it a (wired) crossing spanning tree.

If n is an SAL of length n surrounding the origin, we say that a spanning tree includes 7 if all but one
of the edges of n are included in the tree (it is impossible for all the edges of 1 to be inciuded). We claim
that the probability that a uniform spanning tree contains 7 is (). Indeed, if we partition the vertices on
A into n, A, Aj] where A, is the connected component of A \ 17 containing the origin, then we can choose
a tree T including 7 as follows:

o Choose any crossing spanning tree 7 of A,J]r from n to A in A,, and add those edges to 7.
¢ Choose any wired spanning tree 7~ in A,’, and add those edges to T
Given (TF,77), T is determined as follows.

o There is a unique 7; such that 7+ contains a path from i, tc JA. Add all the edges of n to T except
for (1, nj+1)-

The number of choices for 7+ is 4#(47)+1 [F(A}) Hea(n, JA)]7!, and the number of choices for 7~ is

4# A (A, )~!. Since A and A} are separate connected components and hence no loop in one intersects
the other, we have

F’f/ (A) = F(A)

which gives our claim. An alternative approach would be to use Wilson’s algorithm to find the probability
that the path from 7'+ to A inclndes the path n with (n;,7;4+1) removed. See [19] for another approach
to these ideas.

9.3 0 <c <1: Contormal loop ensembles

Another measure on icops can be obtained from the random walk loop soup with different intensities. The
construction of the Gaussian field used the soup with intensity 1/2 and we will generalize this to intensities
c/2 for 0 < ¢ < 1. Given a realization of the loop soup, there are connected clusters of points. If ¢ < 1/2,
these clusters will be finite. Indeed, if the clusters were not finite for ¢ = 1/2, then the construction of
the Gaussian field as described in Section 7 would output a field with all values of the same sign. For each
cluster, we can consider the outer boundary (the boundary of the unbounded component of the complement)
as a SAP in the dual lattice. For each simply connected A let us write 4 for this measure on SAPs (on the
dual lattice) in A.
In order for ) to be the outer boundary of a cluster two things must be true:

e The loop 7 is not hit by the loop soup.
e All the points “inside” i that are adjacent to n must be in the same connected component.
We call such an 7 an outermost loop if it also satisfies:

e There is no n’ in the annular region between 1 and 9D that satisfies the first two conditions and
disconnects 7 from 0D.
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While this measure does not have the exact form (12), we will do some heuristics to see that it is similar.
First, if A C A’, we note that

pa(n) _ mar(n) _ {Fn(A) r”

pa(n) — ma(n) Fy (A7)
where the right-hand side is the probability that the loop soup in A’ contains a loop that intersects both n
and A’ \ A. Of course an outermost loop in A may no longer be an outermost loop in A’.

The continuous analogue of this construction (as well as a different construction that we will not describe
here) was carried out by Sheffield and Werner [55] focusing on the outermost loops. They used the following
property to characterize the measure on outermost loops. Suppose A C A’ are simply connected and we
observe the outermost loops that intersect A’ \ A. Let V be A with the points surrounded by these loops
removed. Then the conditional distribution on the remainder of the outermost loops 13 that of the outermost
loops of (the connected components) of V. The exact lattice construction we mention may be unsolved, but
there is a closely related construction [58] that focuses only on large (macroscopic and some mesoscopic)
loops in the random walk clusters and then shows that the macroscopic clusters are the same as those from
Brownian clusters. It is in this regime that the coupling [34] between the random walk and Brownian loop
soups works and hence they can reduce the problem to the Sheffield-Werner construction. One would expect
that the exact nature of microscopic loops should not play a big factor in the scaling limit but this is still
open.

Another way to get a measure on loops is to observe a field and to consider the loops that separate
values of different signs. One case where this has been done is the Gaussian field. It is useful to consider
an equivalent definition of the free field, this time with ncu-zero boundary conditions, as having the density
with respect to normalized Lebesgue measure [], . 4 (dz,./v/27) of

Vdet(I — Q) exp{—;tj(z)} , &)= i Z[ZI — 2%

e

where in this case the sum is over all edges e = {x,y} with at least one vertex in A; and z, =0 for z € A
(other boundary conditions can be given).

Suppose a SAP 7 in the dual iattice is give, and let Vnﬂ V,, denote the adjacent vertices to n that are
outside and inside 7 respectively. We will consider the event that z, < ¢ for x € VJ and z, > cfory eV, .
We first consider the exponeuntial terin for edges that cross 7. This gives a distribution on z,,€ V,, := V;UV{
up to an additive constant thai we then fix so that average of z, (as seen from far away) in Vn+ is 0. We let
A be the average value in V|~ as seen, say, from a point on the inside. (The boundary value will have local
microsopic fluctuations but iook constant from a macroscopic distance away.)

Given {z; : = € V}, we choose the rest of the Gaussian free field on the remaining points A*, A~ to
be independent fields with zero boundary condition plus a mean given by the harmonic extension of the
boundary vainres. Away from 7, this harmonic extension looks like 0 on AT and A on A~. The energy
contribution given by the harmonic extension is local near 7 and should give a term linear in the length of
7. So, roughly speaking, the probability of getting the curve n should look like

e=#hl /(A7) VF(A7) _ Pl (4) 112,

F(4)

for some 3. There is a lot of hand waving here, but we can see how a form like (12) arises.

To make arguments like this rigorous in the continuum, one can reverse the operation [54, 59] One starts
with a measure on loops, one finds a critical value of )\, and then given the loop one constructs independent
Gaussian fields on the outside (with boundary value 0) and the inside (with boundary value A). Then one
shows that this construction combines to give a Gaussian field in the large domain. In some since the curve
is a level curve for the final Gaussian field (and we can view it as a “function” of that field).

The idea of starting with a Gaussian field and defining curves and loops as a function of the field was
proposed in [11] and has been developed by many under the name “imaginary geometry” to get results about
SLE and loops, see, e.g., [45] A similar result for loops in the Ising model can be found in [5].
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10 SLE, loops

There is a direct way to define SLE, loops that work for all £ < 8 that is analogous to the definition for the
Brownian loop measure. This defines a measure on loops in the entire plane that is invariant under dilations
and rotations, but leaves open the question how to modify the measure for a bounded domain.

Using the Loewner equation with a driving function of a killed process in a quasi-invariant distribuution,
one can define a o-finite measure on loops rooted at a particular point. We write v; = [0, ¢] and D; for the
unbounded component of C\ ;. For the moment, we parametrize the curves by capacity in the upper half
plane: if F': C\ D — Dy is a conformal transformation fixing oo, then as z — oo, |F'(z)| ~ €' |z].

o The set of loops with total capacity greater than t is ce~*(4=2) for some fixed constant c.

e Conditioned on the total capacity of the loop being greater than ¢, the conditional distribution of
v(s),s >t given y; is that of chordal SLE, from ~(t) to «(0) in D;.

If f.(z) = rz denotes dilation by 7 then the measure pq satisfies f. o pa = 7274 pg. We can also consider
this as a measure on curves with the natural parametrization. Let T. = Contg4(y). Then (by choosing
¢ appropriately) we get a measure on naturally parametrized loops with (recall that a loop of capacity ¢
typically has content of order %)

o The set of loops with T, > T has measure T-%.

As in the case of Brownian loops, we will try to integrate the rooted loop measure over the starting points
to give a measure on unrooted loops. As before, this lzeds 1o overcounting so we compensate by considering

the measure v, given by
dv, 1

=— v, = [ v, dA(2).
dp. T, /(C =)

Again, we think of this as a measure or uncooted loops. Even for the measure on rooted loops, we get the
scaling relation f,ov =wv.

Laurie Field and I were studying this and had gotten this far; indeed, one of the motivations for under-
standing natural parametrization wes to try a construction like this in order to give a measure on loops of
the type suggested by Kontsevich and Suhov [22]. However, there was a technical question that we were
unable to answer that was necessary to continue this program. There is a property of Brownian loops that it
almost “obvious” and is used in the proof of the conformal invariance: if v(¢),0 <t <1 has the distribution
of a Brownian bridge and ¢ < s < 1, then the distribution of 4(t) := v(t + s) — v(s) is also that of a
Brownian bridge. (Here addition is modulo 1.) The analogue for the SLE,; loop measure is that the measure
conditioned on fixed Minkowski content has the same property. This has recently been proved by Zhan [63].

The confermal invariance here is only for the dilations. There is still the hard question about how to
restrict the measure to bounded domains. This does not arise for the Brownian loop measure because it
satisfies the restriction property. There is not a unique possibility, and the exact version should depend on
the particular problem being analyzed.

11 Scaling limit of loop-erased walk
Suppose z,w are distinct boundary points on D. We will consider two processes:
e Chordal SLE5 « from 2z’ to w’ in D.

e Take the discrete approximation Dy and corresponding boundary points z,w € Dy, and let n be a
(scaled) LERW from z to w

These processes are close and, in this section we discuss recent results showing that the “naturally parametrized”
curves are close. At the moment this is the only process for which this strong convergence is known.
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To establish the result, we start by proving a result about the LERW that can be considered a “local limit
theorem”. We compare the probability that the LERW goes through the origin with the probability that a
chordal SLE; path goes through the square Sy of side length N=2. Let rp = rp(0) and Sp = Sp(0; z,w)
be the parameters as in Section 6. Using stochastic calculus techniques one can show that there exist cg, u
(independent of D, z,w) such that

P{yNS # 0} =co N-4r > 83 1+ O(N )],

(This was established for a disk rather than a square in [31], but the argument can be adapted for a square.
The constant ¢q, which is different for squares and disks, is not known explicitly.)

We will describe work in [4, 28] that established the analogous result for LERW: there exists an absolute
¢y such that for all domains

P{0€n} =a N/ r 53 1+ O(N ")),

Note that this not only gives the correct scaling exponent (which had been established by Kenyon [20])
but also the dependence of the constant factor in the asymptotics to the domain, establishing that it is a
conformally covariant quantity. The proof combines a key ingredient of Kenyon’s proof with the machinery
of loop measures, this time with measures that can take negative values.

Let A be a finite, simply connected subset of Z? containing ihe origin, and let D4 be the corresponding
“union of squares” domain. We will not scale D4, so i j : D — A is a conformal transformation with
£(0) =0, then ra :=|f)(0)] < dist(0,0A). if 21, 22 € A, we can also find the angle S4 from this map. We
will compare three numbers: H4(z,w), the measure of usual random walks from z to w in A; H Az, w; (ﬁ)
the measure of such walks whose loop erasure uses the directed edge 01; and H Az, w; 1_0), the measure of
such walks that use the edge 10. The probability thai the undirected edge {0,1} is used is then

Aﬁ,ﬂ';;, w; 01) + H (2, w; 10)
Hy(z,w) )

Using a determinantal formula firet given by Fomin [17], one can give an exact expression for the difference,
A~ — A~ —. 1
Ha(z,w;01) — [T 4(2,w;10) = 1 Fo1(A) [Ha(2,0) Hpr(w, 1) — Har(2,1) Har (w,0)],

where A’ = A\ {0,1}. Unfertunately, this is a formula for a difference rather than a sum on the left-hand
side. Kenyon’s trick is to change some of the weights to negative; more precisely, we can draw a vertical half
line (“zipper”) on the edges of the dual graph {% +iy : —yo < y < 0} where % — iyp is the first point on
0D 4 reached. Then for each edge of A that crosses the zipper we give weight —1/4 rather than 1/4. This
new assignment of edge weights gives a new measure on paths, and hence loops, that we will denote as q.
Fomin’s identity is a combinatorial bijection that works with any weights on the bonds; in particular,

- - - - 1
Hj (2, w; 01) = Hj (2, w3 10) = 7 Fgi (A) [H3,(2,0) Hy, (w, 1) = HY, (2,1) Hy, (w, 0)],

where we use the superscript ¢ to mean quantities computed with that measure.
We use expressions as before

Ha(z,wi00) = ) 47 F (4),  Hj(z,w;01) = Y (~1)7 471 Fl(4),
n n

where the sum is over all SAWs 7 from z to w using the directed edge 01. Here J(n) is the number of
times that 7 crosses the zipper. We now use simple connectivity of the domain and some simple topology to
observe two facts:
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o If z,w are ordered correctly, every SAW from z,w that uses the directed edge 01 crosses the zipper an
even number of times while SAWs that use 10 cross an odd number of times.

« Any loop that crosses the zipper an odd number of times must intersect every n using 01 or 10.

This gives
HY(z,w;01) — HY(2,w; 10) = exp {—2m(04)} [ﬁA(z,w; 01) + Ha(z, w; 1_0)} ,
where O4 denotes the set of loops that intersect the zipper an odd number of times. This gives an exact

expression for the quantity we want in terms of random walk quantities (including some for the signed
measure q):

) -1
qu (A) e2m(OA) HZV(Z,O) Hg\’(wv 1) _ HZV(Zv 1) Hgl'(wvo) HA(va)
4ot Ha(0,2) Ha(0,w)  Ha(0,2) Ha(0,w) | | Ha(0,2) (0, w)

There is a lot of machinery to handle random walk convergence to Brownian meotion and in two dimensions
one can often get good estimates uniform over all boundary conditions. 'here is work involved for sure, but

we show that

H,Z’(Zao) H,qA’(wal) _ q (271) H%,(M,O)

HY,
HA(OaZ) HA(va) HA(O7Z) HA(()?U’}
HA(Zv w) -
HA(0,2) Hs(0,w)
and it is not hard to show that Fj; (4) = ¢z + O(r;"). The final estimate boils down to

A

=y [Sa+ 00",

1
m[O(A)]l = 3 logra+ca+o(ry").

This requires comparison to the Brownian locp measure. Suppose A,, is the discrete ball of radius e™. Then
m[O(An+1)] — m[O(A,,)] denotes the measure of loops in 4,11 that are not contained in A,, and intersect
the zipper an odd number of times. For n large, this boils down to estimating the measure of loops of odd
winding number about the origin, and by the strong coupling of random walk and Brownian loop measures,
this is about the same as the Rrownian motion loop measure of loops in the disk of €' that are not in
disk of €™ and have odd winding number about the origin. By conformal invariance, this is independent of
n and a computation using Brownian bubbles as in (6) gives the value 1/8. Being more careful about the
approximation, we get

m[O(Ani1)] = m[O(4,)] = é +O(emm).

More general domains than disks are handled similarly, again using the coupling and the conformal invariance
of the Brownian loop measure.

Given the sharp estimate we can establish the strong scaling limit for LERW. Let us consider our domain
D with two boundary points and let us view the scaled LERW at a macroscopic scale. It was shown in
[32] that if we ignore parametrization, the path of the LERW looks like a chordal SLE,. In [27] it is
shown how to combine these ideas with the sharp estimate for LERW above to show that the scaled natural
parametrization of the LERW also converges to (an absolute constant times) the Minkowski content of the
SLE path. While the proof is technical, the basic idea is as follows. Suppose we have seen part of the curve.
Then the expected total length of a curve given the initial condition is the length of that segment plus the
expected length of the remaining curve, see (10). A similar (and more elementary) formula holds for the
number of steps of the LERW. The expected length of the remaining curve given the curve is given by the
integral of the Green’s function (discrete or continuous). Using the estimate in [4] (and the fact that the
estimate does not require smoothness on the boundaries), the two expected lengths are the same. Roughly
speaking, the difference of the lengths in the coupling is a martingale whose quadratic variation is very small
and hence must be small.
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While the structure of the proof in [27] is potentially applicable to other models, it requires the very sharp
estimates for the discrete model. At the moment, there is no other model for which the Green’s function can
be estimated so precisely. A similar, but at the moment not sufficiently precise, result about the Ising model
was shown in [9]; the technique of negative weights above is related to the spinors in that paper. The other
model for which there is a relatively strong local theorem is the percolation exploration process, see [18].
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