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This talk is based on a joint work with Dejun Luo and Anton
Thalmaier.

Let's give a brief review on ODE and make comparison with SDE.
We consider the ODE on R

dX;
— = V(X{), Xo = 1
dt ( 1.‘)7 0 X, ( )
and the SDE on R?
dXe = Ai(Xe) dw] + Ao(Xe) dt,  Xo = x. (2)

i=1
e When the coefficient V is globally Lipschitz, the ODE (1) can be

solved by Picard iteration or fixed point theorem. The dependence
x — X¢(x) is a global homeomorphism from R? onto R and

Lip(X;) < et HP(Y),

In particular, the push forward measure (X;);(dx) is equivalent to
dx.
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If the coefficients A; are globally Lipschitz continuous, then we can
also solve (2) by Picard iteration. By moment estimate and
Kolmogoroff modification theorem, it was proved by H. Kunita
that the SDE (2) defines a stochastic flow of homeomorphisms of
RY: if (Q, P) denotes the probability space on which the Brownian
motion is defined, then there exists a full measure subset Qg C Q
such that for w € Qq, for each t > 0, x — X;(w, x) is a global
homeomorphism of RY. However in contrast with ODE, the
regularity of the homeomorphism X; is only Holder continuity of
order 0 < a < 1. Thus it is not clear whether the Lebesgue
measure on RY admits a density under the flow X;.



If V is smooth such that the lift time 7, = 400 for each x € RY,
then x — X;(x) is a global diffeomorphism of R?. But for SDE, we
have the notion of completeness and strong completeness.

Now let # € C1(RY), then the function u:(x) = 6(X; }(x))
satisfies the PDE

du
d—;+v-vut:0. (3)

e When V satisfies Osgood conditions

[V(x) = V(y)| < Clx = y|log

y X —Y < 607 4
o 4)
the ODE (1) still defines a flow of homeomorphisms and

ue(x) = 0(X;1(x)) for € C(RY) solves (3) in distribution sense,

not necessarily uniquely. But it allows to prove that if div(V) € L
exists, then the Lebesgue measure is quasi-invariant under the flow
Xt.



e When V € WP then the transport equation
1 p q

Joc?

du

o TV Vue=o.
admits a unique solution u € L>([0, T], LP(R¥)) if div(V) € L™
and V has linear growth. Moreover, the following property holds:

if u is a solution to (3), then for any 3 € CL(R), B(u) is still a
solution to (3), but with a different initial data.

This is a key point which allowed Di Perna and Lions to solve

Xo(x) = x + /Ot V(X.(x)) ds:

there exists a unique flow of measurable maps X; : R? — R¥ such
that (X;)«(dx) = K: dx and the above equality holds a.e.



Stochastic transport equations have been considered by B. L.
Rozovskii. When the drift term Ag is bounded and satisfies the
Osgood condition (4), and the diffusion coefficents

A1, ,Am € C}, the Stratanovich SDE

dXe = Y Ai(Xe) o dw + Ag(X) dt
i=1

defines a flow of homeomorphisms X;, which leave the Lebesgue
quasi-invariant if div(Ag) € L* exists (Luo, Bull. Sci. Math.
2009).

Instead of Osgood condition, if Ag € Wlploc, the above Di
Perna-Lions method does not work well, due to stochastic
contraction: the invariance under £ fails to hold.



We consider the standard Gaussian measure as initial measure

vd(dx): i
e~ IXI/2

vd(dx) = W dx

Then in the case where V' is smooth, the push forward measure
(X¢)474 admits the density K; with respect to 74 and

Ke(x) = exp /O t —div, (V)(X_s())ds).

and the Cruzeiro's estimate in LP(vyy) for p > 1

2
kel < [ exo( Ll (V)]) e

holds, where div., (V) = S0 (8V//dx; — x; V7).



For SDE

dX: = Z Aj(Xt) dW{ + Ao(Xe) dt,  Xo = x, (5)
j=1

if Aj,j=0,1,...,m, are in C°(R?,RY), the SDE (5) defines a
flow of diffeomorphisms, and Kunita showed that the measures on
R9 which have a strictly positive smooth density with respect to
Lebesgue measure are quasi-invariant under the flow. If we consider
the standard Gaussian measure 74, then the density f(t(w,x) of
(X7 H(w, -))¢7a with respect to 74 admits explicit expression

— exp (Z/ div., (A ))odwf+/0tdiv7(/~40)(Xs(x))ds>,

where odwé. denotes the Stratanovich stochastic integral



and
. 1
A=A 2> LaA;.
j=1

Theorem (A)

Let Ki(w, x) be the density of (X;)sya with respect to v4. Then
for p > 1, we have

”KtHLP(PXfyd) < {/Rd exp (pt {2|div7(A0)]
p—1

m . p(2p—1)
+ ) (AP + VAP +2(p - 1)|d|v7(Aj)|2)Dd7d] :
=1

J

We have no explicit expression for K, but its LP estimate is easier
than K;. In fact, we have the relation

Ki(x) = I/Rt(Xfl(x)).

0]



[ BIKEG a0 = E [ [Re (X 0)] 7 da()

Rd

E/ [Re(y)] P Kely) daly)

Rd
Adkm<»”“wwu»

Transfering Stratanovich integrals to Ito's one, we have

Ki( —eXp< Z/ div, (A )) dwi
/ [ ZﬁAd'VW +d'Vv(A0)]( ())ds>
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But the following commutation formula holds

fZ[,A div, (A erIVy(A )
= div,(Ag) + Z |Aj |2 Z VA;, (VA)),
J 1

where (-,-) denotes the inner product of RY @ R and (VA;)* the
transpose of VA;. Now using exponential martingales and
Cruzeiro's method, we get the result.
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Theorem (B)

Let Ag, A1, ..., A be continuous vector fields on RY of linear
growth. Assume that the diffusion coefficients A1, ...,Am are in
the Sobolev space (-1 D7 (v4) and that div,(Ag) exists;
furthermore there exists a constant Ag > 0 such that

/d exp [)\o <|div,y(Ao)| —1—2 (|div,y(AJ-)|2 + |VAJ-|2)>] dvyg < +00.
R -
j=1
(6)
Suppose that pathwise uniqueness holds for
dXe =Y Ai(Xe) dwl + Ao(Xe) dt,  Xo = x.
j=1

Then (X¢)47q4 is absolutely continuous with respect to v4 and the
density is in L' log L.
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Beyond the Lipschitz condition, several sufficient conditions
guaranteeing pathwise uniqueness for SDE can be found in the
literature. For example in: S. Fang, T. Zhang, A study of a class
of stochastic differential equations with non-Lipschitzian
coefficients. Probab. Theory Related Fields 132 (2005), 356-390,
the authors give the condition

Z\A (V)P < Clx —ylPr(lx — y[?),

!Ao(X) —Ao(y)l < Clx—ylr(Ix—y[?),

for [x — y| < o small enough, where r: 10, cg] — ]0, 4+o0[ is C*

satisfying
()] d
/ > = +o00.
o sr(s)
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In order to apply the a priori estimate for density, we first have to
restrict on a small interval [0, Tp]; beyond Ty, we utilize the
property of flow: using again the relation

Ke(x) = 1/Ke(X7H(x)), o  Ke(Xe(x)) = 1/Ke(x),

it is possible to estimate

IE/ |log K| Kt dvg = IE/ | log K:(x)| dvq(x)
Rd Rd

m

Ay = / exp <4T0 []Ao\ + eldiv,(Ao)| Z (4|A; 1 + VA
RY

+ 2e2\div7(Aj)\2)D dyg < o0
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A consequence of above theorem concerns the following classical
situation.

Theorem (C)

Let Ag, A1, ...,Am be globally Lipschitz continuous. Suppose that
there exists a constant C > 0 such that

i(X,Aj(X)>2 < C(1+|x[?) forall x e RY. (7)
=1

Then the stochastic flow of homeomorphisms X; generated by
SDE (5) leaves the Lebesgue measure quasi-invariant.

Remark that condition (7) not only includes the case of bounded
Lipschitz diffusion coefficients, but also, maybe more significant,
indicates the role of dispersion: the vector fields A;, ..., A, should
not go radially to infinity.
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We give the following example where the density is strictly positive.

Theorem
Let A1,...,Am be bounded C? vector fields such that their
derivatives up to order 2 grow at most linearly, and let Ay be a
continuous vector field of linear growth. Suppose that
Ao(x) — Ao(y)| < Crx — y] log
olx) —Aoly)| = CriX —y|logy 7
“Ix—yl

for |x| <R, |y| <R, |x —y| < cy where
log, s = (logs)(loglogs)...(log...logs). Suppose further that
div(Ao) exists and is bounded. Then the stochastic flow X; defined
by SDE (5) leaves the Lebesgue measure quasi-invariant.
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Note that for SDE , even for vector fields Ag, A1,...,An in C*
with linear growth, if no conditions were imposed on the growth of
the derivatives, the SDE (5) may not define a flow of
diffeomorphisms. More precisely, let 7, be the life time of the
solution starting from x. The SDE (5) is said to be complete if for
each x € R?, P(7, = +00) = 1; it is said to be strongly complete
if P(7x = +00, x € RY) = 1. There are examples for which the
coefficients are smooth, but such that the SDE (5) is not strongly
complete. Under the growth of order log R on derivatives, it was
proved that x — X¢(w, x) is a global of homeomorphism. Under
the hypothesis of above theorem, we do not know if the SDE
defines a flow of homeomorphisms.

However there exists a full measure subset Qg C € such that for all
w € Qq, Tx(w) = 400 holds for p-almost every x € RY. Now
under the existence of a complete unique strong solution to SDE
(5), we have a flow of measurable maps x — X¢(w, x).
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Now consider the case where Ay € DJ(R9) for some g > 1,

without being continuous.
We say that a measurable map X: Q x R? — C([0, T],R%) is a
solution to the It6 SDE

dXe =Y Ai(Xe) dwi + Ao(Xe) dt,  Xo = x,
i=1
if
(i) for each t € [0, T] and almost all x € RY, w — X;(w, x) is

measurable with respect to F;, i.e., the natural filtration
generated by the Brownian motion {ws: s < t};

(ii) for each t € [0, T], there exists K; € LY(P x RY) such that
(Xe(w, -))#vq admits K; as the density with respect to 7g4;
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(iii) almost surely

2/ (w, x )|2ds+/0 |Ag(Xs(w, x))| ds < +o0;

(iv) for almost all x € RY,

(w, x —X-I—Z/ )) dw;, +/ Ao(Xs(w, x)) ds;

(v) the flow property holds

Xeps(w, x) = Xe(0sw, Xs(w, x)).
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Theorem (C)

Assume that the diffusion coefficients A1, ..., Amn belong to the
Sobolev space (-, Di(va) and the drift Ay € Df(v4) for some
qg > 1. Assume

/Rd exp [)‘0<|diV7(AO)| +§ (Idiv- (A)? + IVAJ-|2)>] iy < 40,

and that the coefficients Ag, A1, ..., Am are of linear growth, then
there is a unique stochastic flow of measurable maps

X:[0,T] x Q x R? — RY, which solves (5) for almost all initial
x € RY and the push-forward (X¢(w,-)) Y4 admits a density with
respect to 4, which is in L log L.
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We follow the method developed by Crippa-De Lellis and Xicheng
Zhang.

The absence of Lipschitz condition was filled by the following
inequality: for f € chl)’cl(Rd),
F(x) = F(¥)I < Ca|x — y[ (Mr|VF|(x) + Mr|Vf|(y))

holds for x,y € N€ and |x — y| < R, where N is a negligible set of
RY and Mgg is the maximal function defined by
1

M = S
Rg(X) OerIER Lebd(B(x, r)) A(x,r) ’g(y)‘ dy7

where B(x,r) = {y € R : |y — x| < r}; the classical moment
estimate is replaced by estimating the quantity

where o > 0 is a small parameter.
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Lemma (D)

Let g > 1. Suppose that Ay,...,An as well as /2\17 . ,/2\,,1 are in
D39(4) and Ag, Ag € DI(74). Then, for any T > 0 and R > 0,
there exist constants Cq g r > 0 and Ct > 0 such that for any

o >0,
X: — Xe|?
E[/ og <5Up0§t§T2 ¢ — Xt +1>d’yc/]
Gr o

< CT/\p,T{Cd,q,R [HVAO\M + +Z ||VAi’i2q}
i—1

]‘ - 1112 ]_ A
+ 02,; 1A = Ailliza + = [HAO - Aoqu} }

where p is the conjugate number of q: 1/p+1/q =1, and

Golw) = {x € B: sup Xe(w, )| v IRi(wi)] < R} (6)
0<t<T
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Let X" be the solution associated to A7 with £ = 1/n. Let
m 1/2
Onse = 114G = Abllis + (3 1147 = AflZ)
i=1

By above result,

IX™ = X2, 7
Ink = E[/ log ( 5 0 4 1) d’)’d]
Gn,RNGK,R O,k

is bounded with respect to n, k, where || - ||oo, 7, denotes the
uniform norm over [0, Tp].
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Proof of lemma D:

let & = Xi — X:, then & = 0. By Itd's formula,

d|¢ef* = 22 €6, Ai(Xe) = Ai(Xe)) dw + 2(Er, Ao(Xe) — Ao(Xe)) dt

+ Z |Ai(X:) — Ai(Xp)[? dt,

and

d |og(|§t|2 +0%)

_ (€e, A Ai(Xe)) i o (e Ao(Xe) — Ao(Xe))
fzz ’&‘2+0 dw; + 2 A dt

Ai( Ai( X £, Ai( X Xt
Z' Ift|2+0(2 )P dt_2;<£ (|(£tl2) 02)(2 2,
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Let 7r(x) = inf{t > 0: | X;(x)| V | X¢(x)| > R}. Remark that
almost surely, Gg C {x: 7r(x) > T} and for any t > 0,
{Tr > t} C B(R). We can estimate the martingale term by

T T A(XE) — Ai(Xe) P
IE/ d d d’yd>dt.
/0 < {rr>1t} ; €e]? + 02

We have A;(X:) — Ai(Xp) = Ai(Xe) — Ai(Xe) + Ai(Xe) — Ai(Xy).

~

Using the density K, it is clear that

E/ Ai(Xe) = Ai(X) 2
(rr>t) &e[* + 02

1 N ~ ey
<1k / A(R) — AR da
g Rd

Vd

1 o
:21@/ |A; — Ai2K; dg.
g Rd
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Note that on the set {rg > t}, X, X; € B(R), thus
|X¢ — X¢| < 2R. Since (X¢)#7d < va and (Xe)#7d < V4, We can
apply

[f(x) = f(y)] < Calx — y| (Mp|VF|(x) + Mp|Vf|(y))
so that
1A (Xe) — Ai(Xe)| < CalXe — Xe| (Mar|V A (Xe) + Mog| VA (X))

Therefore

, ALY )2
]E|:/ |A/(Xt)2 A1(2)<t)| d’)/d:|
{rr>t} &el*+ o

< 2C§E/( )(M2R|VA,-!)2(Kf+f<t) dva
B(R

1/q

< 4C3/\p,T< (M2R|VAi!)2q d’Yd)

B(R)
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Finally we would like to mention some related works under weaker
Sobolev type conditions:

e the connection between weak solutions and Fokker-Planck
equations has been investigated by A. Figalli, Lebris and Lions;

e some notions of “generalized solutions”, as well as the
phenomena of coalescence and splitting, have been explored by
LeJan and Raimond1;

e stochastic transport equations are studied by Flandoli, Gubinelli
and Priola.
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