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(—) Background

e Item nonresponse: occurs frequently in sample surveys.

Background

. . Imputation method. ..
Example In sample survey on transportation, some vehicles may not be Special oase: SRS...
Simulation studies

found, but their tonnage or seat capacity is known to us.

Future researches

e Solutions: (1) Increasing response probability; (2) Imputing the missing

values of the sampled units.
wHiEER |
e Imputation methods: Ratio imputation, regression imputation, random im- wER |

putation etc. « | »
I

e Shortcoming: Uniform response (often), simple random sampling po—
e PPSWR sampling: the sampling with probability proportional to size with 5 a |
replacement which is often used in the first stage of multistage sampling. _#Rar |

Béﬁﬂl
iEtb’l


http://192.9.200.1

(=) Imputation method under PPSWR
sampling
1. Notation

e Survey population U: consist of NV distinct units identified through
the labelsz =1, ..., V.

Suppose that the auxiliary variable, X, is available for each unit of
the population, but the variable of interest, )/, is missing for some

of the sampled units.

e s,: sample with size n drawn from U by PPSWR sampling.
e 5,.: the respondent set with size (> 1).

e 5, ,: the nonrespondent set with size n — r.
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e Uniform response mechanism: independent response across sample units
and equal response probability, p (¢ = 1 — p).

e Non-uniform response mechanism: independent response across sample

units and possibly unequal response probabilities, p; (¢; = 1 — p;).

e Response indicator on ;:

I — 1, if the unit ¢ responds to y;,
‘10, otherwise.
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2. Imputation method

We first let p; be known. For the missing )—values, we suggest the

following imputation method:

1 qiY; .
YNz i€ s,

n—r L

ies, Pi%i

vi =
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It is interesting to note that ;" is an approximation of the weighted least squares
predictor under the following superpopulation model:

y; = Bx; + e,

e(e;) =0, s(e?) = 023322, e(ee;) =0 (3 # 7).

In fact, it can be seen that under the above superpopulation model, the weighted
least squares estimator of 3 with the weights w;  ¢;/(p;x?) is given by

> (qiyi)/ (pis)
Zsr 1/pi—r .

Further, the expectation of Zsr 1/p; with respect to the response mechanism is

8=

n.
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3. Estimator of population mean and its
variance
Applying the above imputation method to the PPSWR sampling, the

corresponding Hansen-Hurwitz estimator of the population mean Y is

Ve )E Yi X Yi
Sy Sy,
n Pil; n ics, Pil;

1E€S,

Theorem 1. The estimator Y}, is design-unbiased under the non-

uniform response mechanism.

Theorem 2. Under the non-uniform response, the variance of Y,i‘ pg 18

given by
N 2 N 2
. 1 1 Y; 1 < ¢Y,
V(Vips) =5 3= Zi|= -V ) +=) —L°,
( PPS) N2 {nil (Zz ) +ni:1 pZZz}

where 7, = X;/X.
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4. Jackknife variance estimator

Define the imputed values as follows: For: € s,,_,,

( < 1 Z qkyk)x. ies
n—r . pkxk 19 T
?ﬁa( ) — kes—{j}
Yi \J) = 1 QkYn |
<— E —)371‘7 J € Sp—r,
n—r—1 DiT )
\ keEs,

when the j-th sample unit is deleted.

Based on these imputed values, the estimator of Y can be obtained as

p
X Yi
) €S ’
~ n—1 ) Z DiZi / d
Vst =§ g S
X Y :
9 ] e Sn—?“7
n—1 1€S8 Pi%i
\ T

when the j-th sample unit is deleted.
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Define the j-th pseudovalue as follows:

A

Y =nYppg — (n — 1)Ypps(4)-

A jackknife variance estimator of Y75 is then given by

O n—1 Ok Crka .
vi(Yeps) = n Z[YPPS - YPPS(])]2
|E€Sn,
- 2
- X* %2 1 Z Yi
-~ nn—1) ;2 Di;

1ES, 1ES,

Theorem 3. Let n > 1. Then under the non-uniform response, we have

Elos(Yips)] = V(Yips)-

A

Theorem 3 shows that the jackknife variance estimator v;(Y}p¢) is design-

unbiased under the non-uniform response.
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5. Extension to the case of unknown re-
sponse probability

In practice, the response probability p; is rare to be known. Here we
model the response probability p; by a parametric model p; = g(x;; 0),
where ¢ is a known smooth function and 6 is an unknown finite-
dimensional parameter. An example of such a model is the logistic
regression model. The estimator 0 of the parameter # can be obtained

by the maximum likelihood approach.

A

Let p; = g(x;; 0) be the estimated response probability. Then the corre-
sponding estimator of the population mean Y and its jackknife variance

estimator are given by
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and

_ 2
2o X* yi 1 i
vi(Ypps) = nn—1) D = o (Z —
respectively.

For the relationship between the estimators with known and unknown p;, under

some regularity conditions, we have

5 s 1
Yips = Ypps + O (%) :
and

. . 1
v1(Yips) = vi(Ypps) + O, (W) :
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(=) Special case: SRS sampling and uni-
form response

e Imputed value:

e Imputed estimator:

r(n—1)
(r—1)n

Y,ST']]%%S: UpTy + <gr - ’arfr)a

1 :
where 4, = " Z u; with u; = y;/x;.

JESr
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The estimator Y% is a design-unbiased estimator under uniform response. It is
interesting that it is just the version of Hartley-Ross estimator (Hartley and Ross

1954, Nature) for estimating the population mean under two-phase sampling.

e Variance:

N 1 N . Ny Y Yy 1
V(Ydrs) = n—p[S?/ +(1-p)YUX +UT —U?X2—-2U2Z)]|+ 0O (—) :

n2

N N
_ |
where T = — ;leﬂ with T} = X7, and Z = — ; Z; with Z; = Y; X;,
and
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e Jackknife variance estimator:
1

w(VEhs) = wo = (= DO = Dar- s(n)
L — Z, — (nr —r — 2)F, % - $2(r (n—2)2r22
+(7a i 2)2[?’L<T 2) n ( 2) 7“] u( ) + (7“ - 2)2
(n—2)r(nr —2r> +4r —4) ,
(7" U 2)2 Uy - Sa:(r)
2((7?__22))270 [n(r — 2)Z, — (nr — r — 2]z | SspE)
z r —n(r® —r —(r—1)(r— r—2)T
—(T_Q)z[(nr ( +2) = (r=1)(r —2))(r - 2)z,

—(n*r? — nr(r? + 4) 4+ 2(3r? — 47 4 4))Z, |8, Suz(7)
2(n = 2)r(nr —r2 +7r —2)

! 2 (r —2)? UrSya(7)
- 2[”(7“ — 2)Zy — (nr — 1 — 2)T;] 82, (r)
', e,

Vi r? v 2
+ S22 (fr) — E(yr — ’U,T.QIT)SW;(’I") +7’L(7” B 1) (yr — UriUr) }
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Two approximate Jackknife variance estimators:

Uy(Fghs) = @s(n) + _[(E — Za)253r) -
(3-2) @) +2(3 - 2) 0l - 2)sl0) = 50

and
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Asymptotic design-unbiasedness:

@) Elos(Ye)] = V(Yhe) + O (&) .
(i) E)(Yihe)] = V(Yins) + O ().

(i) B[ (Vins)] = V (Vi) + O ().

Remark: We should note that the (approximate) design-unbiasedness is the
main requirement for a good estimator in survey sampling. The approximate
design-unbiasedness of the Jackknife variance estimators has been found first in

Zou and Feng (1998), and then in Skinner and Rao (2002) and Zou et al. (2002).
Such a property universally holds from our subsequent analysis.
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(E) Simulation studies

The data are generated from the three ratio models which are different

only in the auxiliary variables:
W = oS TF sy

with z; ~ U(0.1,2.1), N(1,1), and N(20,16), respectively, &; ~
N(0,1), and z; and ¢; are assumed to be independent.

In the case of uniform response, we set p = 0.76; in the case of non-
uniform response, the unequal response probability p; for the unit 2
follows the logistic model

_exp(—1+2.3z)
- 1+exp(—1+2.3z)

Di
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We first generate a finite population with the size of N = 10,000. Then the
samples with n = 100 and n = 500 are drawn from the finite population by the
PPSWR sampling, respectively. We repeat the process B = 5,000 times. For
the b-th run, denote the estimators of the population mean under the uniform
and non-uniform responses as ffé(% and f/;g)g respectively. We calculate the
simulated means and variances as follows:

and

Similarly, the corresponding jackknife variance estimators are calculated as

B B
1 (b) 1 (b)
EJvs( YPPS = § :U YPPS and E.[v,( YPPS . E :U YPPS :
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Madel o Bstimator Mean Variance Jackknife variance estimator
(population mean)
Ml 100 Yiee 4305 0.01648 0.01610
(4.305) Vips 4306 0.05491 0.05488
500 Vies 4305 0003133 0.003210
Vips 4304 0.01079 0.01098
M2 100 ¥Yipe 3961  0.01350 0.01361
(3.961) Yips 3961  0.03485 0.03578
500 Viee 3962 0.002729 0.002717
Yips 8962 0.007372 0.007154
M3 100 Yips 7782 5.187 5.250
(77.82) Yopg  T1.83  3.865 3.980
500 Yhee 7782 1.029 1.048
Vipe 7782 0.7839 (.7969
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Table 1 summarizes the results on the simulated mean, variance and jackknife
variance estimate. It can be seen from the table that both of the estimators }iflg pS
and }Q/];" pg are very close to the true population means for the three distributions
of auxiliary variable. Also, the jackknife variance estimators perform very well.
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To study the effect of the response probability, we set various response proba-
bilities: p = 0.5 for uniform response, and p; follows

~ exp{0.3(z; — X)}
Pi=ay exp{0.3(x; — X)}

for non-uniform response. The results are presented in Table 2. It is observed
that the approximate design-unbiasedness of the proposed estimators still holds.
On the other hand, it is also clear that the variances become larger for low re-
sponse probability. For some other settings of response probability, we obtain
the similar results but omit them here for saving space.
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Mean  Variance Jackknife variance estimator
(population thean)
Yips 4309 0.02481 0.02410
Yips 4311 0.2007 0.1939
Vips 4305 0.004787 0.004876
Vips 4305  0.03875 0.03855
Vips  3.961  0.02059 0.02078
3.965  0.1451 0.1419
3,962 0.004256 0.004134
3.962  0.02734 0.02779
T7.82 8281 8.198
6.97 1069 105.8
T8 1596 1.598
7T 19.97 20.85
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() Future researches

e Incomplete auxiliary information and multiple auxiliary informa-

tion

e Estimation of response probability: the use of non-parametric ap-

proach.

e Other unequal probability sampling
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Thank you!
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