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(b) For j and k,
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Diaconis (2004) believes there is a good formula for COE and CSE
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» Probability density function
e ... ¢ : eigenvalues of Haar-invariant unitary matrix.

pdf: f(61,--- ,6,4]0 =2), where

f(elv"' 79n|ﬁ) = Const - H |ei6j _ei6k|ﬁ

1<j<k<n

6>0,0; € [0,271’)

@ This model: circular 3-ensemble (3 = 1,2,4) by physicist
Dyson for study of nuclear scattering data
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» Three Important Circular Ensembles
COE (8 =1),CUE (8 =2),CSE (8 =4)

Construction of COE and CUE
U = U,x, : Haar unitary

e U follows CUE
e UTU follows COE
@ CSE is similar but a bit involved (see Mehta)

Entries of CUE : roughly independent CN (0, 1) (Jiang, AP06)
Entries of COE : roughly CN(0, 1) (but dependent) (Jiang, JMP09)
Killip & Nenciu: Matrix models for circular ensembles
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» Bad news from COE: Let M,, be COE. By elementary check

2n
n+1

E[|7r(M,)|*] =

@ Moments depend on n
o Later results: E[|7r(M,)|*] not depend on n only at 8 = 2

o This suggest: moments for general 3-ensemble depend on n
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» Notation
@ A= (A1, A2, ) : partition
@ A=A+ X+ weight
@ m;(A\) : multi of i in (A, Mg, -+ +)
@ [(\)=# of positive \; in \ : length

o= [ [P mi(0)!

i>1
o pa =TT pa. where py(ri xa, - ) =k 45 4 -
A=(3,2,2) 1|\ =7, ma(N) =2, ms(N) = 1, I(A) = 3,

pa= (2 >‘z3) (02 )‘1'2)2
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a>0,K>1,n>1,define

A= (1-%5@>1))K

- <1 +n|_aK_+”a6(a< 1))K

LetOy,--- ,0, ~f(01, - ,0, ‘ﬁ) a=2/3.
° Zn:(lelv"'vle)’
[+ p“(zn) :p“(eiel’... ’eien)
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(a) Ifn > K = |u|, then
E )|
< Eln@)f] _
_ al(ﬂ)zu -

(b) Ifl1al # [V, then E|p,.(Za)p,Za)] = 0.
Ifu#vandn> K = |u| V |v|, then

E [pu(Z0)pu @) | < max{IA—11, [B—1[}-al6rH0/2(g,z,)1/2

(c)IC=C(B)st.Ym>1,n>2

3~9n8
9 n’2
[E(lpn(Z)] | < 20




Take 3 = 2, then A = B = 1. We recover

» Theroem (Diaconis and Evans: 2001)

a=(ay, - ,ak),b=(b1,--- ,by) with a;,b; € {0, 1,2, - --

k. k.
Forn > Y7 ja; Vv 3> jbj,

k
E | [[(Tr(U))(Tr(UR)% | = da H] i)

J=1
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VE>0,
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n—oo

(b) lim E[|pm(Zn)|2] =n foranyn > 2.

m—00
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E(lpu(Z)[’]
al(ﬂ)zu

_1‘ < 6\1—041(;
n

(@) |

®) [Efpu@in@)] | < LK atwrrierr gy,
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2n :
2 2 n n+1 1f/8:1
Ellp1(Zy)] ]:Bm: 1, if =2
ifg=4

_n__
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» Exact formula
The exact formula gives

2 ea

2 2 n ﬁ’ lfﬂ_l
E[‘Pl(zn)’]zﬁm: I, ifg=2
5o, B =4

Exact formula is given next
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» Jack Polynomial
Jack polynomial JE\O‘) = Jf\a) (X1, ,X,) is symmetric in xy, - - - , X,
@ « = 1, itis Schur polynomial
@ «a = 2, itis Zonal polynomial

@ « = 1/2, it is Zonal spherical function

Orthogonal property: Z, = (%1, ..., )

[ @@ ] 16 - el ds, o,
[0,2m)" 1<p<q<n
= dxu - 0(I(X) < n) - explicit const
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Write

1 = Y 6w,

prlol=IA
pp= Y O)Na)
XM=l

For |u] = [v] = K.

ElpuZip @) = Y 6)@)elaEuY)
AEK:I(N)<n
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Use

@ explicit form of E(J&a)f ga))

e relationship between Hé(a) and @é(a)

we have

XOEN|| {(04()\,- — Q)N =i+ () F N — it a)}
(i) e
n+(G—a—(i—1)
n+jo—1i

Ny =[]

(iJ)EX

Young diagram



Main proof:
e play Cy(«)
e play N{(n)

@ use orthogonal relations of (9,’) ()



» Examples

na2 n2 o — n—«o
Elp(z))] = —2mle t2e-bn-a)
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» Examples

2na?(n?* +2(a — 1)n — a)

Elm@IT = e et a—2)n 20— 1)

8(n?4+-2n—2) : —
ey, fA=1
- ! if 3 =2

2n%—2n—1 : _
Gy =4
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202 (a — n

m+a—1)n+2a—1)(n+a—-2)

8 .
D (n13)’ itg=1
0, if 3 =2

mnEy 16 =4



The End!



Thanks for your patience!




